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ABSTRACT 

 The work reported in this thesis investigates analytically the hydrodynamic and thermal 

behaviour of fluid: for a fully developed natural convection flow in a vertical micro-porous-

annulus (MPA), taking into account the velocity slip and temperature jump at the outer surface of 

the inner porous cylinder and inner surface of outer porous cylinder. A closed – form solution is 

presented for velocity, temperature, volume flow rate, skin-friction and rate of heat transfer 

expressed as a Nusselt number. The effect of various flow parameters on hydrodynamic and 

thermal behaviour such as suction/injection parameter, rarefaction parameter, fluid – wall 

interaction parameter and radius ratio are discussed with the aid of graphs. During the course of 

investigation, it is found that as suction/injection on the cylinder walls increases, the fluid 

velocity and temperature is enhanced. In addition, it is observed that wall surface curvature has a 

significant effect on flow and thermal characteristics, and also the effect of the velocity slip and 

temperature jump at the inner moving porous cylinder wall is much greater than its effects at the 

outer stationary one. 
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Nomenclature 

  = gravitational acceleration 

= fluid- wall interaction parameter,  

 = radius of the inner porous cylinder 

 = radius of the outer porous cylinder 

 = Knudsen number,  
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 = dimensionless volume flow rate 
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 = dimensional radial coordinate 

 = dimensionless radial coordinate 
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 = rate of heat transfer at the outer surface of the inner porous cylinder 

 = rate of heat transfer at the inner surface of the outer porous cylinder 

suction/injection parameter 

 = temperature of fluid 

 = temperature at inner surface of the outer porous cylinder 

 = temperature at outer surface of the inner porous cylinder 

 = axial velocity 

= dimensionless axial velocity  

 = dimensional suction/injection velocity 

 =  and  =     

 = thermal and tangential momentum accommodation coefficients, respectively 
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 = inner porous cylinder velocity 

 = outer porous cylinder velocity 

 = dimensionless inner porous cylinder velocity,  

 = dimensionless outer porous cylinder velocity,  

 = temperature difference,  

Greek Letters 

 = coefficient thermal expansion  

 = dimensionless variables 

 = ratio of specific heats (  

 = dynamic viscosity 

 = dimensionless temperature 

 = density 

 = fluid kinematic viscosity 

 ratio of radii ( ) and  respectively 

 molecular mean free path 

 = thermal conductivity 

 = thermal diffusivity 
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BASIC DEFINITIONS 

1. Natural Convection: This is the form of heat transfer in which heat transport occurred  

through the motion of the macro particles of the fluid (liquid or gas) in a space due to 

difference in density or temperature gradient. 

2. Porous: This is the permission of the movements of fluid through heated-wall or solid surface  

by way of pores 

3 Annulus: This is the boundary area bounded by the two concentric cylinders through which  

the fluid is passing. 

4. Nusselt Number: This is the rate of heat transfer at the wall-fluid boundary and is given by  

             

5. Axial: Is geometric term of location, along the same line as an axis rotation in geometry of the  

cylinders.    

6. Boussinesq Approximation: The natural convectional flow is governed by complex couple of  

partial differential equations, Boussinesq approximation is employed to simplify the 

computation. It assumed that the fluid flow is considered under little variation of 

temperature and density. 
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7. Skin Friction: The certain amount of friction occurring between the fluid and the surface of                      

  the cylinder is referred to as skin friction, which tends to slow the moving fluid and is                     

given by     

8. Microchannel: Is a channel with a hydraulic diameter below 1mm. microchannels are used in  

fluid engineering.  

9. Microfluidic: Is the science of designing, manufacturing and formulating devices and  

Processes, that deals with flow of liquid in micrometer size. 

10. Microtubes: Is designed for compatibility, which allows gas or liquid to pass through or  

removed, permit electron to move with low interaction 

11. Vertical annulus: This is vertical ring figure, bounded by the two concentric cylinders which 

   allow the fluid to pass through. 
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DIMENSIONLESS QUANTITIES 

There are some dimensionless parameters that are usually used in fluid mechanics to predict the 

performance for different system. Some of them are used in this work: 

1. Prandtl Number (Pr): This is ratio of momentum to thermal diffusivities, which is only  

function of fluid properties. Pr is less than one for gases and greater than one for liquid 

and is given by . 

2. Reynold’s Number (Re): This is the ratio of inertial forces to viscous forces and  

consequently quantities to the relative importance of these two types of forces for given 

flow condition. 

3. Brinkman Number (B): This is a dimensionless number related to heat conduction from a  

wall to a flowing viscous fluid and is given by B  . 

4. Suction and Injection (S): This is the blowing of a fluid through the boundary surface of the  

micro- porous cylinders.  

5. Knudsen Number (Kn):  Is the ratio of the fluid’s mean free path to the macroscopic length                 

scale of the physical system and is given by Kn =  . 
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CHAPTER ONE 

GENERAL INTRODUCTION 

1.0 INTRODUCTION 

The study of flow through microchannels has been an active area of research because of the 

potential applications of micro devices and other scientific areas. These devices would invariably 

involve fluid flow and therefore a clear understanding of microfluidic is imperative. 

Fluid flow and heat transfer over a heated wall in a vertical microannulus have been extensively 

studied by many researchers. The research of fluid flow in microannulus has received great 

attention by several engineering work.  The applications of these researches involve 

microelectromechanical systems and microfluidic systems such as in engineering, medical, 

biomedical use, computer chips, inkjet printer heads and gas chromatography. 

Another area which needs to be studied is the combined effect of suction/injection and wall 

surface curvature in microchannels. So many investigators have studied the fully developed 

natural convection flow in vertical microchannels. Examples are: Chen and Weng (2005); 

Khadrawi et al (2005); Haddad et al (2005) and Avci and Aydin (2007).   

The analytical hydrodynamic and thermal behaviour of fluid flow in micro-porous-annulus 

cylinders taking into account the velocity slip and temperature jump at the outer surface of inner 

porous cylinder and inner surface of outer porous cylinder and the behaviours of the Knudsen 

number are also studied in this work.  
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1.1 Aim and Objectives of the Study 

The aim of this work is to investigate the Flow Formation in Micro-Porous-Annulus. To achieve 

this aim, the following objectives were considered; 

(i) Investigate the effect of the annular geometries of micro-porous annulus. 

 (ii)  Investigate the effect of suction/injection on micro-porous –annulus. 

1.2 Research Methodology 

The methodology used in this research work is as follows: A review of some existing literatures 

by introducing or adding new parameters and boundary conditions to the existing equations to 

obtain new equations. The mathematical model or the equations obtained are solved to obtain the 

analytical solutions by the use of Laplace transformation method of solving differential equation. 

The numerical values of the analytical solutions of the developed equations are obtained by 

computer package (MATLAB).The numerical values obtained by the use of MATLAB are 

represented graphically. The last part is the representation and discussion of the graphs and the 

governing parameters. 

1.3 Organization of the Research Work 

In order to achieve the objective of the work, the work was divided into chapters: 

 Chapter one introduces the work, objectives of the study and methodology of the research work. 

While chapter two contains the general review of related literatures.  

 The third chapter contains the mathematical analysis of the governing equations of the problem 

with their non-dimensionalisation. 
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While chapter four contains the solutions of the governing equations of the problems. 

 The results, discussion of the graphs obtained by the use of MATLAB are contained in chapter 

five. 

 Finally, the summary and conclusion of the thesis are presented in chapter six.  

 

 

  

 

 

 

 

 

 

 

 

 

 

 



4 
 

CHAPTER TWO 

LITERATURE REVIEW 

2.0 INTRODUCTION 

In this chapter, some previous researches shall be reviewed in two parts: 

(i) The Annular Geometries of Micro-Porous Annulus. 

(ii)  The Effect of Suction/Injection on Micro-Porous -Annulus.  

One of the major themes in science and technology during the past half century has been 

miniature down to the micro and nano scale. The area of microfluidic is fundamentally important 

due to the necessity of understanding the nature of fluid flow at this scale. 

Numerous applications of microscale flow are emerging, for example: high heat flux cooling, 

computer micro-processor chips cooling, microheat exchangers, etc are some parts of 

microfluidic. 

Several investigators have conducted research work on fluid flow in microchannels. Here we are 

going to relate our work with some previous research of some of the investigators. 

Chen and Weng (2005) showed that the effects of the fluid-wall interaction increase the volume 

flow rate while it decreases the rate of heat transfer.  

This study investigated the combined effects of suction/injection and wall surface curvature on         

natural convection flow in a vertical micro-porous-annulus. 
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2.1 The Micro-Geometries of Micro-Porous -Annulus 

In recent years, the research in the fluid flow and heat transfer at a microscale level has been 

constantly increasing due to the rapid growth of the technology applications that require the 

transfer of high heat rates in a relatively small space and volume. 

Rapid development of microfluidic devices triggered the demand for a comprehensive 

understanding of the flow characteristics in microchannels to advance their design and process 

control. Microscale devices can be fabricated using micromachining technologies and used for 

cooling microelectronic circuits bioengineering applications, aerospace and microheat pipes 

among others. Some of these applications involve gas liquid flow in channels much less than 

1mm in diameter. The flow characteristics that need to be well understood include the flow 

regime, void fraction and pressure drop. Although many theories, models and correlations have 

been developed for flow in relatively large diameter tubes, their applicability to microchannels 

also needs to be clarified. 

Many technological advances in computation speed, power supply requirements, diagnostics and 

control issues are contingent on the reduction of thermal fluid systems to the microscale. 

However, as thermal fluid system sizes are reduced to microscale, effects that are negligible at a 

microscale may become significant and thus change the predicted behavior of these systems. 

Some of these effects include rarefaction, viscous dissipation, compressibility, and axial 

conduction.  

Microfluidic systems are becoming more attractive in connecting different devices to computer 

chips and biomedical systems. All these applications require thermal design methods that are 
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accurate and reliable, the channel sizes and shapes, pressures, flow rates, heat fluxes, 

characteristic lengths etc, are very important to be understood clearly.  

Microfluidic systems typically have characteristics lengths of order . Rarefied 

gaseous flow in these microgeometries has frequently been observed. Fluid flow through 

microchannels is modeled using either the continuum or the molecular approach depending on 

the Knudsen number, ). It is defined as the ratio of the fluid’s mean free path to the 

macroscopic length scale of the physical system. For a given gas flow problem, when

, the flow domain can be treated as a continuum, in which the Navier Stokes equation in 

conjunction with the no-slip wall boundary conditions becomes applicable. For , the 

flow becomes free molecular in nature, because of negligible molecular collisions. For

, the slip flow regime is considered and the no-slip boundary condition becomes 

invalid, even though continuum conservation equations are used to characterize the bulk flow. 

For , the transition flow regime occurs and the continuum hypothesis 

progressively ceases to work totally. In this study, the slip flow regime  is 

considered in order to study the hydrodynamic and thermal behaviour of natural convection slip 

gas flow in axially moving micro-concentric porous cylinders. 

From a point of view of applications, microheat exchangers, microcooling assemblies and 

thermal systems implementing such devices, referred to as micro-thermal-mechanical system 

(MTMS) as opposed to micro-electronic-mechanical system (MEMS) are rapidly advancing to 

ever smaller sizes. These are used as microcooling elements for electronic components and 

portable computer chips. 

Free-convective gas microflow encountered in many engineering fields, such as 

microelectrochemical cell transport, microheat exchanging, and microchip cooling is an 
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attractive branch of microfluidics due to its reliability, simplicity, and cost effectiveness in flow 

and heat transfer mechanism. Chen and Weng (2005) studied the fully developed natural 

convection in a vertical parallel plate micro-channel due to asymmetric heating of channel walls. 

Their result reveals that the effects of rarefaction and fluid-wall interaction increase the volume 

flow rate while it decrease the rate of heat transfer. The effect of the hyperbolic heat conduction 

model on the transient hydrodynamics and thermal behaviours of fluid flow in an open – ended 

vertical parallel – plate microchannel was analytically studied by Khadrawi et al. (2005). Also, 

Khadrawi and Al-Nimr (2007) examined the unsteady hydrodynamics and thermal behavior of 

fluid flow in an open-ended vertical parallel plate microchannel semi-analytically under the 

effect of the dual-phase-lag heat conduction model. Haddad et al. (2005) carried out the implicit 

finite-difference simulations of the developing free convection in isothermally heated micro-

channel filled with porous media. Biswal et al. (2007) considered the flow and heat transfer 

characteristics in the developing region of a micro-channel by using the semi-implicit method for 

pressure linked equations. They concluded that the microscale effects associated with the 

velocity slip and the temperature jump enhanced the heat transfer. In another article, Chen and 

Weng (2006) emphasized the importance of thermal creep and high-order slip/jump in 

developing natural convection by using a marching implicit (MI) procedure. Avci and Aydin 

(2007) analytically investigated mixed convection in a vertical parallel plate microchannel with 

isothermal and isoflux conditions on the vertical parallel plates respectively. Avci and Aydin 

(2009) also presented exact solution for mixed convection in a vertical microannulus between 

two concentric microtubes. In recent past, Weng and Chen (2009) studied the impact of wall 

surface curvature on natural convection flow in an open-ended vertical micro annulus with 

asymmetric heating of annular surfaces. Their results show the nonlinear behaviour in 
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temperature. They also concluded that under certain rarefaction and wall interaction condition, 

by decreasing the curvature radius ratio, skin-friction decreases while rate of heat transfer 

increases.  

2.2 The Effect of Suction/Injection on Micro-Porous –Annulus   

The objective of this study is to investigate the combined effects of suction/injection and wall 

surface curvature on natural convection flow in a vertical micro-porous-annulus.  

The purpose of the present work is to extend the work by Weng and Chen (2009) to the case, in 

which the cylindrical surfaces forming the annulus are permeable, i.e. when there is a suction or 

injection (blowing) through the annular surfaces. Suction or injection of fluid through the 

bounding surfaces, as, for example, in mass transfer cooling, can significantly change the flow 

field and consequently affect the rate of heat transfer from the bounding surfaces. In general, 

suction tends to increase the skin-friction and heat transfer co-efficient where as injection acts in 

the opposite manners. Injection or withdrawal of fluid through porous heated or cooled surface is 

of general interest in practical problems involving film cooling, control of boundary layers etc. 

This can lead to enhanced heating (or cooling) of the system and can help to delay the transition 

of laminar flow. 

The significance of suction/injection on the boundary layer control in the field of aerodynamics 

and space science is well recognized. Singh, A.K. (1984) and Ishak et al. (1968) showed that 

suction/injection of a fluid through the bounding surface, for instance in mass transfer cooling, 

can significantly change the flow field and, as a consequence, affect the heat transfer rate of 

plate. Also, Al-Sanea (2004) pointed out that in general, suction tends to increase the skin 

friction and heat transfer coefficient whereas injection acts in the opposite manner. 

Suction/injection plays an important role in the control of flow past, an infinite plate or within 
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parallel plates, hence its importance in practical problems involving film cooling, control of 

boundary layers in industrial, geophysical, biomedical, engineering and environmental 

applications. 

  Arkilic et al. (1994) and Liu et al. (1995) found that the theoretical results for some microflows 

would fit the experimental data as the slip flow condition induced by rarefaction effect is 

considered. Yu and Ameel (2001) considered slip flow and heat transfer in microchannels and 

found that heat transfer increases or decreases, depending on two dimensionless variables that 

include effects of rarefaction and the fluid – wall interaction.  

In another article, Khadrawi and Al-Shyyab (2010) investigated analytically the hydrodynamics 

and thermal behaviours of fluid flow in axially moving micro-concentric cylinders. There results 

show that as  increases the slip in the hydrodynamics and thermal boundary condition 

increases. They also concluded that the slip and jump at the inner surface are much larger than 

that of the outer one. 

Also, Shojaefard et al. (2005) investigated flow control on a subsonic airfoil by suction/injection 

and concluded that suction significantly increases the lift coefficient while injection decreases 

the surface skin friction, which transitively resulted in a considerable reduction in energy 

consumed during flights of subsonic aircrafts. Recently, Jha and Ajibade (2009) considered the 

case of a free convective flow of heat generating/absorbing fluid between vertical parallel porous 

plates due to periodic heating on the porous plates. 

The aim of this study is to extend the work of Khadrawi and Al-Shyyab (2010) to the case in 

which axially micro - concentric cylinders are permeable, that is when there is a suction or 

injection (blowing) through the axially micro - concentric cylinders.  



10 
 

Surface permeability in terms of suction and injection are not considered in Weng and Chen 

(2009) and that of Khadrawi and Al-Shyyab (2010). However, physical situations occur in which 

the boundary surfaces of the microannulus are porous and in such situation, results from Weng 

and Chen (2009) and that of Khadrawi and Al-Shyyab (2010) are not readily applicable. Hence 

the need to consider the present problem.   

Despite the amount of work that has been done on the annular geometry under different 

conditions, no work has been carried out on the combined effects of suction/injection and wall 

surface curvature on natural convection flow in a vertical micro-porous-annulus, hence, the 

motivation of this work. 
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CHAPTER THREE 

MATHEMATICAL ANALYSIS 

3.0 INTRODUCTION  

This chapter tries to describe the problems considered in this study. This is done by describing 

the problem geometries, the governing equations in dimensional form as well as non-

dimensionalisation of the problems.   

3.1 The Micro-Geometries of Micro-Porous Annulus 

The mathematical problem of Weng and Chen (2009) have been adopted and modified to include 

the effect of suction and injection. 

This study considers the fully developed steady natural convection flow of viscous 

incompressible fluid in a vertical micro-porous-annulus. The vertical micro-porous-annulus 

considered is of infinite length. The  axis is taking along the axis of the cylinders in the 

vertical upward direction and - axis is in the radial direction. The radii of the inner and outer 

porous cylinder walls are  and   respectively. The annular walls are heated asymmetrically 

with the outer surface of the inner porous cylinder maintained at a temperature  while the inner 

surface of the outer porous cylinder at a temperature  . Due to this temperature difference, 

natural convection occurs in the vertical micro-porous-annulus. Since the flow is fully developed 

and cylinders are of infinite length, the flow depends only on radial coordinate ( ).  

The geometry of the system under consideration in this present study is shown in figure 3.1 

below.  

 



12 
 

 

 

 

 

 

 

 

Figure 3.1 Flow configuration and coordinate system.      

Thus, under the usual Boussinesq’s approximation, the basic equations governing the flow of 

viscous incompressible fluid in a vertical micro-porous-annulus in dimensional form are: 

Conservation of mass 

0
1

rV
dr

d

r
                                                                                                                           (3.1.1) 

Conservation of momentum 

0TTg
dr

du
r

dr

d

rdr

du

r

V
                                                                                           (3.1.2) 

Conservation of energy 

dr

dT
r

dr

d

rC

k

dr

dT

r

V 1
                                                                                                     (3.1.3) 
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Integrating equation (3.1.1), we get 

r

kV
V 20                                                                                                                                  (3.1.4) 

Here, 0VV  is the rate of suction/injection at inner surface of outer porous cylinder and 

1

20

k

kV
V  is the rate of suction/injection at outer surface of inner porous cylinder. 

The boundary conditions for the velocity and temperature field are: 

1

2
1

krv

v

dr

du
kru                                                                                                   (3.1.5) 

2

2
2

krv

v

dr

du
kru                                                                                                  (3.1.6) 

1
Pr1

22
11

krt

t

dr

dT
TkrT                                                                                    (3.1.7) 

2
Pr1

22
02

krt

t

dr

dT
TkrT                                                                                   (3.1.8) 
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Using the following non-dimensional quantities equation (3.1.9) in equations (3.1.2 – 3.1.8) 

 ;      ;        ;       ;      ;  
0

00 2/TR
; 

       ;   ;    ;    ;    ;  

    ;                                                                                            (3.1.9)                                                       

The mathematical model representing present physical situation in dimensionless form in 

presence of velocity slip and temperature jump as well as suction/injection on annulus surfaces 

are: 

dR

dU
R

dR

d

RdR

dU

R

S
1

1

1

1
                                             (3.1.10) 

dR

d
R

dR

d

RdR

d

R

S
1

1

1

1

Pr
                                                     (3.1.11)   

The boundary conditions which describe velocity slip and temperature jump conditions at the 

fluid – wall interface, are     

                                                                                                                 

                                                              (3.1.12)                                                   

The physical quantities used in the above equations are defined in the nomenclature. 
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3.2 The Effect of Suction/Injection on Micro-Porous –Annulus 

According to Knudsen’s classifications, the assumption of continuum flow still holds for liquid 

flow in microchannels and the conventional theories are still applicable in describing the liquid 

flow. 

A natural convective flow of a viscous incompressible fluid between two long concentric porous 

cylinders is considered. The  - axis is taking along the axis of the cylinders in the vertical 

upward direction and - axis is in the radial direction. The radii of the inner and outer porous 

cylinder walls are  and  respectively. Also, the outer surfaces of inner porous cylinder moves 

axially at   while the inner surfaces of outer porous cylinder moves axially at . The annular 

walls are heated asymmetrically with the outer surface of the inner porous cylinder maintained at 

a temperature  while the inner surface of the outer porous cylinder at a temperature . Due to 

this temperature difference, natural convection occurs in axially moving micro - concentric 

porous cylinders. Since the flow is fully developed, the flow depends only on radial 

coordinate .  

 

 

 

 

 

 

 

Figure 3.2. Schematic diagram of the problem under consideration. 
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The geometry is such that the only non-zero velocity component is , therefore, , and  must be 

functions only of . Furthermore, it is assumed that suction/injection are of the form . 

By usual Boussinesq approximation and following non-dimensional quantities 

w

rr
R 0 , 012 rrw , 

cu

u
U ,

01

0

TT

TT
,

0

2

0100 wTTg
uc , 

0

00Pr
k

c
,

w
Kn ,

tF ,
1

0

r

r
,

2
,

Pr

1

1

22

t

t

t
,

0

00 2/TR
,

wV
S 0

 k

U
B

2

0                                         

(3.2.1) 

The mathematical model representing present physical situation in dimensionless form in 

presence of velocity slip and temperature jump as well as suction/injection on annular surfaces 

are: 

0
1

1
1

1

dR

dU

R

S

dR

dU
R

dR

d

R
                                               (3.2.2) 

0
1

Pr
1

1

1
2

dR

dU
B

dR

d

R

S

dR

d
R

dR

d

R
                                  (3.2.3) 

The boundary conditions which describe velocity slip and temperature jump conditions at the 

fluid – wall interface, are  

             (3.2.4) 

            (3.2.5) 

The physical quantities used in the above equations are defined in the nomenclature. 
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By using the transformation                                                                    (3.2.6)     

Then equations (3.1.10) and (3.1.11), using (3.2.6) can be transformed as: 

                                                                                      (3.2.7) 

                                                                                                    (3.2.8) 

With the boundary conditions: 

               

                                      (3.2.9)                                                                                                   

By using the same transformation (3.2.6)  the equations (3.2.2) and (3.2.3), can be written as: 

                                                                                                   (3.2.10) 

                                                                                  (3.2.11) 

While the boundary conditions (3.2.4) and (3.2.5) becomes: 

        

(3.2.12)  

            

(3.2.13) 



18 
 

Three important parameters for convective gas microflow are the volume flow rate, skin–friction, 

and rate of heat transfer.  

The skin - frictions  at the annular walls is given by: 

                                                                                      (3.2.14) 

The rate of heat transfer which is expressed as the Nusselt numbers at the annular walls is given 

by: 

                                                                                      (3.2.15) 

The dimensionless volume flow rate is: 

                                                                                       (3.2.16) 
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CHAPTER FOUR 

SOLUTIONS OF PROBLEMS 

4.0 INTRODUCTION 

The derived equations in chapter three which are in non-dimensional form are solved in this 

chapter.  

4.1 Solution of Problem 3.1 

Equations (3.2.7) and (3.2.8) are in dimensionless form, subject to the boundary conditions 

(3.2.9), will have the following analytical solution: 

Let             this implies that           

And  

   =                                                                                          (4.1.1) 

Now, substituting equation (4.1.1) in equation (3.2.8),   

We have 

  

This implies that  

                                                                                                                 (4.1.2)           
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Equation (4.1.2), subject to the boundary condition (3.2.9) have the following analytical solution:                                                                                                                                                         

   

    

                                                                                                         (4.1.3)  

Also, substituting equation (4.1.1) into equation (3.2.7), we have 

                                                                    (4.1.4) 

This gives 

 =      

This implies that 

 =  

 =  

 =                                              (4.1.5) 

 

 



21 
 

 

This gives  

 

Equation (4.1.5), subject to the boundary condition (3.2.9), have the following analytical solution 

U(t)  

=  

U(Z)   

               =                                       (4.1.6) 

Where are all constants given in the Appendix. 

Another important aspect of microflow and microheat transfer induced by buoyancy are volume 

flow, skin friction and rate of heat transfer.  

The dimensionless volume flow rate is equation (3.2.16),                                                                                                  
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Substituting equation (4.1.6) into equation (3.2.16), we have 

          

                            

This gives the solution 

M =   

(4.1.8) 

And the skin friction ( ) and the rate of heat transfer which is expressed as the Nusselt number 

are as follows: 

                   (4.1.9) 

           

= 
–

                                       (4.1.10)              

 



23 
 

  =                                                                              (4.1.11) 

  

–
                                                                                              (4.1.12) 

           =                                                                             (4.1.13) 

         =                                                                                              (4.1.14) 

4.2 Solution of Problem 3.2 

The non-dimensionalised equations (3.2.2) and (3.2.3) are solved as follows: 

By using the transformation (3.2.9), we have 

                                                                                                        

This implies that 

  

  

                                                                                                                                                                                                

This gives equation (3.2.10) 

Now, let     

This implies that 
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                                                                                                             (4.1.15) 

Substituting (4.1.15) into equation (3.2.10), we have  

  

  

This gives 

                                                                                                                 (4.1.16) 

Equation (4.1.16) gives the following solutions 

  

                                                                                                        (4.1.17) 

And the momentum equation (3.2.3) will be solve in this way 

Substituting (4.1.15) into equation (3.2.11), we have 
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                                                                                  (4.1.18) 

Where   

This implies that  

                                                                                                                              (4.1.19) 

  

                                                           (4.1.20) 

Substituting (4.1.19) into (4.1.20), and Subject to the boundary conditions (3.2.13) 

Equations (4.1.20) will have the following analytical solution. 

  

                                                              (4.1.21) 

Where are all constants given in the Appendix. 
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CHAPTER FIVE 

RESULTS AND DISCUSSIONS 

5.1 Discussing the Results of Problem 3.1 

This chapter gives the discussion of the results obtained from chapter four. The results are 

presented in form of graphs. 

Five basic parameters that govern the flow in the microannulus are: suction/injection parameter 

, Prandtl number  , rarefaction parameter  , fluid – wall interaction   and 

curvature radius ratio . Numerical values of the temperature, velocity, volume flow rate, skin 

– friction and rate of heat transfer, which is expressed as a Nusselt number at the cylinder walls, 

are computed and the graphs are presented in figures 5.1 – 5.41. The present parametric study 

has been performed in the continuum and slip flow regimes . Also, for air and 

various surfaces, the values of  and  range from near 1 to 1.667 and from near 1.64 to more 

than 10, respectively. So, this study has been performed over the reasonable ranges of 

 and . The selected reference values of  and  for the analysis are 

0.05 and 1.64 respectively as given in Chen and Weng (2009). 

This present study extends the work of Weng and Chen (2009) by considering the case when the 

vertical annular microchannel is porous. The values of suction/injection parameter  are 

taken over by the range of . Positive values of S signify injection while negative 

values are for suction through the outer surface of the inner cylinder.  
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Figures 5.1 and 5.2, show the thermal response of the fluid to variation in rarefaction parameter 

 and fluid – wall interaction parameter . The increase in  or  leads to an 

increase in the temperature jump on the outer surface of inner porous cylinder as well as inner 
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surface of outer porous cylinder. It is worthy to note that there exist points of inflection inside the 

vertical micro-porous-annulus where temperature field is independent of both rarefaction 

parameter as well as the fluid - wall interaction parameter and also, the location of point of 

inflection is strongly dependent on curvature radius ratio . In addition, natural convection in a 

micro-porous-annulus can exhibit a nonlinear behaviour in the temperature. It is interesting to 

note that the effect of decreasing the curvature radius ratio  is to raise the non- linear 

behaviour of the temperature. 
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Figures 5.3 and 5.4 show the velocity variation for different values of rarefaction parameter 

 and fluid – wall interaction parameter . Figure 5.3 clearly reveals that the effect of 

 is to increase the fluid velocity as well as slip on the vertical micro-porous-annulus. From 

Figures 5.4, it is evident that the increase in  leads to the decrease in velocity slip near the outer 

surface of the inner porous cylinder while reverse trend is observed at inner surface of the outer 

porous cylinder. Furthermore, by increasing curvature radius ratio , slip at inner surface of 

outer porous cylinder increases while the result is reversed at inner surface of outer porous 

cylinder 
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In Figures 5.5 and 5.6, the temperature and velocity variations for different values of 

suction/injection parameter  are respectively shown. In the case of suction on the outer 

surface of inner porous cylinder and injection at inner surface of outer porous cylinder  
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(i.e , an increase in suction/injection parameter  leads to decrease in both temperature 

and velocity. It is seen from Figures 5.5 and 5.6 that temperature decreases by imposing suction 

at the outer surface of inner porous cylinder and injection at the inner surface of outer porous 

cylinder while the result is just contrast by imposing injection at the outer surface of inner porous 

cylinder and suction at inner surface of outer porous cylinder. In addition, increase in suction at 

outer surface of inner porous cylinder as well as simultaneous increase in injection at inner 

surface of outer porous cylinder increases the non-linear nature of temperature. 

 

   Figure 5.7, show the volume flow rate  plotted against the rarefaction parameter  for 

different values of fluid – wall interaction . It is seen from the figure that the volume flow rate 

 is a decreasing function of fluid – wall interaction . Furthermore, it is found that there is 

no significant impact of fluid – wall interaction  on volume flow rate for small value of 

curvature radius ratio . 
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  Figure 5.8, presents variation of skin - friction at outer surface of inner porous cylinder . 

It is clear from the figure that the skin - friction decreases with the increase of fluid – wall 

interaction parameter  and rarefaction parameter . Also, the impacts of these 

parameters are significant for small value of curvature radius ratio . 
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Figure 5.8, Variation of skin friction for different values of F with Pr=0.71,S=0.5 (R=0) 

S
k
in

-f
ri

ct
io

n
 (
 

( 

  
) 

  

   =0.9 
 =0.5 
 =0.1 

F=0,5,10 

F=0 

5 
10 

F=0 

5 

10 

0
 



33 
 

 

Figure 5.9, show variation of skin-friction at inner surface of outer porous cylinder . It is 

observed that the skin-friction increases with the increase of curvature radius  at inner surface 

of outer porous cylinder. However, the effect of fluid – wall interaction parameter  is strongly 

dependent on the value of curvature radius . In the same analysis, it is observed that the skin-

friction increase with an increase of fluid – wall interaction parameter  at the inner surface of 

outer porous cylinder for higher values of  while the result is just reverse for . 

During the course of numerical computation it was observed that the impact of fluid-wall 

interaction parameter  on skin-friction at inner surface of outer porous cylinder is strongly 

dependent on the values of suction/injection parameter , the nature of working fluid  and 

curvature radius ratio .  
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Figure 5.9, Variation of skin friction for different values of F with Pr=0.71, S=0.5 (R=1) 
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Figure 5.10, Variation of skin-friction for different values of S and F , Pr,=7.0 (R=1) 

 

 

 

 Figures 5.10 and 5.11, it is evident that skin-friction increases with increase of fluid-wall 

interaction parameter  by injecting the fluid through outer surface of inner porous cylinder 
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and sucking through inner surface of outer porous cylinder for   while the result is just 

reverse by imposing suction at outer surface of inner porous cylinder and injection at inner 

surface of outer porous cylinder. Also, the impact of fluid-wall interaction parameter  on 

skin-friction at inner surface of outer porous cylinder is insignificant in case water  

for negative values of S (which physically represents suction at outer surface of the inner porous 

cylinder and corresponding injection at inner surface of the outer porous cylinder)            
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Figures 5.12 and 5.13, presents variation of skin - friction at outer surface of inner porous 

cylinder  and inner surface of outer porous cylinder  respectively, for different 

values of suction/injection parameter ( ). It is seen from the figures that the skin - friction at the 

outer surface of inner porous cylinder   decreases with increase of fluid - wall interaction 

parameter ( ) in case of injection at outer surface of the inner porous cylinder and simultaneous 

suction at inner surface of the outer porous cylinder while the result is just reverse at inner 

surface of outer porous cylinder .  
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Figure 5.13, Variation of skin friction for different values of S with Pr=0.71, 
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The rate of heat transfer at outer surface of the inner porous cylinder (R=0) and inner surface of 

the outer porous cylinder (R=1) are shown in figure 5.14 and 5.15 respectively. It is clear that the 

rate of heat transfer decreases with the increase of rarefaction parameter  and fluid-wall 

interaction parameter (F). Furthermore, it is worthy to note that as the value of curvature radius 
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ratio  decreases  increases, while  decreases. In addition, the role of rarefaction 

parameter  and fluid-wall interaction parameter (F) on  and  are just opposite.       
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Figures 5.16 and 5.17 show the variation of rate of heat transfer at outer surface of inner porous 

cylinder  and inner surface of outer porous cylinder  respectively, for different 

values of suction/injection parameter ( ). It is interesting to note that the rate of heat transfer 

decreases with increase of fluid- wall interaction parameter ( ) in case of suction at outer surface 

of the inner porous cylinder and injection at inner surface of the outer porous cylinder. 

5.2 Discussing the Results of Problem 3.2 

This study investigates the interactive effects of suction/injection parameter ( ), rarefaction 

parameter , fluid – wall interaction parameter  and radius ratio  on heat transfer in 

moving micro - concentric porous cylinders. To examine the influence of these controlling 

parameters, the variations of velocity, temperature, velocity difference and temperature 

difference are presented in form of graphs in the figures below. The present parametric study has 

been performed over the reasonable ranges of 0  0.1 and 0   10. The selected 

reference values of , and    for  the analysis are 0.05 and 1.64 respectively as given in 

Khadrawi and Al-Shyyab (2010)  

This present study extends the work of Khadrawi and Al-Shyyab (2010) by considering the case 

when the axially micro - concentric cylinders are porous, i.e. when there is a suction or injection 

(blowing) through the axially micro - concentric cylinders. The values of suction/injection 

parameter  are taken over by the range of   5. 
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Figure 5.18 shows the influence of suction/injection parameter  on the velocity distribution.  

From this Figure, in the case of injection at the outer surface of the inner porous cylinder and 

suction at the inner surface of outer porous cylinder , the velocity is observed to 

decrease as suction/injection parameter  increases while the result is just contrast by imposing 

suction on the outer surface of the inner porous cylinder and injection on the inner surface of the 

outer porous cylinder. In addition, it is observed from this Figure that the increase in   leads 

to an increase in velocity slip on the outer surface of the inner porous  cylinder as well as inner 

surface of outer porous cylinder. The slip at the inner moving porous cylinder wall is much 

greater than its value at the outer stationary one. This is due to the physical fact that the 

Newtonian flow velocity gradient adjacent to the inner moving wall is larger than its 

corresponding value which is adjacent to the outer stationary cylinder wall. 
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Figure 5.19 shows the variation of velocity distribution for different values of the outer cylinder 

velocity . It is observed from this Figure that as outer porous cylinder velocity  increases 

the fluid velocity increase. Furthermore, when the outer porous cylinder velocity  

approaches the inner porous cylinder one, the velocity slip vanishes. 
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Figure 5.20 depicts the effect of suction/injection parameter  on the temperature distribution. 

We observe that the temperature decreases by imposing injection at the outer surface of the inner 

porous cylinder and suction at the inner surface of the outer porous cylinder while the result is 

just different by imposing suction at the outer surface of the inner porous cylinder and injection 

at the inner surface of the outer porous cylinder. In addition, it is observed from this Figure that 

the increase in   leads to an increase in the temperature jump on the outer surface of the 

inner porous cylinder as well as inner surface of outer porous cylinder. 
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Figure 5.21 illustrates the influence of the outer cylinder velocity  on the temperature 

distribution when suction/injection parameter is fixed as . This Figure shows that 

temperature increases as the outer porous cylinder velocity  increase. The increases in   

leads to increase in the temperature jump in the inner surface of the outer porous cylinder. 

Furthermore, it is interesting to note that the variations of the outer porous cylinder velocity  

on the temperature jump is unimportant on the outer surface of the inner cylinder, but the 

temperature jump in the surface of the porous cylinder is much greater than that of the outer 

surface of the inner porous cylinder.  
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Figure 5.21, Temperature distribution for different values U1with S=5, F=1.64, B=20, =0.6 
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Figure 5.22 show the effect of the outer porous cylinder velocity  on the temperature 

distribution when suction/injection parameter is fixed as . It is seen that an increase in 

outer porous cylinder velocity  leads to an increase in temperature. The increases in   

leads to an increase in the temperature jump on the outer surface of the inner porous cylinder. It 

is worthy to note that the variations of the outer porous cylinder velocity  on the temperature 

jump is insignificant but the temperature jump in the outer surface of the inner porous cylinder is 

much greater than that of the inner surface of the outer porous cylinder.    
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Figure 5.22, Temperature distribution for different values of U1 with S=5, F=1.64, B=20, =0.6 
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Figure 5.23 depicts the influence of the outer porous cylinder velocity  as well as 

suction/injection  on temperature distribution at the point . The increase in the outer 

porous cylinder velocity  and as well as suction/injection parameter   lead to 

decrease in the temperature.  In addition, the increase in   leads to an increase in the 

rarefaction at the point . 
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Figure 5.23, Temperature Profiles for different values of S at the point (R=0.5) with F=1.64, B=20, =0.6 
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Figure 5.24, Effect of  as well as S on the velocity difference at the outer surface of the inner 

cylinder  with fixed value of   
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Figure 5.25, Effect of  as well as S on the velocity difference at the outer surface of the inner 

cylinder  with fixed value of   

 

Figures 5.24 and 5.25 reveals the combined effects of outer porous cylinder velocity  as well 

as suction/injection  on the velocity difference at the outer surface of the inner porous 

cylinder  and inner surface of the outer porous cylinder , respectively. From this 

Figures, it is observed that velocity difference decreases with increase of outer porous cylinder 

velocity  in case of injection at outer surface of inner porous cylinder  and suction at 

inner surface of outer porous cylinder  while the result is reverse in case of injection at 

inner surface of outer porous cylinder  and suction at outer surface of inner porous 

cylinder . Furthermore, the velocity slip decreases until outer porous cylinder velocity 

 which is the same velocity of the inner porous cylinder .  
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Figure 5.26, The variation of the velocity difference with  at different values of  at the outer  

surface of the inner cylinder  with fixed value of     

 

Figure 5.26 depicts the influence of the outer porous cylinder velocity  as well as radius 

ratio  on velocity difference at the outer surface of the inner porous cylinder  with 

fixed value of . It is clear from this Figure that as radius ratio  and outer porous cylinder 

velocity  increases, there is a decrease in velocity difference until outer porous cylinder 

velocity  while the result is reversed as outer porous cylinder velocity  greater than 

one. 
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Figure 5.27, The variation of the velocity difference with  at different values of  at the outer  

surface of the inner cylinder  with fixed value of     

 

Figure 5.27 shows the influence of the outer porous cylinder velocity  as well as radius ratio 

 on velocity difference at the outer surface of the inner porous cylinder  with fixed 

value of . It is found from this Figure that as radius ratio  and outer porous cylinder 

velocity  increases, there is an increase in velocity difference until outer porous cylinder 

velocity  while the reverse phenomenon occurs when outer porous cylinder velocity  

greater than one. 
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Figure 5.28, The variation of the velocity difference with  at different values of  at the inner  

surface of the outer cylinder  with fixed value of     

 

Figure 5.28 reveals the influence of the outer porous cylinder velocity  as well as radius 

ratio  on velocity difference at the inner surface of the outer porous cylinder  with 

fixed value of . It is revealed in Figure 5.28 that the influence of radius ratio  is 

negligible on the velocity difference at the inner surface of the outer porous cylinder . 
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Figure 5.29, The variation of the velocity difference with  at different values of  at the outer  

cylinder  with fixed value of     

 

Figure 5.29 shows the combined effect of the outer porous cylinder velocity  and also radius 

ratio  on velocity difference at the inner surface of the outer porous cylinder  with 

fixed value of . It is observed that as radius ratio  and outer porous cylinder velocity 

 increases, there is an increase in velocity difference until outer porous cylinder velocity 

 while the reverse phenomenon occurs when outer cylinder velocity  is greater than 

one. 
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Figure 5.30, The variation of the velocity difference with   at different values of  at the 

outer surface of the inner cylinder  with fixed values    and  

 

Figure 5.31, The variation of the velocity difference with   at different values of  at the  

inner surface of the outer cylinder  with fixed values    and   
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Figures 5.30 and 5.31 depicts the variation of velocity difference with  at different values 

of  at the outer surface of the inner porous cylinder  and inner surface of the outer 

porous cylinder , respectively. Velocity difference decreases with increase in  in 

case of injection at outer surface of inner porous cylinder  and suction at inner surface of 

outer porous cylinder  while the result is reverse in case of injection at inner surface of 

outer porous cylinder  and suction at outer surface of inner porous cylinder  

 

Figure 5.32, The variation of the temperature difference with  at different values of  at the 

outer surface of the inner cylinder  with fixed values of   ,  and   

 

Figure 5.32 depicts the influence of the outer porous cylinder velocity  as well as radius 

ratio  on velocity difference at the outer surface of the inner porous cylinder  with 

fixed value of . It is observed that as radius of ratio  and outer porous cylinder velocity 

 increases, there is an increase in temperature difference 
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Figure 5.33, The variation of the temperature difference with  at different values of  at the 

outer surface of the inner cylinder  with fixed values of  ,  and   

 

Figure 5.33 shows the combined effects of the outer porous cylinder velocity  as well as 

radius ratio  on velocity difference at the outer surface of the inner porous cylinder  

with fixed value of . It is clear that as radius ratio  and outer porous cylinder velocity 

 increases, there is a decrease in temperature difference 
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Figure 5.34, The variation of the temperature difference with  at different values of  at the 

inner surface of the outer cylinder  with fixed values of ,  and   

 

Figure 5.35, The variation of the temperature difference with  at different values of  at the 

inner surface of the outer cylinder  with fixed values of  ,  and   
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Figures 5.34 and 5.35 show the variation of temperature difference with outer porous cylinder 

velocity  at different values of radius ratio  at inner surface of the outer porous 

cylinder  with fixed values of  and  respectively. In Figure 5.34, it is found 

that the effect of radius ratio  is negligible on the temperature difference. In Figure 5.35, it is 

clear that the effect of radius ratio  is to increase in temperature difference. 

 

Figure 5.36, The variation of the temperature difference with  at different values of S at the 

outer surface of the inner cylinder  with fixed values of  ,   and   
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Figure 5.37, The variation of the temperature difference with  at different values of S at the 

inner surface of the outer cylinder  with fixed values of  ,  and   

 

Figures 5.36 and 5.37 reveals the combined effects of outer porous cylinder velocity  as well 

as suction/injection  on the temperature difference at the outer surface of the inner porous 

cylinder  and inner surface of the outer porous cylinder , respectively. From this 

Figures, it is observed that temperature difference decreases with increase of outer porous 

cylinder velocity  in case of injection at outer surface of inner porous cylinder  and 

suction at inner surface of outer porous cylinder  while the result is reverse in case of 

injection at inner surface of outer porous cylinder  and suction at outer surface of inner 

porous cylinder  
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Figure 5.38, The variation of the temperature difference with   at different values of  at 

the outer surface of the inner cylinder  with fixed values of ,  ,  

and   
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Figure 5.39, The variation of the temperature difference with   at different values of  at 

the inner surface of the outer cylinder  with fixed values of  , ,  and  

 

 

Figures 5.38 and 5.39 depicts the variation of velocity difference with  at different values 

of  at the outer surface of the inner porous cylinder . Temperature 

difference decreases with increase of  in case of injection at outer surface of inner porous 

cylinder  and suction at inner surface of outer porous cylinder  while the result is 

reverse in case of injection at inner surface of outer porous cylinder  and suction at outer 

surface of inner porous cylinder  
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Figure 5.40, The variation of the temperature difference with   at different values of  at the 

outer surface of the inner cylinder  with fixed values of  ,  and   

 

Figure 5.41, The variation of the temperature difference with   at different values of  at the 

inner surface of the outer cylinder  with fixed values of   ,  and   
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Figures 5.40 and 5.41 shows the variation of velocity difference with  at different values of  at 

the outer surface of the inner porous cylinder  and at the inner surface of the outer 

porous cylinder , respectively. Temperature difference decreases with increase of  in 

case of injection at outer surface of inner porous cylinder  and suction at inner surface of 

outer porous cylinder  while the result is reverse in case of injection at inner surface of 

outer porous cylinder  and suction at outer surface of inner porous cylinder  
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CHAPTER SIX 

SUMMARY AND CONCLUSIONS 

6.1 SUMMARY 

This study investigates analytically the hydrodynamic and thermal behaviour of a fully 

developed natural convection flow in a vertical micro-porous-annulus (MPA) taking into account 

the velocity slip and temperature jump at the outer surface of the inner porous cylinder and the 

inner surface of the outer porous cylinder. A closed – form solution is presented for velocity, 

temperature, volume flow rate, skin-friction and rate of heat transfer expressed as a Nusselt 

number. The influence of each governing parameter on hydrodynamic and thermal behaviour is 

discussed with the aid of graphs.  

Five parameters are being used throughout this work: Suction/Injection parameter ( ), Prandtl 

number (Pr), Rarefaction parameter ( ), Fluid-wall interaction parameter ( ) and Curvature 

radius ratio ( ).  

We have seen from the results that, an increase in the rarefaction parameter ( ) or fluid-wall 

interaction parameter  ( ) leads to increase in the temperature jump on the outer surface of inner 

porous cylinder as well as inner surface of outer porous cylinder. And the temperature field is 

independent of both  and , this leads to point of inflection which is dependent on 

curvature radius ratio ( ) and produced non-linear behaviour in the temperature in the 

microannulus.  

Also, an increase in the suction/injection parameter (S) leads to decrease in both temperature and 

velocity.  



63 
 

The skin-friction decreases with the increase of fluid-wall interaction parameter (F) and 

rarefaction parameter  at outer surface of inner porous cylinder at (R=0) and increase at 

inner surface of outer porous cylinder (R=1), and in case of injection at outer surface of inner 

porous cylinder and simultaneous suction at inner surface of outer porous cylinder, for different 

values of S. 

It is also observed that, the rate of heat transfer is decreasing at the outer surface of the inner 

porous cylinder (R=0) and the inner surface of the outer porous cylinder (R=1) with increase of 

rarefaction parameter  and fluid-wall interaction parameter (F), and in case of injection at 

outer surface of inner porous cylinder and simultaneous suction at inner surface of outer porous 

cylinder, for different values of S. Again, if the value of the curvature radius ( ) decreases then, 

 increases while  decreases.    

Also, an increase in the rarefaction parameter  leads to increase in the velocity slip on the 

outer surface of the inner porous cylinder as well as inner surface of the outer porous cylinder 

and the slip at the inner moving porous cylinder wall is much greater than its effect at the outer 

stationary one. Again, an increase in the outer porous cylinder velocity  increases the fluid 

velocity. 

Also, an increase in   leads to increase in the temperature jumps on the outer surface of 

inner porous cylinder and inner surface of outer porous cylinder.  

It is also observed that, the velocity difference decreases with increase of the outer porous 

cylinder velocity , for injection at outer surface of inner porous cylinder (R=0) and suction 

at the inner surface of outer porous cylinder (R=1).   
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The temperature difference decreases with an increase of the outer porous cylinder velocity ,   

rarefaction parameter   and fluid-wall interaction parameter (F), in the case of injection at 

outer surface of inner porous cylinder (R=0) and suction at inner surface of outer porous cylinder 

(R=1).  

6.2 CONCLUSIONS 

This work investigates the natural convection flow in vertical micro-porous-annulus and axially 

moving concentric cylinders by considering the velocity slip and temperature jump at the outer 

surface of the inner porous cylinder and the inner surface of the outer porous cylinder in presence 

of suction/injection on the surfaces of cylinders. Expressions for velocity field, temperature field, 

volume flow rate, skin-friction and rate of heat transfer expressed as a Nusselt number at the 

cylinder walls are derived analytically.  

It has been observed in both the two problems that, the effect of suction/injection parameter (S), 

that is, an increase in S leads to decrease both the temperature and velocity. The velocity slip 

increases with an increase in the rarefaction parameter  on the outer surface of the inner 

porous cylinder as well as inner surface of the outer porous cylinder and the slip at the inner 

porous cylinder wall is much greater than its effect at the outer stationary one. 

The study also observed that, an increase in the rarefaction parameter  or fluid-wall 

interaction parameter (F) leads to increase in the temperature jump on the outer surface of the 

inner porous cylinder as well as inner surface of the outer porous cylinder. The temperature 

decreases by imposing suction at the outer surface of the inner porous cylinder and injection at 

the inner surface of the outer porous cylinder, in the first problem. While in the second problem, 
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the temperature is decreasing by imposing injection at the outer surface of the inner porous 

cylinder and suction at the inner surface of the outer porous cylinder.   
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APPENDIX 1 

List of constants used to defined temperature and velocity in problem 3.1  
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APPENDIX II 

List of constants used to defined temperature and velocity in problem 3.2 
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APPENDIX III 

Computer Programs used to get the results of problem 3.1 

TEMPERATURE DISTRIBUTION 
[r,kb]=meshgrid(0.0:0.2:1.0,0.01:0.2:1); 
    w=(r-r+1).*(e-e+1); 
     e=0.5.*w; 
     s=0.5.*w; 
     pr=0.71.*w; 
     f=1.64.*w; 
     a1=1./(1.+kb.*f.*s.*pr); 
     a2=1.-((kb.*f.*s.*pr)./e); 
     b1=(s.*pr)./(1-e); 
     a3=1./(1-a1.*a2.*(e).^b1); 
     c2=a3; 
     c1=-c2.*a1; 
     z=((1-e).*r+e); 
     th=(c1.*(z).^b1)+c2 
     [C,h]=contour(r,th,kb); 
   set(h,'showText','on','textStep',get(h,'levelStep')*1); 
   colormap gray 
 

 

TEMPERATURE DISTRIBUTION 
[r,f]=meshgrid(0.0:0.2:1.0,0.01:0.2:1); 
    w=(f-f+1).*(e-e+1); 
     e=0.5.*w; 
     kb=0.05.*w; 
     s=0.5.*w; 
     pr=0.71.*w; 
     a1=1./(1.+kb.*f.*s.*pr); 
     a2=1.-((kb.*f.*s.*pr)./e); 
     b1=(s.*pr)./(1-e); 
     a3=1./(1-a1.*a2.*(e).^b1); 
     c2=a3; 
     c1=-c2.*a1; 
     z=((1-e).*r+e); 
     th=(c1.*(z).^b1)+c2 
     [C,h]=contour(r,th,f); 
   set(h,'showText','on','textStep',get(h,'levelStep')*1); 
   colormap gray 

 

VELOCITY DISTRIBUTION 
 

[r,kb]=meshgrid(0.0:0.02:1.0,0.01:0.2:0.8); 
     w=(r-r+1).*(kb-kb+1); 
     e=0.1.*w; 
     s=0.5.*w; 
     pr=0.71.*w; 
     f=1.64.*w; 
     a1=1./(1.+kb.*f.*s.*pr); 
     a2=1.-((kb.*f.*s.*pr)./e); 
     b1=(s.*pr)./(1-e); 
     a3=1./(1-a1.*a2.*(e).^b1); 
     c2=a3; 
     c1=-c2.*a1; 
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     z=((1-e).*r+e); 
     b2=(s.*(1-pr))./(1.-e); 
     e1=(b1+2.).*(2.-b2); 
     b3=s./(1.-e); 
     e2=2.*(2.-b3); 
     b4=1./(1.-e).^2; 
     a4=b4.*(((c1.*(e).^(b1+2))./e1)+((c2.*e.*e)./e2)); 
     a5=(b1+2.).*(c1./e1).*(e.^(b1+1.))+((2.*e.*c2)./e2); 
     a7=(e.^b3).*(1.-((s.*kb)./e)); 
     a8=(1-e)./s; 
     a9=a4-((kb.*a5)./(1-e)); 
     a10=b4.*((c1./e1)+(c2./e2)); 
     a11=(b1+2).*(c1./e1)+((2.*c2)./e2); 
     b5=1./(1.-e); 
     a12=a10+a11.*kb.*b5; 
     a13=1.+s.*kb; 
     c4=(a12-a9)./(a13-a7); 
     c3=(a12.*a7-a9.*a13)./(a8.*(a13-a7)); 
     b6=(z.^(b1+2.)).*(c1./e1)+((c2.*z.*z)./e2); 
     b7=-((c3.*(1-e))./s)+c4.*z.^b3; 
     u=-(b4.*b6+b7 
     [C,h]=contour(r,u,kb); 
   set(h,'showText','on','textStep',get(h,'levelStep')*1); 
   colormap gray 

 

 

[r,f]=meshgrid(0.0:0.02:1.0,0.01:0.2:0.8); 
     w=(r-r+1).*(f-f+1); 
     %[r,s]=meshgrid(0.0:0.01:1.0,-5.0:1.0:5.0); 
     %w=(r-r+1).*(s-s+1); 
     e=0.1.*w; 
     kb=0.5.*w; 
     %kb=0.0.*w; 
     s=0.5.*w; 
     pr=0.71.*w; 
     %f=1.64.*w; 
     a1=1./(1.+kb.*f.*s.*pr); 
     a2=1.-((kb.*f.*s.*pr)./e); 
     b1=(s.*pr)./(1-e); 
     a3=1./(1-a1.*a2.*(e).^b1); 
     c2=a3; 
     c1=-c2.*a1; 
     z=((1-e).*r+e); 
     b2=(s.*(1-pr))./(1.-e); 
     e1=(b1+2.).*(2.-b2); 
     b3=s./(1.-e); 
     e2=2.*(2.-b3); 
     b4=1./(1.-e).^2; 
     a4=b4.*(((c1.*(e).^(b1+2))./e1)+((c2.*e.*e)./e2)); 
     a5=(b1+2.).*(c1./e1).*(e.^(b1+1.))+((2.*e.*c2)./e2); 
     a7=(e.^b3).*(1.-((s.*kb)./e)); 
     a8=(1-e)./s; 
     a9=a4-((kb.*a5)./(1-e)); 
     a10=b4.*((c1./e1)+(c2./e2)); 
     a11=(b1+2).*(c1./e1)+((2.*c2)./e2); 
     b5=1./(1.-e); 
     a12=a10+a11.*kb.*b5; 
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     a13=1.+s.*kb; 
     c4=(a12-a9)./(a13-a7); 
     c3=(a12.*a7-a9.*a13)./(a8.*(a13-a7)); 
     b6=(z.^(b1+2.)).*(c1./e1)+((c2.*z.*z)./e2); 
     b7=-((c3.*(1-e))./s)+c4.*z.^b3; 
     u=-(b4.*b6)+b7 
     [C,h]=contour(r,u,f); 
   set(h,'showText','on','textStep',get(h,'levelStep')*1); 
   colormap gray 

 

 

 

TEMPERATURE DISTRIBUTION 
[R,S]=meshgrid (0.0:0.01:1.0,-5.0:1.0:5.0); 
w=(R-R+1).*(S-S+1); 
pr=0.71.*w; 
Bv=1.0.*w; 
K=0.1.*w; 
F=1.64.*w; 
n=0.9.*w; 
Z=n+(1-n).*R; 
a1=1./(1+Bv.*K.*F.*S.*pr); 
a2=1-((Bv.*K.*F.*S.*pr)./n); 
a3=1./(1-((a1.*a2).*((n).^((S.*pr)./(1-n))))); 
C1=(-a1.*a3); 
C2=a3; 
Q=(C1.*(Z.^((S.*pr)./(1-n))))+C2 
[c,h]=contour(R,Q,S); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 

 
 

VELOCITY DISTRIBUTION 
[R,S]=meshgrid (0.0:0.01:1.0,-5.0:1.0:5.0); 
w=(R-R+1).*(S-S+1); 
pr=0.71.*w; 
Bv=1.0.*w; 
K=0.05.*w; 
F=1.64.*w; 
n=0.5.*w; 
Z=n+(1-n).*R; 
a1=1./(1+(Bv.*K.*F.*S.*pr)); 
a2=1-((Bv.*K.*F.*S.*pr)./n); 
a3=1./(1-((a1.*a2).*(n.^((S.*pr)./(1-n))))); 
C1=(-a1.*a3); 
C2=a3; 
E1=(((S.*pr)./(1-n))+2).*(2-((S.*(1-pr))./(1-n))); 
E2=2.*(2-(S./(1-n))); 
Y1=1./((1-n).^2); 
Y2=(C1.*(n.^(((S.*pr)./(1-n))+2)))./E1; 
Y3=(C2.*(n.^2))./E2; 
a4=Y1.*(Y2+Y3); 
Y4=(((S.*pr)./(1-n))+2).*(C1./E1).*(n.^(((S.*pr)./(1-n))+1)); 
Y5=(2.*n.*C2)./E2; 
a5=Y4+Y5; 
a7=(n.^(S./(1-n))).*(1-((S.*Bv.*K)./n)); 
a8=(1-n)./S; 
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a9=a4-(((Bv.*K)./(1-n)).*a5); 
a10=(1./((1-n).^2)).*((C1./E1)+(C2./E2)); 
a11=(((S.*pr)./(1-n))+2).*(C1./E1)+((2.*C2)./E2); 
a12=a10+(a11.*((Bv.*K)./(1-n))); 
a13=(1+(S.*Bv.*K)); 
C4=(a12-a9)./(a13-a7); 
C3=((a12.*a7)-(a9.*a13))./((a13-a7).*a8); 
H=(Z.^(((S.*pr)./(1-n))+2).*(C1./E1)+(C2.*(Z.^2))./E2); 
X1=-((C3.*(1-n))./S); 
X2=C4.*(Z.^(S./(1-n))); 
U=-(Y1.*H)+X1+X2 
[c,h]=contour(R,U,S); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 

 
 

 

MASS FLUX 
[kb,f]=meshgrid(0.0:0.1:0.1,0.0:0.1:1.7); 
     w=(kb-kb+1).*(f-f+1); 
     pr=0.71.*w; 
     s=0.05; 
     e=0.1; 
     a1=1./(1.+kb.*f.*s.*pr); 
     a2=1.-((kb.*f.*s.*pr)./e); 
     b1=(s.*pr)./(1-e); 
     a3=1./(1-a1.*a2.*(e).^b1); 
     c2=a3; 
     c1=-c2.*a1; 
     b2=(s.*(1-pr))./(1.-e); 
     e1=(b1+2.).*(2.-b2); 
     b3=s./(1.-e); 
     e2=2.*(2.-b3); 
     b4=1./(1.-e).^2; 
     a4=b4.*(((c1.*(e).^(b1+2))./e1)+((c2.*e.*e)./e2)); 
     a5=(b1+2.).*(c1./e1).*(e.^(b1+1.))+((2.*e.*c2)./e2); 
     a7=(e.^b3).*(1.-((s.*kb)./e)); 
     a8=(1-e)./s; 
     a9=a4-((kb.*a5)./(1-e)); 
     a10=b4.*((c1./e1)+(c2./e2)); 
     a11=(b1+2).*(c1./e1)+((2.*c2)./e2); 
     b5=1./(1.-e); 
     a12=a10+a11.*kb.*b5; 
     a13=1.+s.*kb; 
     c4=(a12-a9)./(a13-a7); 
     c3=(a12.*a7-a9.*a13)./(a8.*(a13-a7)); 
     b6=1.-(e.^(b1+4.)); 
     b7=(b1+4.).*e1; 
     b8=c1.*(b6./b7); 
     b9=(c2.*(1.-e.^4))./(4.*e2); 
     b10=-(b8+b9)./((1.-e).^4); 
     b11=(c4.*(1.-e.^(b3+2.)))./(b3+2.); 
     b12=-((1.-e).*(1.-e.*e).*c3.*0.5)./s; 
     b13=b4.*(b11+b12); 
     q=b10+b13 
     [C,h]=contour(kb,q,f); 
   set(h,'showText','on','textStep',get(h,'levelStep')*1); 
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   colormap gray 

 
 

SKIN-FRICTION ATR=0.0 
[kb,f]=meshgrid(0.0:0.01:0.1,0.1:0.1:0.8); 
     w=(kb-kb+1).*(f-f+1); 
     pr=0.71.*w; 
     s=0.5; 
     e=0.9; 
     a1=1./(1.+kb.*f.*s.*pr); 
     a2=1.-((kb.*f.*s.*pr)./e); 
     b1=(s.*pr)./(1-e); 
     a3=1./(1-a1.*a2.*(e).^b1); 
     c2=a3; 
     c1=-c2.*a1; 
     b2=(s.*(1-pr))./(1.-e); 
     e1=(b1+2.).*(2.-b2); 
     b3=s./(1.-e); 
     e2=2.*(2.-b3); 
     b4=1./(1.-e).^2; 
     a4=b4.*(((c1.*(e).^(b1+2))./e1)+((c2.*e.*e)./e2)); 
     a5=(b1+2.).*(c1./e1).*(e.^(b1+1.))+((2.*e.*c2)./e2); 
     a7=(e.^b3).*(1.-((s.*kb)./e)); 
     a8=(1-e)./s; 
     a9=a4-((kb.*a5)./(1-e)); 
     a10=b4.*((c1./e1)+(c2./e2)); 
     a11=(b1+2).*(c1./e1)+((2.*c2)./e2); 
     b5=1./(1.-e); 
     a12=a10+a11.*kb.*b5; 
     a13=1.+s.*kb; 
     c4=(a12-a9)./(a13-a7); 
     c3=(a12.*a7-a9.*a13)./(a8.*(a13-a7)); 
     b6=-b5.*((b1+2.).*(c1./e1).*((e).^(b1+1.))+((2.*e.*c2)./e2)); 
     b7=c4.*s.*e.^(b3-1.); 
     tu0=b6+b7 
     [C,h]=contour(kb,tu0,f); 
   set(h,'showText','on','textStep',get(h,'levelStep')*1); 
   colormap gray 
 

 

SKIN-FRICTION ATR=1.0 
[kb,f]=meshgrid(0.0:0.01:0.1,0.1:0.1:0.8); 
     w=(kb-kb+1).*(f-f+1); 
     pr=0.71.*w; 
     s=0.05; 
     e=0.05; 
     a1=1./(1.+kb.*f.*s.*pr); 
     a2=1.-((kb.*f.*s.*pr)./e); 
     b1=(s.*pr)./(1-e); 
     a3=1./(1-a1.*a2.*(e).^b1); 
     c2=a3; 
     c1=-c2.*a1; 
     b2=(s.*(1-pr))./(1.-e); 
     e1=(b1+2.).*(2.-b2); 
     b3=s./(1.-e); 
     e2=2.*(2.-b3); 
     b4=1./(1.-e).^2; 
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     a4=b4.*(((c1.*(e).^(b1+2))./e1)+((c2.*e.*e)./e2)); 
     a5=(b1+2.).*(c1./e1).*(e.^(b1+1.))+((2.*e.*c2)./e2); 
     a7=(e.^b3).*(1.-((s.*kb)./e)); 
     a8=(1-e)./s; 
     a9=a4-((kb.*a5)./(1-e)); 
     a10=b4.*((c1./e1)+(c2./e2)); 
     a11=(b1+2).*(c1./e1)+((2.*c2)./e2); 
     b5=1./(1.-e); 
     a12=a10+a11.*kb.*b5; 
     a13=1.+s.*kb; 
     c4=(a12-a9)./(a13-a7); 
     c3=(a12.*a7-a9.*a13)./(a8.*(a13-a7)); 
     b6=-b5.*((b1+2.).*(c1./e1)+((2.*c2)./e2)); 
     b7=c4.*s; 
     tu1=-(b6+b7) 
     [C,h]=contour(kb,tu1,f); 
   set(h,'showText','on','textStep',get(h,'levelStep')*1); 
   colormap gray 
     

 

 

RATE OF HEAT TRANSFER AT R=0.0& R=1.0 
[kb,f]=meshgrid(0.0:0.01:1,0.1:0.01:0.7); 
     w=(kb-kb+1).*(f-f+1); 
     pr=0.71.*w; 
     s=0.5; 
     e=0.9; 
     a1=1./(1.+kb.*f.*s.*pr); 
     a2=1.-((kb.*f.*s.*pr)./e); 
     b1=(s.*pr)./(1-e); 
     a3=1./(1-a1.*a2.*(e).^b1); 
     c2=a3; 
     c1=-c2.*a1; 
     nu0=-((s.*pr.*c1).*(e).^(b1-1.)) 
      nu1=-(s.*pr.*c1) 
     [C,h]=contour(kb,nu0,f); 
   set(h,'showText','on','textStep',get(h,'levelStep')*1); 
   colormap gray 
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APPENDIX IV 

Computer Programs used to get the results of problem 3.2 

VELOCITY DISTRIBUTION 
[R,S]=meshgrid (0.0:0.02:1,-5.0:1.0:5.0); 
w=(R-R+1).*(S-S+1); 
pr=0.71.*w; 
Bv=0.0.*w; 
K=1.0.*w; 
n=0.6.*w; 
U1=2.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./((a1.*a2)-a3); 
C2=U1-(C1.*a3); 
V=C1.*(Z.^(S./(1-n)))+C2 
[c,h]=contour(R,V,S); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 
 

 

VELOCITY DISTRIBUTION 
[R,U1]=meshgrid (0.0:0.02:1,-5.0:1.0:5.0); 
w=(R-R+1).*(U1-U1+1); 
pr=0.71.*w; 
Bv=0.05.*w; 
K=1.0.*w; 
n=0.6.*w; 
S=5.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./((a1.*a2)-a3); 
C2=U1-(C1.*a3); 
V=C1.*(Z.^(S./(1-n)))+C2 
[c,h]=contour(R,V,U1); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 
 

 

TEMPERATURE 
[R,S]=meshgrid (0.0:0.02:1,-5.0:1.0:5.0); 
w=(R-R+1).*(S-S+1); 
pr=0.71.*w; 
Bv=0.0.*w; 
K=1.0*w; 
F=1.64; 
B=20.0.*w; 
n=0.6.*w; 
U1=2.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 



79 
 

a3=1+(Bv.*K.*S); 
C1=(1-U1)./(a1.*a2-a3); 
C2=U1-C1.*a3; 
b1=(-B.*(C1.^2))./(2-pr); 
b2=n.^((2.*S)./(1-n)); 
b3=n.^((S.*pr)./(1-n)); 
X1=0.5.*(1-b2).*b1+(Bv.*K.*F.*((b1.*S).*(b2./n)+1)-1); 
X2=(b3-1)-Bv.*K.*F.*S.*pr.*((b3./n)+1); 
C4=X1./X2; 
Y1=(S.*pr)./(1-n); 
Y2=b1.*b2.*(((Bv.*K.*F.*S)./n)-0.5); 
Y3=C4.*b3.*(1-((Bv.*K.*F.*S.*pr)./n)); 
C3=-Y1.*(Y2-Y3); 
T1=-(B.*(C1.^2).*Z.^((2.*S)./(1-n))./(2.*(2-pr))); 
T2=(C3.*(1-n))./(S.*pr); 
T3=C4.*(Z.^((S.*pr)./(1-n))); 
Q=T1-T2+T3 
[c,h]=contour(R,Q,S); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 

 

TEMPERATURE 
[R,U1]=meshgrid (0.0:0.02:1,-5.0:1.0:5.0); 
w=(R-R+1).*(U1-U1+1); 
pr=0.71.*w; 
Bv=0.0.*w; 
K=1.0*w; 
F=1.64; 
B=20.0.*w; 
n=0.6.*w; 
S=5.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./(a1.*a2-a3); 
C2=U1-C1.*a3; 
b1=(-B.*(C1.^2))./(2-pr); 
b2=n.^((2.*S)./(1-n)); 
b3=n.^((S.*pr)./(1-n)); 
X1=0.5.*(1-b2).*b1+(Bv.*K.*F.*((b1.*S).*(b2./n)+1)-1); 
X2=(b3-1)-Bv.*K.*F.*S.*pr.*((b3./n)+1); 
C4=X1./X2; 
Y1=(S.*pr)./(1-n); 
Y2=b1.*b2.*(((Bv.*K.*F.*S)./n)-0.5); 
Y3=C4.*b3.*(1-((Bv.*K.*F.*S.*pr)./n)); 
C3=-Y1.*(Y2-Y3); 
T1=-(B.*(C1.^2).*Z.^((2.*S)./(1-n))./(2.*(2-pr))); 
T2=(C3.*(1-n))./(S.*pr); 
T3=C4.*(Z.^((S.*pr)./(1-n))); 
Q=T1-T2+T3 
[c,h]=contour(R,Q,U1); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 
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[R,U1]=meshgrid (0.0:0.02:1,-5.0:1.0:5.0); 
w=(R-R+1).*(U1-U1+1); 
pr=0.71.*w; 
Bv=0.1.*w; 
K=1.0*w; 
F=1.64; 
B=20.0.*w; 
n=0.6.*w; 
S=-5.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./(a1.*a2-a3); 
C2=U1-C1.*a3; 
b1=(-B.*(C1.^2))./(2-pr); 
b2=n.^((2.*S)./(1-n)); 
b3=n.^((S.*pr)./(1-n)); 
X1=0.5.*(1-b2).*b1+(Bv.*K.*F.*((b1.*S).*(b2./n)+1)-1); 
X2=(b3-1)-Bv.*K.*F.*S.*pr.*((b3./n)+1); 
C4=X1./X2; 
Y1=(S.*pr)./(1-n); 
Y2=b1.*b2.*(((Bv.*K.*F.*S)./n)-0.5); 
Y3=C4.*b3.*(1-((Bv.*K.*F.*S.*pr)./n)); 
C3=-Y1.*(Y2-Y3); 
T1=-(B.*(C1.^2).*Z.^((2.*S)./(1-n))./(2.*(2-pr))); 
T2=(C3.*(1-n))./(S.*pr); 
T3=C4.*(Z.^((S.*pr)./(1-n))); 
Q=T1-T2+T3; 
[c,h]=contour(R,Q,U1); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 
 

 

TEMPERATURE 
[U1,S]=meshgrid (0.0:0.2:2.0,-5.0:1.0:5.0); 
w=(U1-U1+1).*(S-S+1); 
pr=0.71.*w; 
Bv=0.0.*w; 
K=1.0*w; 
F=1.64; 
B=20.0.*w; 
n=0.6.*w; 
R=0.5.^w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./(a1.*a2-a3); 
C2=U1-C1.*a3; 
b1=(-B.*(C1.^2))./(2-pr); 
b2=n.^((2.*S)./(1-n)); 
b3=n.^((S.*pr)./(1-n)); 
X1=0.5.*(1-b2).*b1+(Bv.*K.*F.*((b1.*S).*(b2./n)+1)-1); 
X2=(b3-1)-Bv.*K.*F.*S.*pr.*((b3./n)+1); 
C4=X1./X2; 
Y1=(S.*pr)./(1-n); 
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Y2=b1.*b2.*(((Bv.*K.*F.*S)./n)-0.5); 
Y3=C4.*b3.*(1-((Bv.*K.*F.*S.*pr)./n)); 
C3=-Y1.*(Y2-Y3); 
T1=-(B.*(C1.^2).*Z.^((2.*S)./(1-n))./(2.*(2-pr))); 
T2=(C3.*(1-n))./(S.*pr); 
T3=C4.*(Z.^((S.*pr)./(1-n))); 
Q=T1-T2+T3 
[c,h]=contour(U1,Q,S); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 

 

VELOCITY DIFFERENCE AT R=0 
[U1,S]=meshgrid (0.0:0.2:2.0,-5.0:1.0:5.0); 
w=(U1-U1+1).*(S-S+1); 
pr=0.71.*w; 
Bv=0.1.*w; 
K=1.0.*w; 
n=0.6.*w; 
R=0.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./((a1.*a2)-a3); 
C2=U1-(C1.*a3); 
z1=n; 
V=C1.*(z1.^(S./(1-n)))+C2; 
DV=(V-1) 
[c,h]=contour(U1,DV,S); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 
 

VELOCITY DIFFERENCE AT R=1 
[U1,S]=meshgrid (0.0:0.2:2.0,-5.0:1.0:5.0); 
w=(U1-U1+1).*(S-S+1); 
pr=0.71.*w; 
Bv=0.5.*w; 
K=1.0.*w; 
n=0.6.*w; 
R=1.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./((a1.*a2)-a3); 
C2=U1-(C1.*a3); 
z1=n; 
V=C1.*(z1.^(S./(1-n)))+C2; 
DV=(V-U1) 
[c,h]=contour(U1,DV,S); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 
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VELOCITY DIFFERENCE AT R=0 
[U1,n]=meshgrid (0.0:0.2:2.0,-5.0:1.0:5.0); 
w=(U1-U1+1).*(n-n+1); 
pr=0.71.*w; 
Bv=0.1.*w; 
K=1.0.*w; 
R=0.0.*w; 
S=5.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./((a1.*a2)-a3); 
C2=U1-(C1.*a3); 
z1=n; 
V=C1.*(z1.^(S./(1-n)))+C2; 
DV=(V-1) 
[c,h]=contour(U1,DV,n); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 

 
 

[U1,n]=meshgrid (0.0:0.2:2.0,-5.0:1.0:5.0); 
w=(U1-U1+1).*(n-n+1); 
pr=0.71.*w; 
Bv=0.05.*w; 
K=1.0.*w; 
R=1.0.*w; 
S=-5.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./((a1.*a2)-a3); 
C2=U1-(C1.*a3); 
z1=n; 
V=C1.*(z1.^(S./(1-n)))+C2; 
DV=(V-1) 
[c,h]=contour(U1,DV,n); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 
 

 

 

VELOCITY DIFFERENCE AT R=1 
[U1,n]=meshgrid (0.0:0.2:2.0,-5.0:1.0:5.0); 
w=(U1-U1+1).*(n-n+1); 
pr=0.71.*w; 
Bv=0.1.*w; 
K=1.0.*w; 
F=1.64.*w; 
R=1.0.*w; 
S=5.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
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a3=1+(Bv.*K.*S); 
C1=(1-U1)./((a1.*a2)-a3); 
C2=U1-(C1.*a3); 
z1=n; 
V=C1.*(z1.^(S./(1-n)))+C2; 
DV=(V-1) 
[c,h]=contour(U1,DV,n); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 

 

TEMPERATURE DIFFERENCE AT R=0 
[n,U1]=meshgrid (-0.01:0.2:2.0,-5.0:1.0:5.0); 
w=(U1-U1+1).*(S-S+1); 
pr=0.71.*w; 
Bv=0.1.*w; 
K=1.0*w; 
F=1.64; 
B=20.0.*w; 
%n=0.6.*w; 
R=0.0.*w; 
%U1=0.0.*w; 
S=5.0.*w; 
Z=n+(1-n).*R; 
a1=(n.^(S./(1-n))); 
a2=1-((Bv.*K.*S)./n); 
a3=1+(Bv.*K.*S); 
C1=(1-U1)./(a1.*a2-a3); 
C2=U1-C1.*a3; 
b1=(-B.*(C1.^2))./(2-pr); 
b2=n.^((2.*S)./(1-n)); 
b3=n.^((S.*pr)./(1-n)); 
X1=0.5.*(1-b2).*b1+(Bv.*K.*F.*((b1.*S).*(b2./n)+1)-1); 
X2=(b3-1)-Bv.*K.*F.*S.*pr.*((b3./n)+1); 
C4=X1./X2; 
Y1=(S.*pr)./(1-n); 
Y2=b1.*b2.*(((Bv.*K.*F.*S)./n)-0.5); 
Y3=C4.*b3.*(1-((Bv.*K.*F.*S.*pr)./n)); 
C3=-Y1.*(Y2-Y3); 
Z1=n; 
T1=-(B.*(C1.^2).*Z1.^((2.*S)./(1-n))./(2.*(2-pr))); 
T2=(C3.*(1-n))./(S.*pr); 
T3=C4.*(Z1.^((S.*pr)./(1-n))); 
Q=T1-T2+T3; 
DV=(Q-1) 
[c,h]=contour(U1,Q,n); 
set (h,'showText','on','textstep',get(h,'levelstep')*2); 
colormap gray; 
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