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ABSTRACT

This research has investigated an improved version of the classic restricted three-body
problem where both primaries are considered as non-spheroids as well as sources of
radiation, and are enclosed by a belt of homogeneous cluster of material points centered at
the mass center of the system. It studied the effects of the gravitational potential created by
the belt on the existence of libration points and their linear stability when the primaries
are:(a) radiating-oblate and (b) radiating-triaxial bodies. To this end, the equations that
govern the motion of the infinitesimal body have been derived, and the positions of the
libration points areobtained. It has been established that the equations and the positions of
the libration points are affected by the aforementioned perturbations, such that in addition
to the usual five (three collinear, two triangular) libration points of the classicrestricted
three-body problem, there exist four new collinear points in the case of radiating-oblate

primaries and up to two in the case of radiating-triaxial primaries. The triangular points are

seen to be stable for0< u < u and unstable for z, s;:g%, where g is the critical mass

parameter influenced by the radiation and oblateness/triaxiality of the primaries and
potential from the belt. The combined effect of these perturbations is a stabilizing tendency
when the primaries are oblate and adestabilizing tendency when they are triaxial. The

classical three collinear libration points (L, L,, L) remain unstable, whereas some of

the new libration points have been found to be stable. Furthermore, periodic orbits around
the stable triangular points owing to the amalgamated effect of the radiation and oblateness

up to the coefficient J, of the primaries and potential from the belt are found to be ellipses.

Vi
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DEFINITIONS OF TERMS

(i)

(i)

(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

Infinitesimal mass: A small body having negligible gravitational influence on
massive bodies.

Primaries: Suppose an infinitesimal mass is moving in the gravitational field of
massive bodies, then, the massive bodies are known as the primaries.

Belt: Circular cluster of material points in space.

Radiation: A light energy that comes from a star and travels through space.

Asphericity: Not perfectly spherical.

Photogravitational: At least one of the primaries is an intense emitter of radiation.

Problem of three bodies (general): The dynamics of three gravitationally
interacting point masses.

Problem of three bodies (restricted): The modification of the general problem in
the case when one of the three bodies, because of its small mass, is not
influencing the motions of the other two massive bodies.

Gravitational potential: A function, such that its derivative gives the gravitational

force.
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CHAPTER ONE

1.0 GENERAL INTRODUCTION

1.1 Introduction

The study of the motion of three bodies of finite masses, moving under their mutual
gravitational attraction, is called the three-body problem (3BP). It has been the subject of
several studies for many years. However, the solution of the problem remains a formidable
challenge. The problem simplifies to the restricted three-body problem (R3BP) if one of the
bodies is assumed to have infinitesimal mass and does not, therefore, affect the motion of
the remaining two massive bodies, called the primaries. If further, the primaries move on
circular orbits relative to their barycenter, it is known as the circular restricted three-body
problem (CR3BP). Then, the goal in this CR3BP is the solution for the motion of the body
of infinitesimal mass. A complete analytic solution to the CR3BP does not exist;
nevertheless, libration (equilibrium) solutions satisfying precise conditions are obtainable.

Three libration solutionsL,, L,, L, are collinear with the primaries; and two others, called
the triangular libration solutions L,, L, form equilateral triangles with the primaries. The

infinitesimal mass would remain fixed if placed with zero velocity at any of these libration
points. Thus, they provide ideal locations for space based telescopes and other space
science missions. The collinear points are unstable; while the triangular points are
conditionally stable. The CR3BP is a stimulating and active research field that has been
receiving considerable attention of mathematicians and astronomers since it was initially
considered by L. Euler in 1772 (Szebehely, 1967). The most evident reason for this
sustained interest is that the model of the circular restricted three-body problem can serve
as a first approximation in a number of real situations in astronomy (dynamics of the solar

1



and stellar systems, lunar theory and artificial satellites). A deeper motivation emanates
most likely from the fact that no general solution exist, in spite of the apparent simplicity of
the problem. The nearly circular motion of the planets about the sun and the small masses
of asteroids and satellites of planets compared to the planets’ masses, initially advocated the

invention of the CR3BP.

1.2 Statement of the Problem

The classical CR3BP considers only the effects of the gravitational attraction on the
infinitesimal body, but in reality there are other perturbing forces that affect the motion of
the infinitesimal body. In the presence of a luminous body, it is altogether inadequate to
consider merely the gravitational interaction force. Poynting (1903) pointed out that
particles, such as small meteors or cosmic dust are comparably affected by the gravitation
and light radiation force as they approach luminous celestial bodies. Radzievskii (1950)
found that an allowance for direct solar radiation pressure results in a change in the
positions of the libration points. There are rings of dust particles in the stellar systems
which are regarded as the young analogues of the Kuiper belt (Greaves et al. 1998).Trilling
et al. (2007) detected debris rings in many main-sequence stellar binary systems using the
Spitzer Space Telescope. Out of an observed 69 A3-F8 main sequence binarystar systems
nearly 42 (60%)showed dust rings surrounding binary stars. The gravitational potential due
to these belts have great influence on the infinitesimal body (Jiang and Yeh, 2004a). In the
classical CR3BP, the sphericity of the bodies is presumed whereas in reality numerous
celestial bodies are non-spherical in shape. For instance, Jupiter and Saturn are oblate while
Pluto and its moon Charon are triaxial. Singh and Ishwar (1999) revealed that lack of

sphericity of the primaries affects the motion of the infinitesimal body.



Thus, the classical CR3BP does not adequately represent the motion of the infinitesimal
body in the presence of any perturbing agent such as radiation pressure, non-sphericity of a
body and gravitational potential from a belt. Therefore, the problem in this work is to
modify the classical CR3BP to include the effects of radiation of the primaries, asphericity

of the bodies and gravitational potential from a belt.

1.3 Justification of the Study

According to Henri Poincare:
The scientist does not study nature because it is useful; he studies it because he
delights in it, and he delights in it because it is beautiful. If nature were not
beautiful, it would not be worth knowing, and if nature were not worth knowing,

life would not be worth living (Poincare, 1958, p.8).

Great minds throughout the ages have been fascinated in the celestial motions they
observed in the night sky. The human species stands on the brink of a new frontier, the
evolution from a planet-bound to a space-faring advancement. Just as the transition from
hunter-gatherer to farmer necessitated new techniques, so the expansion into the space, in
terms of dynamics of artificial satellite, requires the formulation of new models that include
the effects of some of the perturbing forces on the satellite. More importantly, the study of
effect of these forces on its stationary (libration) positions in the space; since they provide
ideal locations for space based telescopes and other space science missions. This study is
one of such models that incorporated the effects of radiation of the primaries, asphericity of

the bodies and gravitational potential from a belt on the satellite.



14 Aim and Objectives of the Study
The aim of this research is to examine the existence of libration points and their stability
behaviors under the combined effect of radiation, asphericity of the primaries and
gravitational potential from the belt within the framework of the restricted three-body
problem. Moreover, the aim will be achieved through the following specified objectives,
which are to:
I. derive equations of motion of the infinitesimal body in the modified restricted three-
body problem.
ii. establish the existence of libration points in the modified restricted three-body
problem.
iii. analyze the effects of the modification of the restricted three-body problem on the
locations of the libration points.
Iv. investigate the linear stability of the libration points in the modified restricted three-
body problem.
v. determine periodic orbits about triangular libration points in the modified restricted

three-body problem.

15 Research Problems
The research problems to be addressed by the study are:
I Influence of zonal harmonics (oblateness up to J4) and potential from a belt on
the stability of libration points in the CR3BP.
ii. Combined effect of zonal harmonics, radiation and potential from a belt on the

stability of libration points in the CR3BP.



1.6

Effects of triaxiality and potential from a belt on the stability of libration points
in the CR3BP.

Combined effect of triaxiality,radiation and potential from a belton the stability
of libration points in the CR3BP.

Periodic orbits around the libration points in photogravitational CR3BP with

zonal harmonics and potential from the belt.

Methodology

The methodology employed in this investigation involves:

Vi.

Extension and modification of existing mathematical models of the CR3BP
(Szebehely , 1967; Singh and Taura 2013).

Obtaining analytical solutions by considering only linear terms in very small
quantities (quantities strictly very less than one), in all analytical computations.
Validating the obtained results by comparing them with well-established results
of CR3BP.

Studying the effects of the perturbations analytically and numerically on the
obtained results.

Examining periodic orbits emanating from the triangular libration solutions
obtained.

Interpretation, discussion and drawing conclusions.



1.7 Theoretical Framework

The outlines of the theoretical bases on which the problem is built are first presented:

1.7.1 Circular restricted three-body problem

It describes the motion of an infinitesimal mass moving under the gravitational influence of
two bodies, called primaries which move in circular orbits around their center of mass on
account of their mutual attraction and the infinitesimal mass not affecting the motion of the
primaries. The primaries are fixed on the x-axis in the coordinate system (oxyz) rotating at
an orbital angular velocity n, with the origin (axis of rotation) at the centre of their masses.
The (X, y) plane is the plane of motion of the primaries and the z-axis is orthogonal to the
(%, y) plane.

In the circular restricted three body problem, the units are chosen in such a way that the

properties of the system depend on a single parameter.

i. The sum of the masses of the primaries is taken as the unit of mass. The mass of the

smaller primary is denoted by p, whence the mass of the bigger primary 1-y, where

m2
m, +m,

MU= is the mass parameter and m,, m, are the masses of the bigger and

smaller primaries, respectively.

ii. The distance between the primaries is a unity. The distances of the smaller primary

and bigger primary from the centre of mass are then 1 — x and x, respectively.



iii. The unit of time is chosen so that the mean motion of the primariesn is equal tol.

From these it follows that the gravitational constant is unity. The only remaining

parameter is .

Then, the equations of motion of the infinitesimal mass m with the coordinates (x, y,z)
relative to the frame (Figure 1.1) that rotates with the primaries are:

X-2y=Q,,
y+2x=Q,

where Q(X,Y,2)is

1—,u+£

hn

Q:%(x2+y2)+

with 12 =(x+u) +y2+2% 12 =(x+pu-1) +y?+22, 11, rare the distances of the

infinitesimal mass m from the bigger primary m, and smaller primary m,, respectively.

’

y
y A

v
>

Figure iew of the rotating frame of reference.



A complete analytic solution of the CR3BP does not exist; nevertheless, libration
(equilibrium) solutions satisfying precise condition are obtainable. Three libration solutions

L,, L,, L, are collinear with the primaries; and two others, called the triangular libration
solutionsL,, L, form equilateral triangles with the primaries. L, and L. located at

(1/2—pu, £/3/2) in the xy-plane. The infinitesimal mass would remain fixed if placed

with zero velocity at any of these libration points. The collinear points are unstable; while

the triangular points are conditionally stable.If the mass ratio z = 0.25, for example, we

have the coordinates of the libration points

L, (1.2659,0), L,(0.3607,0), L,(-1.1032,0), L,(0.25,0.8660), L, (0.25, - 0.8660) as
shown in Figure 1.2.

Locations of the libration points when the mass ratio is 0.25

L
0.8 A\ 4

0.6

0.4

-0.8
YL,

-1.5 -1 -0.5 0 0.5 1 15
X

Figure 1.2: Locations of libration points in the CR3BP when x=0.25.



1.7.2 Ellipsoid

An ellipsoid is a closed second-order surface; it is a three-dimensional equivalent of an

ellipse. The canonical equation of an ellipsoid in the Cartesian coordinate system has the

form

2 2 2

X z
e
a~ b® ¢

where a and b are the equatorial radii (along x and y axes) and c is the polar radius,

determining the shape of the ellipsoid. If

e a>b>c: triaxial ellipsoid;

e a=b>c: oblate ellipsoid (oblate spheroid);

e a=Db<c: prolate ellipsoid;

e a=Db=c: sphere ellipsoid(_spheroid).

1.7.2.1 Potential of an oblate body
Peter and Lissauer (2007) showed that, in free space, the gravitational potential exterior to
an oblate body with its mass distributed symmetrically about its equator can be expanded in

terms of Legendre polynomials in the form:

I 0

(o]

2n
vo(ro,¢,9):_Gm° 1—ZJ2nP2n(cosﬁ)(&j .
n-1 I (1.2) This is
expressed in standard spherical coordinates, with ¢ the longitude and & representing the

angle between the body’s symmetry axis and the vector to a particle r, (i.e., the

colatitudes). R, is the mean radius of the body.


http://en.wikipedia.org/wiki/Oblate_spheroid
http://en.wikipedia.org/wiki/Oblate_spheroid

Jon are the gravitational moments determined by the body’s mass distribution. They are
called zonal harmonic coefficients. Higher order zonal harmonics are very small compared

to J,.

The terms P,, (cos¢) are the Legendre polynomials, given by

1 d2" 2n
P,,(X) = m D (X2 —1) ) w3

Now, if the particle is moving in a circular orbit in the equatorial plane (6=90°) the

potential (Equation (1.2)) becomes

1 J, R02 3J 4Ro4 9J¢ RO6
-t 3 5 T 7T
2r, ar. 16r,

0

V. (1, ¢,0) =-Gm,

0

(1.4)

1.7.2.2 Potential of a triaxial body
The gravitational potential due to a triaxial body of mass m, to an external particle is given

by (McCuskii, 1963)

VRS L ST Y
f 2mr,
(1.5)
b® +c? ¢’ +a’ b*+a®
where Il=(T)mt, I2=< : )mt, I3=( : )m, are the principal moments of

inertia of m, about its centre of mass,

| = 11" + 1,m" +1,n"% is the moment of inertia about the line joining the centre of the mass
of the body m, and the particle.l’, m',n" are the direction cosines of the vector from the

particle relative to the principle axes of m,.
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1.7.3 Radiation
Radzievskii (1950) formulated that the effect of radiation pressure of a source on a small
particle, is expressed by means of a reduction factor g = 1 — p. Parameter p, that is often

mentioned as the radiation coefficient, is the ratio of force F, which is caused by radiation to

: o . F . .
force F,which results from gravitation, that is sz—r. Since in most cases the
g

gravitational force exceeds radiation, we shall consider thatq>0 and consequently
0< p<<1. This formulation is based on some assumptions that can be summarized as
follows:
i. The radiation emitted from the primaries (stars) influences the motion of the small
body but does not affect the motion of the others.
ii. The mass and the temperature of the radiating star are almost constant.
iii. Light has no fluctuations, it propagates in straight lines and screening or shadowing
effects produced by other bodies of the system are negligible.
iv. The force of light pressure is inversely proportional to the square of the distance

between the particle and the illuminating body.

1.7.4 Potential of a belt
The gravitational potential from a belt (circular cluster of material points) centered at the

origin of coordinates system oxyz, as specified by Miyamoto and Nagai (1975) is

M,

\/rz +(a+\/m)2

V(r,z)=-

(1.6)
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where M, is the total mass of the belt, r>=x>+y* a and bare parameters which

determine the density profile of the belt. The parameter a controls the flatness of the profile
and is known as the flatness parameter. The parameter b controls the size of the core of the
density profile and is called the core parameter. When a = b = 0, the potential reduces to

the one by a point mass. Restricting ourselves to the xy — plane, Equation (1.6) becomes

M
V(r,O)zﬁ, where T =a+b. (1.7)

1.8 Some Basic Concepts

Fundamental ideas which are crucial to the study are velocity in the rotating frame,

Hamiltonian equations of motion and Lyapunov stability.

1.8.1 Velocity in the rotating frame

Let OX, QY, OZ constitute a rectangular frame, the point O being fixed for the moment,

and the frame rotating instantaneously about an axis through O with angular velocity

&=y +w, | + @K, as shown in Figure 1.3,




W, o= (o, w,, ;)

P(x,y.2)

>

I , Y o)
X Figure 1.3:

Rotating coordinate frame

P(x,Y,z)is any point in the space which can move relative to the frame with a position

vector T = xi + yj + K, then the velocity of P is

.o di . df L, _dk
Fr=Xl+X—+Yyj+y—+2k+z—. 1.8
dt Ay dt dt (18)
Now, since the axes are rotating —I,—J,— are non-zero. a is the velocity of the point
dt dt dt dt

(1,0,0), this is due to the spins of w,about OY and c, about OZ. That is the angular
velocity components rotate the system around unit axis, so that for example, w,tends to
rotate | towards the —k direction and @, tends to rotate I towards the -+ j direction. Thus,

di _ w, ] —w,k, and we have

dt
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F =X + Y]+ 2K+ (] —K)X+ (0K —af)y+(of —a])z.
Or
F=Xi+Yj+2K+@xF . (1.9)

1.8.2 Hamiltonian equations of motion
A system with s degrees of freedom possesses s Lagrange’s equations of motion of the

form

d_ gk, (1.10)

where L=kinetic energy(K.E)- potential energy(V) of the system , g, and g;, (i=1,2,3...,s)

are the generalized co-ordinates and generalized velocities respectively and t is time. Thus
the Lagrangian formulation is a description of mechanics in terms of the generalized co-
ordinates and generalized velocities with time t as a parameter. Hamilton’s formulation is
an alternative to the Lagrangian formulation in which the independent variables are

generalized coordinates g, and momenta p, defined as

G G TN (L11)
)

The alteration in basis from the set {q,q,t}to{q,p,t}is achieved by

Legendretransformation.
The Hamiltonian function

We start by expressing the differential of the Lagrangian L(q;,¢;,t), as

oL oL, . oL
dL = Zadql +Zadql +Edt
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Or

oL . oL
dL:Za_qdqi+Z p,dg, +Edt’ (1.12)

1
where

_a

== 1.13
P 24 (1.13)

Using Equation (1.13) in Equation (1.10), yields

_ oL
og;

P
so that Equation (1.12) can be rewritten as

dL=Y pdg +3 pdg +%dt. (1.14)

The classical  Hamiltonian  functionH (q,, p;,,t), iS generated by the

Legendretransformation

H=H (qi' pi’t) = Z PiGi — L(qi’qi’t)' (1.15)

which has the differential

dH =) ddp, +_ pdd; —dL. (1.16)
Substituting Equation (1.14) in Equation (1.16), we have

. . oL
dH =) q.dp, - pdg, _Edt' (1.17)
Since dH can also be expressed as

-3 Mg 3 Mgy M, @10

by comparing Equations (1.17) and (1.18), we obtain the relations
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. oH

qi PN
op;
' 1.19
Lo (1.19)
"o
oH__a (1.20)
ot ot

The equations of Equation (1.19) are known as Hamilton’s canonical equations. They form
a set of 2s first-order equations of motion substituting the s second order Lagrange’s

equations of motion.

1.8.3 Lyapunov stability

Consider the systems of autonomous ordinary differential equations, written in vector form
asx = f(x), that have an isolated equilibrium point x = x* at the origin. Then, x™ is said to
be stable in the sense of Lyapunov orLyapunov stableif for all £ >0 there exists a 0 >0

(depending on ¢€) such that for all X(t;) With‘x(to)—x* < gfor all

<&, implies|x(t) - x"

t >0, wherex(t,) represents the system at some initial timet,. That is x* is Lyapunov
stable if for any e-neighborhood of x* a smaller ¢ - neighborhood can be found such that if
the system is perturbed within the & -neighborhood, it never leaves the e-neighborhood.

If x* Lyapunov stable and ‘x(t)—x* —0ast —oo, then x* is called an asymptotically

stable equilibrium point. That is, a solution that starts sufficiently close to an asymptotically
stable equilibrium point will not only remain nearby, but will actually be “attracted” by it,
as illustrated in Figure 1.4. If x*is not Lyapunov stable, it is said to be unstable in the sense

of Lyapunov.

Asymptotic stable

CtahlAa |



Figure 1.4: Graphical representation of Lyapunov stability.

Stability of an equilibrium point

One of the techniques to determine stability of an equilibrium x"of a system of differential
equations is to analyze the linearized system around it. Then, the solutions to linearized
differential equations with constant coefficients can be expressed as linear combination of
the product of a polynomial and an exponential function. Therefore solving a linear
differential equation with constant coefficients can be transformed to solving a linear
algebraic problem. Stability or instability then may follow from the roots of the

characteristic equation of the linearized system.
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Lyapunov proved that an equilibrium point x* is stable if all the roots of the characteristic
equation of the linearized system are either negative real numbers or distinct pure

imaginary numbers or real parts of the complex numbers are negative.

CHAPTER TWO
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2.0 LITERATURE REVIEW
2.1 Introduction

The R3BP has been studied by many researchers under various modifications. However,
this chapter is devoted to the available relevant literature related with the present study.
Work on R3BP when the primary bodies are radiating, non-spherical, and/or are
encompassed by a dust particles will be reviewed. We resume with a brief look at the

R3BP.

2.2 The Restricted Three-Body Problem

The general three-body problem asks for the motion of three masses in space under their
mutual gravitational interaction. It is an old problem and logically follows from the two-
body problem which was solved by IsaacNewton in his Principia in 1687. Newton also
considered the three-body problem in connection with the motion of the Moon under the
influences of the Sun and the Earth, but faced with some problems that remained unsolved.
Almost 100 years later, in 1772, Euler proposed the restricted three-body problem: one of
the bodies is assumed to have infinitesimal mass and does not, therefore, affect the motion
of the remaining two massive bodies. He studied the lunar theory using the restricted
problem of three bodies; and found that no general closed form solution exists. However, at

about the same time, the first special libration solutions L, and L. of the restricted three-
body problem were discovered by J. L Lagrange and later, the collinear libration pointsL,,
L, and L, by L. Euler ( Szebehely, 1967).

Szebehely (1967) studied the stability of the libration points of the restricted three-body

problem. He established that, in linear sense the collinear libration pointsL,,L, and L, are
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unstable for any value of the mass ratio of the primaries Y, and the triangular libration

points L, and L, are stable for0 < x < 4, =0.03852..

2.3 The Restricted Three-Body Problem with Radiation

Poynting (1903) reported that particles, such as small meteors or cosmic dust are
comparably affected by gravitation and light radiation force as they approach luminous
celestial bodies. Radzievskii (1950) devised the photogravitational restricted three-body
problem. It results from the classical problem when one or both of the masses of the
primaries are intense emitters of radiation. He discussed it for three specific bodies: the sun,
a planet and a dust particle. He studied the libration points of the photogravitational
problem and found that their locations depend on the radiation pressure factor. Bhatnagar
and Chawla (1979) investigated the stability of motion around triangular libration points in
the photogravitational restricted three body problem. They found that the size of stability
decreases due to the radiation pressure. Simmons et al. (1985) obtained a comprehensive
solution of the modified restricted three-body problem. They discussed the existence and
linear stability of the libration points for all values of radiation pressures of both luminous
bodies and all values of mass ratios. An investigation of the positions of libration points,
when the more massive primary is a source of radiation and the smaller one is an oblate

spheroid, was carried out by Sharma (1987). He showed that the triangular libration points
are linearly stable for the mass parameter s e(0, 4, )and the critical mass value x
decreases with the increase in oblateness and radiation coefficients. Singh and Ishwar
(1999) considered both primaries as sources of radiation as well as oblate spheroids in the

restricted three body problem. They found that the critical value of the mass parameter

depends on the radiation and oblateness factors. Das et al. (2008) examined the stability of
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equilibrium points of a passive micro size particle in the field of radiating binary stellar
systems within the framework of the CR3BP.Singh (2009) investigated the nonlinear

stability of the triangular libration pointL,, when both of the primaries are oblate spheroids
as well as sources of radiation. He found that L, is stable for all mass ratios in the range of

linear stability except for three mass ratios depending upon oblateness coefficients and
mass reduction factors.Abouelmagd (2013) examined the effects of photogravitational force
and oblateness in the perturbed restricted three-body problem on the locations of the out of
plane equilibrium points. He established that there is no explicit effect of Coriolis force on

the positions of the out of plane equilibrium points.

24 The Restricted Three-Body Problem with Asphericity

The bodies in the R3BP are generally considered to be spherical, but in nature most
celestial bodies are not spherical, they are either oblate or triaxial. Asphericity of the bodies
can yield perturbation deviation from the two-body orbit.An outstanding example of
perturbation deviation caused by oblateness in the solar system is the orbit of the fifth
satellite of Jupiter, Amalthea (Moulton 1914). This enables researchers to study the

restricted problem by taking into account the shapes of the bodies.

Khanna and Bhatnagar (1999) examined the existence and stability of libration points in the
CR3BP when the smaller primary is an axis-symmetric rigid body and the bigger one an
oblate spheroid. Sharma et al. (2001a) examined the existence and stability of libration
points in the restricted three body problem when the bigger primary is a triaxial rigid body

and source of radiation with one of the axes as the axis of symmetry and its equatorial plane
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coinciding with the plane of motion. They found five libration points, two triangular and

three collinear. The collinear points are unstable, while the triangular points are stable for
the mass parameter 0 < u < . and that they have long or short periodic elliptical orbits in

the same range of the mass parameter. In the same problem, when the primaries are triaxial
rigid bodies and source of radiations, Sharma et al. (2001b, 2001c)) arrived at similar
conclusions. Jain et al. (2006) have analyzed the periodic orbits around the collinear
libration points in the restricted three body problem when the smaller primary is a triaxial
rigid body. They discussed the stability of the periodic orbits and concluded that, the
periodic orbits are unstable. Singh and Begha (2011a) investigated the CR3BP when the
bigger primary is triaxial rigid body and the smaller one an oblate spheroid, together with
small perturbations in the Coriolis and centrifugal forces.Singh (2013) has considered both
primaries as radiating and triaxial rigid bodies under the influence of small perturbations in
the Coriolis and centrifugal forces in his studies of the CR3BP. He determined the positions
of libration points and examined their linear stability. It is found that the positions are
significantly affected by a small change in the centrifugal force, radiation and triaxiality
factors of the primaries.

Abouelmagd (2012) proved that the locations of the triangular points and their linear
stability are affected by the oblateness up to J4 of the bigger primary in the CR3BP. Some
researchers: Ishwar (1997, 1998); Elshaboury and Mostafa (2011); Singh and Umar
(2013a); Abouelmagd, et al. (2013) and Singh and Haruna (2014a) have considered at
least one of the primaries and the infinitesimal body as oblate spheroids in their

investigations of the CR3BP.
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2.5 The Restricted Three-Body Problem with Belt

Many extra solar planetary systems have been discovered, and most of them exhibit
interesting features. Some of the discovered extrasolar planetary systems are belts of dust
particles that are regarded as the young analogues of the Kuiper belt (Aumann, et al.1984).
For instance, Greaves et al. (1998) found a dust ring around a nearby star, e Eridani.
Trilling et al. (2007) detected debris belts in many main-sequence stellar binary systems
using the Spitzer Space Telescope. Out of an observed 69 A3-F8 main sequence binarystars
systems, nearly 60% showed dust surrounding binary stars. Jiang and Yeh (2003) studied
the effect of the belts on planetary orbits and concluded that the planets might prefer to stay
near the inner part rather than the outer part of the belt. They in their later paper (2004a)
modified the restricted three-body problem by considering the effects of additional
gravitational force from the belt on the infinitesimal mass. The influence from the belt
makes the structure of the dynamical system quite different, such that new libration points
exist under certain condition. In a further paper (2004b), they focused on the chaotic orbits
of belt-star-planet systems for the modified restricted three-body problem. They found that
chaotic boundary does not depend much on the belt mass for type I initial conditions, but
can change a lot for different belt masses for type Il initial conditions. They also found that
the influence from the belt can change the locations of equilibrium points and the orbital
behaviors for both types of initial conditions. Jiang and Yeh (2006) and Yeh and Jiang
(2006) examined the conditions for the existence of equilibrium points in the Chermnykh-
like problems for different values of mass parameter x, including the potential of the belt,
they found three collinear points, two triangular points, and two other new equilibrium
points. Kushvah (2008) investigated the linear stability of equilibrium points in the

generalizedphotogravitational Chermnykh’s problem. The bigger primary was considered
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as a source of radiation and small primary as an oblate spheroid. He studied analytically
and numerically the effect of radiation pressure, oblateness, and gravitational potential
from the belt. The stability of the equilibrium points was also examined using Lypunov‘s
method, and it was concluded that the collinear equilibrium points are linearly unstable
while the triangular points are conditionally stable. In his recentpaper, Kusvah (2011),
outlined in the same problem, a design of the trajectory and analysis of the stability of

collinear point L, in the Sun- Earth system. It was found that, the point L, was

asymptotically stable up to a specific value of time t corresponding to each set of values of

parameters and initial conditions.

In the light of Kushvah (2008), Singh and Taura (2013) constructed a model of restricted
three-body problem when the two primaries are oblate spheroids and radiating as well as
the effect of gravitational potential from the belt. They established that, in addition to the
usual five libration points, there are two new collinear points due to the potential from the

belt. They concluded that, the collinear libration points remain unstable, while the

triangular points are stable for 0< x < g and unstable for g <u <=, where p_is the

N[

critical mass ratio influenced by the oblateness and radiation of the primaries and the

potential from the belt.

2.6 Periodic Orbits in the Restricted Three-Body Problem
Rabe and Schanzle (1962) have obtained periodic librations about the triangular solutions

of the restricted earth-moon problem and their orbital stability. Lanzano (1965) developed
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an algorithm for the determination of the trigonometric series representing periodic orbits
about a triangular libration point and made some remarks on the stability of the solutions.

Guillaume (1969, 1973) has done work on symmetric and doubly symmetric orbits in the
restricted problem. Bhatnagar (1972) considered restricted problem in a three-dimensional
co-ordinate system and studied the existence of periodic orbits of the third kind. He also
showed the existence of periodic orbits of collision. Meyer and Schmidt (1971) found
periodic orbits in the neighborhood of the triangular libration point L, for mass ratios near
the critical mass ratio of Routh. Markellos et al. (1974) outlined a method for the numerical
determination of families of periodic orbits in the planer restricted three-body problem.
Sharma (1976) proved the existence of periodic orbits of the first kind in the CR3BP when
the bigger primary is an oblate spheroid.Hadjidemetriou (1984) considered various types of
periodic orbits in connection with the study of problems in planetary and stellar systems.
Gomez and Noguera (1985) presented various numerical results regarding natural families
of periodic orbits, which emanate from limiting orbits around the equilateral libration

points of the R3BP when the mass ratio is more than Routh’s critical one.

Sharma (1987) studied the stationary solutions of the planar restricted three—body problem
when the bigger primary is radiating as well as the smaller primary is an oblate spheroid
with its equatorial plane coinciding with the plane of motion. Perdios and Zagouras (1991)
examined the vertical stability character of the families of short and long periodic solutions
around the triangular equilibrium points of the restricted three-body problem. Zagouras
(1991) considered the effect of radiation pressure on the periodic motion of small particle in
the vicinity of the triangular equilibrium points of the restricted three-body problem. He

also constructed the second order parametric expansion and determined the family of the
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periodic orbits numerically for two sets of values of the mass and radiation parameters
corresponding to the non-resonant and the resonant case. Perdios et al. (1991) discussed
three-dimensional bifurcations of periodic solution around the triangular equilibrium points
of the restricted three-body problem. Elipe and Lara (1997) studied the periodic orbits when
both the primaries are radiating in the R3BP. Many families of periodic orbits in two and
three dimensions were obtained. Perdios et al. (1998) have examined the bifurcation of
three dimensional periodic orbits from the plane of motion of the primaries in the restricted
three-body problem with oblateness.Khanna and Bhatnagar (1999) have studied the short
and long periodic orbits around the triangular libration point L4in the restricted three-body.

Taqvi et al. (2002a, 2002b) have proved the existence of periodic orbits in the restricted
problem when the smaller is a triaxial rigid body and the bigger primary is a source of
radiation.Poddar et. al. (2002) confirmed the existence of periodic orbits, symmetric as
well as doubly symmetric in the restricted problem of three bodies when the bigger primary
is a source of radiation and the smaller primary a triaxial rigid body.Perdios (2003) studied
critical symmetric periodic orbits in the photogravitational CR3BP in which the first
primary is a source of radiation.Bruno and Varin (2008) have studied the families of

periodic solutions of the restricted three-body problem.

AbdulRaheem and Singh (2008) examined the periodic orbits around the triangular points
when both primaries are oblate spheroid as well as sources of radiation, under the effects of
small perturbations in the Coriolis and centrifugal forces. Mittal et al. (2009) studied
periodic orbits generated by Lagrangian solutions of the restricted three—body problem
when one of the primaries is an oblate spheroid. Papadakis and Rodi (2010) presented a

systematic numerical exploration of the families of asymmetric periodic orbits of the
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restricted three-body problem when the primary bodies are equal and for the Earth-Moon
mass ratio.Singh and Begha (2011b) studied the existence of periodic orbits around the
triangular points in the restricted three—body problem when the bigger primary is a triaxial,
the smaller primary is considered as an oblate spheroid, working in the range of linear
stability with the perturbed forces of Coriolis and centrifugal. Baltagiannis and Papadakis
(2011) have found the families of periodic orbits in the restricted four-body problem.
Abouelmagd and El-Shaboury (2012) studied periodic orbits around the triangular points
when the three participating bodies are oblate spheroids and the primaries are radiating.

Abouelmagd and Sharaf (2013) examined orbits around the libration points when the more
massive primary is radiating and the smaller is an oblate spheroid. Their study included the
effects of oblateness up to 10°° of the main term. Singh and Haruna (2014b) performed a
semi-analytic study of the periodic orbits around stable triangular libration points when the
three participating bodies are modeled as oblate spheroids, under effect of, radiation of the
main masses and small change in the Coriolis and centrifugal forces. Singh and Leke
(2014) investigated the motion around the triangular libration points, of a passively
gravitating dust particle in the gravitational field of a low-mass post-AGB binary system,
surrounded by circumbinary disc. Umar and Singh (2014)in the framework of the elliptic
restricted three-body problem investigated the effects of oblateness, radiation and
eccentricity of both primaries on the periodic orbits around the triangular libration points of

oblate and luminous binary systems.

CHAPTER THREE

27



3.0 OBLATENESS AND RADIATION OF THE PRIMARIES WITH
POTENTIAL FROM A BELT

3.1 Introduction

In this chapter, we shall examine the existence of libration points and their behaviours
under the combined effect of radiation, oblateness up to the coefficients J, of the primaries
and gravitational potential from the belt within the framework of the restricted three-body
problem.We derive the equations of motion and the zero velocity surfaces/ curves of the
infinitesimal body, establish the existence of libration points and determine their positions,
discuss the linear stability of the libration points and then examine periodic orbits around

linearly stable triangular points.

3.2 Derivation of Equations of Motion

The equations that govern the motion of the infinitesimal body in the gravitational field of
radiating oblate primaries together with the influence of gravitational potential from a belt
in the restricted three-body problem is derived in this section. We begin with mathematical
formulations of the problem, the derivation of the equations of motion of the infinitesimal

body, and then state the Jacobian integral.

3.2.1 Mathematical formulations of the problem

Let m, and m, (m, >m,) be the masses of the primaries moving in the circular orbits around
their center of mass O. An infinitesimal mass m is moving in the plane of motion of m, and

m, . Let us take a coordinate system oxyz with origin at the centre of mass of the primaries

and the x-axis is the line joining the primaries; while y-axis is perpendicular to it, the z-axis
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is perpendicular to the orbital plane of the primaries. The distances of m fromm, ,m, arer, ,

I, respectively, and the distance between the primaries is R. The coordinates of m;, m, and

m are (X1, 0), (X2, 0) and (x, y), respectively. We desire to find the equations of motion of
m under the resultant influence of radiation and oblateness up to the zonal harmonic J, of
the primariesand a circumbinary belt centered at the origin of the coordinate system oxyz as

illustrated in Figure 3.1.

3.2.2 The Kinetic energy
The kinetic energy (K.E) of the infinitesimal body in the barycentric coordinate system
0Xyz rotating about z-axis with uniform angular velocity n shown in Figure 3.1, is given in

view of Equation (1.9) as

Figure 3.1: The planar configuration of the problem
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3.2.3 The potential energy
Assuming that the primaries have their equatorial planes coinciding with the plane of

motion, in view of Equation (1.4), we denote the oblateness coefficients for the bigger
primary as A;, 0< A =J,,R” <<1 and for the smaller primary as B; 0<B, = J,R? <<1,
1=1,2, where J,, are zonal harmonic coefficients; R; , R, are the mean radii of m, andm,

respectively.

Then, the potential energy of the infinitesimal mass, under the combined influence of the
radiation and oblateness up to the coefficients J, of the primaries and the circumbinary

belt, is given by

1 3 1 B 3B M
V =-Gm m1q1£—+i3—%]+m2q2(—+—13— §j+ - b2 7z (3.2)
L 2r7 8 r, 2r, 8r, (r +-|-)
with
=(x=%) +y", 5 =(x=%) +y?, (3.3)

G is the gravitational constant;
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g;(i=12)are the radiation factors of the more massive and less massive primaries

F
respectively; and are given by ¢, =1-p, such that0 < p, :F—r‘<< 1, whereF, is the force
]

caused by radiation pressure force and F, results due to gravitational force(Radzievskii,
1950).
Mb
(r?+72)" (3.4)
is the potential due to the circular cluster of material points (Miyamoto and Nagai ,1975)

where M, is the total mass of the circular cluster of material points, r is the radial distance

of the infinitesimal mass and is given byr’ =x*+y®, T =a+b, a and b are parameters
which determine the density profile of the circular cluster of material points. The parameter
a controls the flatness of the profile and is known as the flatness parameter. The parameter
b controls the size of the core of the density profile and is called the core parameter. If a =

b = 0, the potential is the same as the one by a point mass.

3.2.4 Equations of motion in dimensional variables
We begin from the Lagrangian (L) of the problem, which is the kinetic energy (Equation

3.1) minus the potential energy (Equation 3.2) of the system. That is
L =1m(>'<2 + yz)+mn(x3‘/—>‘<y)+1mn2 (x*+y*)-v
2 2

Let P, and P, be the momenta, conjugate to x and y respectively defined as

oL
P, ===m(x-ny),
= m(x—ny)
P, :i:m(y+nx).
oy (3.5)
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Hence, we can write

P,
X = +ny,
m
o (3.6)

y =—2L —nx.

m

In view of Section 1.8.2, the Hamiltonian function H analogues to the motion of the

infinitesimal mass mis given as
H =P, +yP, — L.

, N by L
_ %P+ yPy_Em(xz+yz)_mn(xy_xy)—amnz(xz+y2)+V.
Or

H =>'<PX+yPy—%m(x2+y2)—mn(xy—>'<y)+\1/, (3.7)

1
where ¥ =V -=mn*(x*+y?).
oM ()
Employing Equation (3.6) in Equation (3.7) we have

P P P
H :(&+ny)PX +(=-nx)P, —lm((&+ny)2 +(—y—nx)2j—mn[x(—y—nx)—(&+ny)yj+‘1’.
m m 2 m m m m

2 PZ 2 2
= PX +nyPX+L—nXPy—PL_L+1mn2X2 +lmn2y2+\P.
m m 2m 2m 2 2
1 2 2 1 2/ 2 5
=5 (PEHP)+n(yp, = xp, )+ 5 mn® (X +y*)+ . (38)

In view of Equation (1.19), the Hamilton’s canonical equations of motion are given by

., OH . oH
X= DN y =
op, op,
o = oM b —_OH
X ox ' Y oy
These yield four first order ordinary differential equations which govern the motion of the

infinitesimal mass in terms of the Hamiltonian variables:
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PX
X =—%+ny,
m
P
y =—2L—nx,
m » (3.9)
=np, —mMn°x — —,
P, =Np, o
p, =—np —mnzy—a—
y X ay

Next, we eliminate the momenta from the equations of Equation (3.9). Now, from the first
two equations of Equation (3.9), we obtain

P, =m(x—ny),

P, =m(y+nx). (3.10)

On, differentiating (3.10) with respect to time t, we have

P, = m(X—ny),
: Lo (3.11)

P, = m(y + nx).

Utilizing Equations (3.10) and (3.11) in the last two equations of Equation (3.9), we arrive

at

m(X —ny) = nm(y+nx)—mn2x—a—\P,
m(y + nx) = —nm(X —ny) —mn?y _o¥
(3.12)

Multiplying through Equation (3.12) by 1/m, we get

. ) . 2 oY
X—ny=n(y+nx)—n"x— ,
Mox
oY
Y +NX =—n(X—ny)—n’y — ——.
y (X—ny)—n"y ——
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g—2ny = 2% (3.13)
moX

y+2nx = _oF (3.14)
moy

Equations (3.13) and (3.14) provide the equations that govern the motion of the

infinitesimal mass in dimensional variables.

We now evaluate the partial derivatives %—\)}:and %Pof Equations (3.13) and (3.14)

respectively.

Considering Equations (3.7) and (3.2) results to

oY 0 B, 3B M o(1
—=-Gm—(mg,| = A13 Ay +m,q, —+—13— 2 | b ——( mn? (x* +y2)j.
4 2 8r;’ r, 2r, 8, (r2+T2) ox\ 2

B AG O 1, A3 1) (901, By o 1, 384 1
‘Gm<m( (rl) 2 X 8 x )] [ax(rz) 2w 88x(r25)j

(3.15)
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6—\Pz—Gmg m1q1(1+i 3—A2}+m2q2£i+i—382]+ M, —E(lmnz(x%yz)j.

oy n 2[‘13_8I’15 r 2r23 8I’25 (r2+T2)]/2 oy\ 2
omlma LI A A o0f1 8 3 of M, || .
oy\n 2 8 oy\r, 2r; 8n oy (r2 +T2)
(3.16)
In view of Equations (3.3) and (3.4), we find:
or, or.
2r—L=2(x- 2r,—2=2(x—x
' ox ( Xl) 2 ox ( 2)
OX n OX r,
ofl)__1o ofLt|l__1om
ox\r, I’ ox ox\ r, r7 ox
__(x=x) __(x=%)
Ko o
oflj__3o oflj__3o
ox\ r} r' ox ox\r) r, ox
:_3(x—x1) :_3(x—x2)
r; r;
ofLl)__59 ofL)__50m
ox\ r’ r’ ox ox\ ry ry ox
:_5(x—x1) :_5(x—x2)
A A
and
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ol M, bl M,

x (r2+T2)]/2 X (x2+y2+T2)]/2
- _ be

- 32"

(r*+7%)

Making use of the above relations in Equation (3.15), produces

o <ml(— G (x=%) 3Aq (x-%)  15A0, (X—Xl)]an [_ G (X=%,) 3B, (X—%,)

—=-Gm - .
X a 2 A 8 n I
+1582q2 (7)(_)(2)]_ M,X 3/2 —mn?x.
8[’2 (rz +T2)
:Gm<ml[ql(x3_xl)+3A1ql (X—5X1)_15A2q1 (X_7X1)j+m2(%(x3_xz)+351Qz(><5—x2)
" N 8 1 r 2r;
_1582% (;(_XZ)J+ M, 32 —mn®X.
8, (r2+T2)

(3.17)

Still from Equations (3.3) and (3.4), we have:

ZQ%:Zy 2r2%=2y
oy oy
oMy XY
o n y
ofL)__Lto ofl)__1a
oy\n) oy oy\r,) oy
. __Y
3 r.23
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_ 3y 3y
= ris’ rzs’
ofll__son o(1)__>0
ay r15 r16 6y r25 r26 ay
) __5y
r;l7 r27
and
i M, _g M,
oy (r2+T2)V oy (x2+y2+T2)]/
_ M,y
(r2+T2)3/2

Utilizing the above relations in Equation (3.16), yield

—mn?y.

Y _m m{@+ 32&(1513/ _ 15:291yj+ m, (qzsy . 3E;1q52y _15:292yj+ My
oy n n n I I I (r +T )

(3.18)

Inserting Equations (3.17) in Equation (3.13) and (3.18) in Equation (3.14), we get in a

simplified form, the equations of motion of the infinitesimal mass in the dimensional

variables as

37



+

ml[ql(x—xi) 3A1q1(X_X1)_15A2q1(X—x1)J

r’ 2 r 8 r,/ ,
X—2ny =-G +N°X,
0,(X—x,) 3B, (x—x,) 15B,q,(x—X,) M, X
+m, 3 + o5 - 7 + ) 2\32
I I 8r, (I‘ +T )
goonx=-G(m| %Y SAGY 15AGY) . (GY 384y 19B,G,y | M,y ey,
I 2n 8r, r 2r, 8r, (r2 +T2)
(3.19)

3.2.5 The mean motion n

At this point, let us find out the mean motion n. In view of Figure (3.1), the distances of
miand mfrom their common centre of mass O are |x| and x,, respectively. Since the
primaries are moving in circular orbits around O, the mean motion n satisfies

mn?|x | =m,n?x, = F,

where F is the common force of gravity between m, and m, which is given with respect to

Equation (1.4) as

o1 A 3A B 3B
F:_Gmlmz_[ﬁ+2R3_8R5+2R13_8R§]'

1 3A 15A, 3B, 15B
m,n® x| = Gmm, [?Jr 2R 8R® ZR%‘ B 8R62]

1 3A 15A, 3B _1582}

m,n’x, = Gm,m
2z mlz[RZ 2R* B8R® 2R* 8R®

Or
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R? 2F€4 8R° 2F€4 8R°

n2|x1|=Gm2[ _3A 15A, 3B 1552]

3 15 3B, 15B (3.20)
n’x, =Gm, [ >+ A; A;"’ = 62}.
R 2R 8R 2R 8R
Adding the equations of Equation (3.20) gives
» 1 ,3A 15A, 3B, 15B,

(X |+X)_G(ml+m)[R2 2R* 8R®° 2R4 8R° }
Since |x,|+X, =R, we have

B 3A 15A, 3B, 15B, | 391
n* =G (m, +m, )[R3 2R®> 8R’ 2R5 8R’ ] (3.21)

Now, due to the additional gravitational force from the belt, the mean motion n given by

Equation (3.21) of the primaries is modified as

n? =G(m1+m2)|:i+ 3A —15A2 _158, :|+2fb(r),

R® 2R® B8R’ 2R5 8R’

where f, (1) is the gravitational force from the belt defined as f, (r) = _o__M,

or (r2 472)"

1 ,3A 15A _15B 2M,r
2 _G il 1 2 b .
n (m1+m2)|:R3+2R5 SR’ 2R5 S8R’ :|+(r2+_l_2)3/2 (322)
3.2.6 Equations of motion in dimensionless variables
In order to simplify and generalize the equations of motion specified by Equation (3.19), it
is suitable to make the variables dimensionless such that, the properties of the system rely

on a particular parameter as in Section 1.7.1:
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e The sum of the masses of the primaries is taken as a unit mass. For this, we let

m2
m, +m,

1 . .
m,=x and m =1-u, where O< u= < R is the mass ratio.

e For the unit of length, the distance between the primaries is taken as one.

e The unit of time is so chosen that the gravitational constant G is unity i.e., G=1.

Now since the origin is at the barycentre of m, andm,, we have
m, X, +m,X, =0.

That is

(- )%+ ux, =0
X, — X + uX, =0
X + (=X +X%,)=0
X1+,u(l):O

X =—H.

And hence, we get X, =1- .

After normalization of the physical quantities, we obtain the following dimensionless

second order differential equations which describe the motion of the infinitesimal mass.
That is by making use of m, =1— 4, m, = 1, X, =—u, X, =1—p and G=1 in Equation (3.19),

yield
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X—2ny = nx_{(l ﬂ)(ql(x+ﬂ) 3A1ql(x+ﬂ)_15A2ql(x+y)J+ﬂ[q2(X+ﬂ_1)

5 7 3
rl 21, 8 r r,

L 3B, (x+u-1) 158, (X+,u—1)J+ M, X

2r25 8I’27 (r2 +T2)3/2 1
g+ 2n% = n?y —d (1— )| DY SAGY 15AGY ) [GY, 3BGy 19B,G,y | My
A 8r, rooo2r 8r) (r2+T2)3/2
Or
Xx—2ny=Q,
y+2nx=Q, (3.23)

where

QC+y) Q- , A-w)AG 30-)AG K% , #BG 3uBG, M,

2 r, 2r? 8r’ r, 2r} 8ry  (rP+THY?
O —nty L) A=) (X +p) A 18- p) (X +p) Aty p(X+p=1)G,
x =N X— 3 7 - 3
I 2r; 8r, r,
_3,u(x+,u—1) B0, +15,u(x+,u—1) B,d, L Myx
217 8r/ (P
2 (1- /U)qu 3(1- ;U)Aiqu 15(1 ,U)Aquy MOy 3/Jqu2y 15,”quzy M,y
Qy =ny- 3 5 2 213/2 !
K 2r? 8r, r; 2r; 8r, (r2+T12)¥
with
2 =(x+u) +y?, B2 =(x+u-1) +y2. (3.24)
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Also in dimensionless variables, the mean motion Equation (3.22) becomes

, .. 3 5 2M,r,
n _1+§<A1+81_Z(A2+BZ)>+(QZ+T)3/Z’ (3.25)
where rc2 =1—u+ 1 is the radial distance in the classical problem.
3.3 The Jacobian Integral and Zero Velocity Surfaces

The equations of motion (3.23) are unintuitive and it is difficult to interpret the motion of
the infinitesimal mass from them. Therefore, it is essential to discover as much about the
system as possible. Being able to identify regions that display predictable behavior is an
important objective. Hence to this end, additional analysis can be made to pinpoint

boundaries for the motion of the infinitesimal mass.

3.3.1 The Jacobian integral

Multiply the first and second equations of (3.23) by x and y respectively, we get
XX —nxy = XQ, ,
Yy +nyx = yQ .

Adding them together, gives

XX+ Yy = XQX+yQy.

1d,., . d
:Ea(xz + yz):aQ(x, y)

d .2 .2 d
= (X+y7)=2Q(xy) (3.26)
Integrating Equation (3.26) with respect to time produces
X2+y2 ZZQ(X, y)—C, (327)

where C is the constant of integration, also known as Jacobi's constant.
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Equation (3.27) is known as the Jacobian integral. Observing the left hand side of Equation
(3.27), we find that it is the square of the velocity (v) of the infinitesimal mass. That is
Vi =2Q(x,y)-Cor 20Q(x,y)-v?=C,which means that the quantity 2Q(x,y)—v’is
constant of the problem. From this, surfaces of zero velocity can be determined in the plane

for the infinitesimal mass.

3.3.2 Zero velocity surfaces
Since the Jacobean integral (3.27) is a relation between the velocity and the coordinates of
the infinitesimal particle with respect to the synodic system, so by setting velocity term to

zero, we obtainthe equation of zero velocity curves/surfaces as:
20(x,y)=C.

Or

n2(x2 +y?) + 2(1-p)q, n (1_,U3A1Q1 _ 3(1-p)A0, n 240,

n I 4r15 £
s ,U?é% B 3;2?2% . (rzi'\ﬁg)w _C. (3.28)
2 2

Now, we observe that with larger values of x and y, the curves of (3.28) approximate very

2
close to a circle X2 +y? =( S _EJ of radius ‘Cn_g : where
n
_2Q-p)q  A-w)AQ _ 3(1-m)AG | 2u9, 4B, _ 3uB,q, 2M,
&= + 3 5 + + 3 5 T 2\Y2
r I ar; r, r, ar, (ro+T7) (3.29)

and is very small.
If the values of x and y are very small, the terms n*(x* + y*) will be very small with respect

to the other terms on L.H.S. of (3.28). Thus, the curves of (3.28) will approximate closely
to the following equipotential surface
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VO™V gy ey yye N

4B,q, _ 3uB,q, i 2M, —C-¢,
3 S (P +yR+TR)? °
(x+u=D2+y*)2  A((x+u-1)°+y*)?

21— ), N 1-w)Ag 3(1-1)Aq, N 20,

+

(3.30)
where ¢, =n*(x* +y?) and is also very small.

Now, using Equation (3.28) and with the help of the MATLAB (R2007b) software

package, we obtained the zero velocity curves and zero velocity surfaces as shown in

Figures 3.2 and 3.3 respectively.
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Figure 3.2 Zero velocity curves when u=0.25A =B =0.01,

A, =B, =0.005M, =T =0.01, q, =0.98,q, =0.95.

Figure 3.3: Zero velocity surfaces whenu=0.25A =B, =0.01, A =B, =0.005,
M, =T =0.01, g, =0.98,q9, =0.95.

Studying Figure 3.2 shows that any smaller values of x and y yields a pair of ovals
surrounding 1— 4« and z . Here motion can take place only if the particle is within the ovals
or out- side an almost circular contour located at external boundary. That is motion cannot
occur in the area between the ovals and the outer contour. The two singular regions are
shown by conic shape in the zero velocity surfaces Figure 3.3.

Zero velocity curves/surfaces are critical because they create the boundary of regions from

which the third body is dynamically excluded. Since the velocity must always be real
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2Q2>C, producing this constraint. The points where the velocity is zero are the libration

points and hence, the existence of libration points in the problem under consideration.

3.4 Locations of Libration Points

We now search for possible libration pointsof the infinitesimal mass in our problem. The
libration points are positions of gravitational balance between the primaries. At these points
the two finite masses would exert zero net force on the infinitesimal mass, in effect,
allowing the infinitesimal mass to have zero velocity in the rotating frame of reference.

That is the libration points satisfy X=Vy=x=y=0. It thus follows, fromEquation (3.23),

that the libration points are the solutions of

oy L) G p(xtp=1)0, 30— (x+p)GA | 150 p) (X + 1) GA,

r’ ry 2r? 8/
_3,u(X+,u—1)qul+15,u(x+,u—l)quz_ M, x _0
5 7 ., -2 - 3.31)
2r, 8r, (I‘ +T )

and

2., A=)y _HYY, 3(1-)a Ay | 150-u)g,Ay _ 3uq,By  15u0q,B,y _ My _
my r3 r3 2r® " 8r’ 2 8r (r2+T2)%2
1 2 1 1 2 2

(3.32)

Now, one obvious solution of Equation (3.32) is y =0, corresponding to libration points

which lie on the x-axis. We first hunt for libration points which do not lieon the x-axis:

triangular points.
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3.4.1Triangular libration points

The triangular libration points are obtained by solving Equations (3.31) and (3.32) when

y#0.

Starting from Equation (3.31), we have

%#_G—M%_u%_§0—M%A+Ean%%_§u%%+§u%%
3

3 5 7 5
I, r, 2 I 8 r 2 T, 8

_@-pue p(p-N)G, 30-pug A 150-muah,  Sp(u-1)0,8,  15u(4-1)6B,

M,

r, B (r’+T?

)3/2}

r13 r23 2'15 8[.17 2r25

and from (3.32) with y = 0 yields

8r)
(3.33)

2 - pg, 3A-p)aA  15A-pm)aA, 3 uq,B  1540,B, M,

r 2 I 8 r,/ 2 r 8

Plugging Equation (3.34) in Equation (3.33) produces

i—&+ 3AQ, 3B, 15g,A, +15q282 _

o2’ 2r; 8r,/ 8r,

'(335)

Equation (3.34) can be rearranged as

P

7

(rz +-|-2)3/2 -

(3.34)

M,

2 G0 _3AQ 15GA ﬂ( % 9 ,3Aq 3Bg, 15qA 15,8,

3 5 7 3 3 5 5 7 7
noo2n 8n rono2n 21 8n 8r,

Again, putting Equation (3.35) in Equation (3.36) results to

2 G 3%A 15¢A M, _
3 5 7 2 2\32
o2 8 (rr+TY)

(3.37)
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Merging Equations (3.35) and (3.37) returns

nz_&_3q281+15q282_ M, -0
3 5 7 2 2\32 —
r, 2 8r, (re+T9) (3.38)

Now, if the effects of radiation and oblateness up to J, of the primaries and the potential
from the circular cluster of material points are neglected (i.e. g:=q,=1, A;= A,= B1= B,

=Mp=0), Equations (3.37) and (3.38) are reduced to

1 1
1——3:0and 1——320

n I

respectively, with the solutions r, =r, =1. Therefore, due to the perturbations, the values of

r,and r, may change slightly, by & and ¢,, say, so that

n=1+gand r,=1+¢,, where g <<1 (i=12), (3.39)

be the solutions of Equations (3.37) and (3.38) . That is €; and &, are very small quantities

and are due to the combined effect of the perturbations.

Now, the exact coordinates of the triangular libration points are obtained by solving
equations of (3.24) for x and y. Therefore, we substitute Equation (3.39) in Equation (3.24),
to get

(1+¢g) = (x+,u)2 +vy2,
(L+5,)2 = (x+u-1)" +y2. (3.40)
Subtracting the second equation of Equation (3.40) from the first results to

A+e) -(L+¢g,) =(X+,u)2 —(XJr,u—l)2 ,

and by considering only linear terms in¢,and ¢,, we get
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X=%—y+51—82. (3.41)
Substituting Equation (3.41) in the first equation of Equation (3.40), gives
1 2
y2 =1+¢,) —(§+81 —gzj ,
and by taking into account only linear terms in &; s, we obtain

y? :1+281—(%+81—82]

4 (3.42)

Y=i\/§(%+%(5l+gz)j.

(3.43)

Using Equations (3.41) and (3.42) in r® = x* + y* of Equation (3.4) produces

r? :(E—,u+31—52j2 +§+81+82,
2 4
which simplifies to
r?=r’+2(1- p)& +2ue, (3.44)
where r?=1-u+ 4. For simplicity, since 0.9<r <1, £e(0,1/2], we assume the
variation in r, to be negligible by regarding r, as a constant.
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At this point, we apply Equations (3.25), (3.39), (3.44) in Equation (3.37), using
o =1-p;,i=L2 where p, =1-q <<land considering only linear terms in
&,A,B,p,M, ,i=12yield

__P_B 5B, M-

- . 3.45 Likewise,
! 3 2 8 3(r2+TH* (349)

from Equation (3.38) we have

P, A 5A M@2r-])
R a9

&, =—

Inserting Equations (3.45) and (3.46) in Equations (3.41) and (3.43), we obtain the

triangular libration points designatedas L4(X, y) and Ls(x, - y):

x=%{1—2y—%+ﬁ+a—%—5ﬁﬁ]

3 4 4
(3.47)
. \B(, 2p.+p) A 5A B 5B, 4M,(2r,-)
y=% 1 + + 2 232 |
2 9 3 12 3 12 9(r2+T?)?

3.4.2 Locations of collinear libration points

The positions of collinear points are obtained by solving Equations (3.31) and (3.32) when
y=0.

From Equation (3.32)y must be zero, and substituting it in equation (3.31), gives

o Qo) (Xt p)0 p(xtu=1)G 3A-p)(x+p)qA | 150 p) (X + 1) GA,

n-x 3 3 5 7
|X+y| |X+,u—1| 2|X+,u| 8|X+,u|
_3,u(x+,u—1)qul+15,u(x+,u—1)qu2  Myx _0
5 7 2 213/2 -
2|X+u—1| 8|X+/,1—1| (x +T )
(3.48)
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Now, if we neglect the effects of radiation and oblateness up to J, of the primaries and the
potential from the belt (i.e. g1=q.=1, A;= A,= B;= B, =M,=0), Equation (3.48) resembles
to classical case of Szebehely (1967)

‘. (1—,u)(x+,u) _ ,u(X+,u—1) _
[+ uf )+ =1 (3.49)

with three collinear points L, L, and L,. The collinear point L, is disposed between

the primaries, while L, and L, are beyond them as shown in Figure 1.2.

Tl r;‘z
A | O
Ly —ue OL,A—4r0) L,

Now, using Equation (3.48) and with the help of the MATLAB (R2007b) software
package, we examine the effects of the perturbations on the collinear libration points using

the binary system Xi Bootis. The masses of the binary are 0.9M, and0.66M,, which

0!
produce the mass parameter .z = 0.4 approximately. The coordinates of the collinear

libration points for different cases as classified in the following order are presented in Table

3.1:

The classical case (absence of the perturbations).

Potential from the belt only.

Oblateness of the bigger primary up to Jowith potential from the belt only.
Oblateness of the bigger primary up to J4 with potential from the belt only.
Oblateness of the smaller primary up to J, with potential from the belt only.

Oblateness of the smaller primary up to J, with potential from the belt only.

~N OO o B~ W DN

Radiation of the bigger primarywith potential from the belt only.
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8 Radiation of the smaller primarywith potential from the belt only.

9 Radiation and oblateness of the primaries up to J, with potential from the belt.

Table 3.1: Positions of the collinear points when p=0.4, A; = B; =0.01, A, = B, =0.005, g;=0.98,
02=0.95 and My, =T=0.01.

Case Li L, Ls Ln1 Ln2 Lns Lna

1 1.230814 0.141618 -1.162045

2 1.225145 0.163243  -1.156152 -0.000265 -0.048710

3 1.221462 0.167120 -1.158632 -0.000300 -0.045812

4 1.223870 0.159016 -1.153827 -0.000162 -0.704629

5 1.229484  0.156143 -1.151977 -0.000260 -0.048891

6 1.218052 0.190087  -1.154651 -0.000268 -0.048620 0.909793  0.273997
7 1.224156 0.161508 -1.150821 -0.000257 -0.049246

8 1.213816 0.168169 -1.154516 -0.000270 -0.048454

9 1.203598 0.189788 -1.145168 -0.000165 -0.704932 0.910718 0.273293

The existence and positions of the libration points for ., = (0,1/ 2) in the (a) absence of

the perturbations, (b) presence of all perturbations and (c) presence of oblateness of the

smaller primary only are shown in Figures 3.4, 3.5 and 3.6 respectively.

52



Positions of the collinear libration points in the absence of perturbations

1.5
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0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

Mass ratio
Figure  3.4: The  collinear  points in the classical case (i.e.

A=A =B=B,=M,=0,0,=0q,=1).
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Positions of the collinear points in the presence of all perturbations
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Figure 3.5: The collinear points under the combined effect of the perturbations (i.e.

A =B, =001 A =B, =0.005 q,=0.98, q, =0.95 M, =0.01).
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Positions of the collinear points in the presence of oblateness of the smaller primary
T T
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Figure 3.6: The collinear points under the effect of the oblateness of the smaller primary
(ie. A=A =M, =0,0,=0,=1 B, =0.01,B, =0.005).

35 Stability of Libration Points

In order to study the stability of a libration point (Xo, Yo), we obtain the linear variational
equations of motion corresponding to the equations of motion (3.23). Determine the
characteristic equation and its roots; and then, converse the stability according to the nature

of the roots.
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3.5.1 Variational equations

We apply small displacement 7,& to the coordinates (Xo, Yo) of the libration point. The
variations nand £ can be expressed as

N=X=% =YY (3.50)

which produce the velocity

X=1y=¢

and acceleration

K=ij =&

Now, the functions Q(X, Y), Q«(X, ¥), Qy (X, y) in Equation (3.23) become

Q(X' Y)=Q(X0+77, y0+§),

L(%, (X% +77, Yo +£), (3.51)

Q,(xy)=0Q
Q, (X, y)=Q(% +7. Y, +£&).

On expanding equation (3.51) by Taylor’s series and considering only the linear terms in 7

and&, we have

Q(X0+77, yo"'é-t):Q(XOfyo)"'ﬂgx(xo’yo)""ny(Xo'yo)"'"'
Q, (%7 Yo+ &) =, (%0, Yo )+ 72 (Xg1 Yo ) + 82 (Xo1 Yo ) + - (3.52)
Q, (X% +77 Yo +&) = Q) (X0, Yo )+ 77205 (X1 Yo ) + 82y (X1 Yo ) +--

Since at the libration point (x,, Y,),

Q, (%, Yo) =2, (% Yo ) =0, the last two equations of (3.52) become

QX(XO+77’ y0+é:):77g2xx(XO’yO)+&xy(XO’yO)

Q, (X +1 Yo +E) =12, (%, Yo )+ &2, (%, Vo) (3.53)
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Substituting Equations (3.50) and (3.53) in the equations of motion (3.23), we obtain the

variational equations of motion as

77—2”9é=779xx(Xo,yo)+§Qxy(Xo,yo)’
E v amp =€, (% o)+ &2, (% Yo ). (359

We now obtain the second partial derivatives of Q.

From Equation (3.23) we have the second partial derivatives of Q with respect to X as

oy Q) (xtp)G p(x+p=1)0, 3= p)(x+p)GA | 150 p) (X+u)GA,

I r’ Iy 2r? 8r,/
" _3ﬂ(x+ﬂ_1)q281+15,U(X+,U_1)Q2Bz_ M, X
2r25 8r27 (r2 +T2)3/2
(1-)q, o1 pa, o1} 30- /J)Alql
=n? -2 (1 u)(x+ —| = —u(x+ —| = |-
e A=) (x4 p) 0 — vl p(x+p=1)0, — =
- (X ) AG 0 (1) 150 m)aA, | 150 u)( WA 0
2 ox\ r 8r,/ ox\r
_3uBg, 3u(x+u-1)Bd, 0( 1) 15uq,B, 15#(X+ﬂ 1)g,B, o 1
2r; 2 ox\ r. 8r, 8 oxlr/
M yye 1

e Y

(3.55)

In view of Equation (3.24) that is

2

r’ :(x+y)2+y 1 :(x+y—1)2+y2,
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we obtain the following :

or.
2r —L=2
rl&x (X+ﬂ)

:% (X+,u)

of1)__7on of1l)|__ 795
ox\ r/ r? ox ox\ r,’ ry ox
7(X+,u) 7(X+,u—1)
= — 5 , = — 5
n r

_ 8 1 (o
__2(r2+T2)5/2 " EI__{
N 3X

(reTe)
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2r, =2 =2 -1
r, ™ (x+u-1)
%: (X+,u—1)
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So, the second partial derivative Q. of Equation (3.55) becomes

QO = nz _ (1—,u)CI1 n 3(1_;U)(X+:U)2 0, _ HQ, + 3#(X+,U—1)2 02 _ 3(1_/J)q1A1
3

} ; r; r; r; 217
150 ) (x+ 1) A 150 )g A, 1050 p)(x+ 1) 4A, 3uq,B,
2,/ 8r,’ 8r;’ 2r;
+15,u(x+,u—1)2 %8, | 1510,B, 105u(x+u-1)°q,B, M, L3t
2r) 8r, 8r, (I’Z +T2)3/2 (r2 +T2)5/2

(3.56)

Next, is the second partial derivative of Q with respect to yi.e. Q.

Again from Equation (3.23) we have

yy 3

R ) Rl [ 1 J_S(l—umql_s(l—ﬂmqu 9 ( 1 J+15(1—#)Aqu

n oy\n 2r; 2 oy\r’® 8r
15(1_/1)A2q1)’£ 1w, of(1) 3uBg, 3uBoyofl
+ 7 3~ HAY 3 5 5
8 oy\n I oy\n, 2r, 2 oy\n
15uB,q, 15u4B,q,y 0 1 M, 0 1
+ + = -2 -My =
8r27 8 ay r.27 (r.2 +T2)3/2 by ay (r.2 +T 2)3/2

We deduce the following from r? = (x+ )’ + y* and r? =(x+u-1)" +y?:

a 2 a 2 2 8 2 8 2 2
— T =—((X+u1)"+y — I =—((X+u-1)"+y
or, or.
2r—1=2 2r,—2=2
18y y 26y y
:)%:X :>%=l
oy n oy
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o1 zan _qé}
y\r’) oy oylr

o(1)_ 3y a1
jay(rf} o jay(rf’

of1)__say o1
y\r) o y\r;
(1) 5y 8
= —| — :——7, > —
y\r) o
orLl|__ron oL
oy\n') oy oy\n’
__ny _
=7
And from ;Mwith r’ =x*+y* we obtain
(r’+7?)
o)1 .8 1t o
oyl (a1 ) 2(r et oy
3 1
S . S
Z(rZJrTZ)S/2 g
%
(r2+T2)5/2

Thus, the second partial derivative Q simplifies to
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O —nt_ (1—;;)(11 L3A-p)y'ay pg,  3uy'd, 30-maA | 15(1- 1)y G A

vy '1 r15 I,23 r25 2 rlS 2 ri_ 7
+15(1_,U)q1A2 _105(1_/J)y2q1A2 _3/1qu1 +15ﬂy2q281 +15ﬂquz
8r,/ 8r;’ 2r; 2r) 8r,
_105u4y°,B, M, . 3M,y’
8r? y  —\32 y o\52°
I, (rP+T2)" (r*+T%)
(3.57)

In a similar manner, the second partial derivatives Q, and Q  in view of Equation
(3.23) are obtain as

0 -0 - 31— 1) (x+ 1) yg, . 3u(x+pu—1)yq, +15(1—;1)(X+u) yo A 105(1— ) (X+ p) yo, A,

Xy yX r15 r.25 2rl7 8['19
+15,u(x+y—1)yq281_105y(x+,u—1)yq282+ 3M, xy
2r, 8r, (rz +T2)5/2 '
(3.58)

3.5.2 Characteristic equation

Consider trial solutions for the variational equations (3.54) to be in the form:
n=~Ae" &= Be*,

where A, B and A are parameters to be determined.

Now,
7= Ale™ £ =Ble™
i = Al%e™ £ =BaA%™.

Substituting these values in Equation (3.54), we have

Ade™ —2n7Be™ = A QY (%, Yo) +BE Q2 (%, o)

BA%e™ +2n1Ae™ = Ae™Q, (X, Yo) +Be Q2 (X, Y).
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Multiplying through bye ™, we have
AL =2n2B = AQ, (X5, Vo) + B (%, Vo),
BA* +2nAA=AQ, (X, Yo) +BQ,, (X, Yo)-
Or

AL* =2n2B~AQ,, (X, o)~ BQ,, (%, ¥5) =0,

BA® +2n1A— AQ,, (%, Yo) — BQ,, (%, o) =0.

Or

(2° =90 (%, Yo) ) A+ (=212 =2, (%, ¥o) ) B =0,

(2n2-9Q,, (%, Yo) ) A+(A* =, (X, ¥o)) B =0.
These will have a non —trivial solution for A and B if

A _Qxx (Xm YO) —-2nA _Qxy (Xm yo) _
zn;t_ny (XO' yo) A _ny(xm yo)

Expanding the determinant yields
(27 =9, (%, ¥0) )(A° =, (%1 ¥o) ) +(202+Q, (%, ¥) ) (202 = Q2 (%, ¥,) ) =0.
Or

/14 _Qxx (XO' yo)j’2 _ny(x()’ yO)ﬂ’2 +Qxx (XO’ yo)ny(Xw yO) +4n2/12
- Zn/Iny (Xo’ yo) + 2nmxy (Xo’ YO) - Q><y (Xo’ yo)ny (Xo’ yo) =0.

In view of Equation (3.58) we have
A=, (%0, Yo) A2 =, (%0, Yo) A2+, (%, Vo) 2y, (X, Yo) +4N°A* —Q (X, ¥,)® =0.

Or

A (07 = (%, Y6) =9, 0%, Yo )47+ 24 0%, Y0) 2, (5, ¥o) =2 (%5, Y6)* =0- 3 50,
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Equation (3.59) is the characteristic equation corresponding to the variational equations of

motion (3.54).

3.5.3 Stability of triangular libration points

To establish the stability of the triangular points Equation (3.47), we evaluate the second
partial derivatives equations (3.56), (3.57) and (3.58) at the triangular point, substitute the
values of the second partial derivatives in the characteristic equation (3.59), then solve the
characteristic equation.

Now, the partial derivatives Equations (3.56), (3.57) and (3.58) computed at any of the
triangular libration points (Equation 3.47), neglecting second and higher order terms of

p;, B, A, M, (i=1,2) and their products are:

3 5M, (21, ~1)  3M,(i—u+4°)
QXX(XO’yO)_Z+a1+lubl+4(rcz+-l-2)3/2 (rCZ+T2)5/2
™, (2r,-1) 3M,(®)
4(r02+-|-2)3/2 (rc2 +T2)5/2’

9
ny(xoyyo):Z"'az"‘;ubz"‘

(3.60)
%+%+ﬂ<b3—%—%>
Qxy(XO’yO):ny(XO’yO)z\/g ‘ ’
3 1

1M, (2r,-1)  3M, (- 4)

12 +TH¥ (12 +7%)%°
where
aiz—&+ p2+27Ai_165A2 +£_1SBZ | bl:m_Bﬁ_sAiJr?SAz +381—7582,

2 8 32 8 32 2 2 16 16

3p, +3p2 N 45A, B 45B,
2 2 16 16

a,=B_ 33A 2554 338 1658,

1b=_
2 ¢ 8 2 8 37

o P P 19A 125 7B, 35B, b p, 134 .\ 138 o
6 3 8 32 8 32 6 6 4
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Here each of|a |, |b| (k=123) is very small since|A|<<1 |B|<<1, |p|<<1(i=12).

Utilizing the values of ,, (X5, Yo) , 2, (X5, ¥o), (X, Yo) and the value of n® from

(3.25) in the characteristic equation (3.59) yield

A*+QA+N =0, (3.61)

M,(2r,+3)  3M,r?

_ _15(A+B,) _
Q=1+6(A+B) 5 (a,+a,)—u(b +b,)+ (r? L T2)% (r? +T2)

>0,

27 3M, (2r-1)  27M
N=|-2lgp — Mol —2) b 2
[ 4 T (T 4(rj+T2)5/2j”

+(g+%+%_%+9 L BMeR-) 27, j“

4 4 4 2 2r2+TH¥ 42 +T?)¥?
La, 33, 93
4 4 2

The roots of Equation (3.61) are:
A=2[-QxVa],
2

where A=Q°-4N is called the discriminant, which is given by
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66M,(2r, 1)  27M, 66M,(2r, 1)  27M,

A=(27—36b3+ jyz—[27+1]b1+5b2—18b3+36a3+

(rCZ +T2)3/2 (rCZ +T2)5/2
2M, (2r,+3)  B6M, I}
(r.c2 +T2)3/2 (rCZ +-|-2)5/2 (362)

(r.CZ +T2)3/2 (rCZ +T2)5/2

+1+12{A_l +B, —@}—ﬂal —5a, +18a, +

The nature of the roots

ﬂ1,2 :i\/A—y ﬂa,4 :i\/rz

(3.63)

depends on the discriminant A which is a quadratic function of the mass parameter p.

Here, in our problem O<y<%so, we are interested in the behavior of A in the interval
1

0,2).

©0.2)

In the absence of the perturbations (i.e.p, =A =B, =M, =0, i=1,2), the discriminant A

boils down to the classical case of Szebehely (1967) A =27u* —27u+1 , with the roots

,u=1i@ (,u=1—@= 0.0385209... ory=1+@ =0.961479...).
2 18 1 2 18
Now, using Equation (3.62) we find that when ¢=0,

2M,(2r,+3)  6M,1?
(I’CZ+T2)3/2 (rCZ +T2)5/2 (364)

A :1+(12(A1 +B,)-15(A, + B,) —11a —5a, +18a, +
>0,

and when =1/2

66M,(2r. 1)  27M,

A=(27_36b3+ 66M, (2r, —1)  27M, jl

(rc2 +T2)3/2 + ("02 +T2)5/2 Z—[Z? +11b, +5b, —18b, + 364, +

(rCZ +T2)3/2 +(rc2 +T2)5/2
2M, (2r,+3) M, I}
(rZ +T2)3/2 (rZ +T2)5/2'

+1+12[A +B, —@}—ﬂal —5a, +18a, +
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27 g BM@r D)  27M, 27 1l 5h,

4 77 2F4THY A 4TH 2 2 2
2M,(2r,+3)  6M,I7
(rZ +T2)3/2 (rZ +T2)5/2'

+1+12(A +B)) -15(A, + B,) —11a, —5a, +18a, +

12(A +B,)—15(A, + B,) —11a, - 5a, —%—%

a(A) =2
(A2 ==5 | myeer, 45 3,617 +9)
2r2+T3¥ 42 +T2)

0. (3.65)
Also, when z=1,

B 66M, (2r, -1) 27TM,
A—{27—36b3+ (rF+T2)%2 " (12 4T2)%

—[27 +11b, +5b, —18b, +36a, + 2oMe (2L D | 27M, j

+
(rCZ +T2)3/2 (rCZ +T2)5/2

2M,(2r, +3) MK’

L3 2% 4 0p,-18a,

33M,(2r, -]

27M,

(rCZ +T2)3/2

+1+12(A +B,)-15(A, + B,) —11a, —5a, +18a, +

(rc2+-|-2)3/2 (rCZ +T2)5/2'

12(A +B,) ~15(A, +B,) ~11(a, +b) ~5(a, +b,) ~18(a, +h,)

A, =1+ L 2M, (21, +3) 6M, 1’
(r2+-|-2)3/2 (r2 +T2)5/2

>0.

(3.66)

Now, since A is a polynomial we conclude with respect to Equations (3.64), (3.65) and

(3.66) that there is only one value of z in the interval (0, 1/2)for which A =0. This value of

u for which the discriminant vanishes is termed the critical value of mass parameter

represented as u.. Thus, three regions of values of ucan be considered: O0< u< g,

1
uc<ﬂ<§andﬂ=uc-
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Region 1: When 0< <y, impliesA=Q?—4N >0 and sinceA is decreasing in the

interval (0,%) suggests N > 0. Thus,

Q°-4N<Q’ =Q*-4N <Q  [since Q>0 Equation (3.61)]
1
:A:E[—Qi\/Z}<O.

And consequently the four values of A in Equation (3.63)are distinct pure imaginary

numbers. Hence, in view of Section 1.8.3, the triangular point is stable in this region.

Region2: when . <y<%in this region, the discriminant of the characteristic equation is

negative i.e. A=Q*—4N <0,

Therefore,

A=_Qi—im| , Where i:«/—_l.
Or
where,

5=l
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Thus, the roots (3.64) of the characteristic equation (3.61) are:

11,2:i _Q2+I51 2314:i

-Q—io
7

These indicate that the real parts of two of the characteristic roots are positive; hence by

Section 1.8.3, the triangular point is unstable in this region.

Region3: when g = 4, in this region, the discriminant of the characteristic equation is zero

i.e. the value of A is zero = JA =0.

And so, we have

A:‘Qio.
2
Or
-Q
A=A, =—.
1 2 2

or

a=ifQ a2 =-i]Q
A=A = 2/12—/14— I\/;.

Thus we have double roots and so, in view of Section 1.8.3 the triangular point is unstable
when u = u,.
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3.5.3.1 The critical mass ratio z,

The critical value g, of the mass parameter is the value of the mass ratio p when the

discriminant (3.62) is equal to zero. That is,

66M (2FC -1 27TM 66M (2I’C -1 27M
[27_36b3+ (rZ:_TZ)(%/Z (r2 +T2b)5/2jlu2_[27+1]b1+5b2 _18b3+36a3+ (rZ :_TZ)3/2 (rZ +T2b)5/2 Hu
5(A2+B) M (2l’c+3) 6M I‘Cz
+1+12{A1+81—TZ}—11a1—5a2+18a3+ (r2b+T2)3/2 _(r2+F2)5/2 =0.

Hence, the mass ratio |is given by

_ 27+11b, +5b, ~18b, +36a, +66M, +27M, 1 [dZ—4dd,
He 2(27-36D, + 66M, + 27M, ) 2\ @

where

d, =27 -36b, + 66M, +27M,,
d, =—(27 +11b, +5b, —18b, +36a, + 66M, +27M,),
d, =1+12(A +B,)-15(A, + B,) —11a, —5a, +18a, + 2M, —6M;

and
_ Mb(zrc +3) M _ Mbr02
_ Mb(zrc _1) _ Mb
3 (rcz _I_-I-z)s/z ! 4 (rcz +-|-2)5/2 :
_ 27+11b +5b, ~18b, +363, +66M, +27M, 1 |d; —4d,d,
c 1 "2 dz
54(1—27(36b3—66M3—27M4)j 1
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-1
(27 +11b, +5b, —18b, +36a, +66M, +27M4)(1—217(36b3 —66M, —27M4)j

L1 [d;-4dd;
2 d?

Employing binomial expansion and retaining only linear terms in very small values, we

He = 54

obtain

27 +11b, +5b, —18b, +36a, +66M, +27M, +36b, —66M, —27M, 1 |dZ-4d,d,
o 54 2 @
1

_ 27+11b +5b, +18b, +36a; 1 |d; —4d,d,
- 54 ) df

(3.67)
Now,
d? -4d,d, (27+11b, +5b,—18b, +36a, +66M, +27M,)" 4d,
d; (27-36b, +66M, +27M, )’ d,
_ 277 +2(27)(11b, +5b, —18b, +36a, + 66M, +27M,) 4d,
- 27 - 2(27)(36b, —66M, —27M,) 27 -36b, +66M, +27M,
[ 27% +54(11b, +5b, —18b, + 363, + 66M,, + 27M, ) | ad,
27° {1—227(36b3—66M3—27M4)} 27{1—217(36b3—66M3—27M4)}

-1
[ 27* +54(11b, +5b, —18b; + 364, + 66 M, +27M4)J{1—227(36b3 ~66M, —27M4)}

27?

-1
4(1+12(A +B,)-15(A, +B,)-11a, —5a, +18a, +2M1—6M2)[1—217(36b3 —66M, —27M4)}

27
Applying binomial expansion and taking into consideration only linear terms in small

guantities, we get
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2 [272+54(11b1+5b2 —18b3+36a3+66M3+27M4)] 1+£(36b3—66M3—27M4)
d; 4d1d3_ 27

d? 27

4(1+12(A +B,)-15(A, + B,) ~11a, —5a, +18a, + 2M, —6M2)[1+217(36b3 —66M, —27M4)}

27

_ 277 +54(11b, +5b, ~18b, +36a, + 66M, + 27M,, ) +54(36h, ~66M, —27M,)
- 272

4+4(12(A +B,)-15(A, +B,)-11a, —5a, +18a, +2M1—6M2)+;'7(36b3 —66M,—27M,)

27

277 +54(11b, +5b, +18h, +36a,) 4  4(12(A +B,)-15(A, +B,)-1la, -5, +18a3, + 2M, -6M, )

272 27 27
4
~ 5-7(36b,~66M, ~27M, ).

2 2
27 {1+27(11b1+5b2+18b3+36a3)} 4 4(12(A+B,)-15(A, +B,)—11a —5a, +18a, + 2M, —6M, )

27? 27 27

-2;;2(36b3—66|v|3—27|v|4).

L 2(11b, +5b, +18b, +36a,) 4 4(12(A +B,)-15(A, +B,)~11a —5a, +18a, + 2M, —6M, )

27 27 27

—%(36b3—66M3—27M4).

3 2 (11b, +5b, +18b, +36a,)—2(12(A +B,)-15(A, + B,) —11a, —5a, +18a, + 2M, —6M,, )
+

27 27| -2 (36b,—66M, ~27M,)
|27
23 2 46b,

=—+—|11b, +5b, +
27 27_]bl 23

44M,

—24(A +B,)+30(A, +B,)+22a, +10a, —4M, +12M, +

+2M4]
(3.68)
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Thus, plugging Equation (3.68) in Equation (3.67), yields

= 2T +11b, 450, 180, +36a, , 1 ,§+£el,
54 2\27 " 27

where

e, =11b +5b, +

46b, 44M,

—24(A +B,)+30(A, +B,) +22a, +10a, —4M, +12M, + +2M,.

_27+1]b1+5b2+18b3+36a3+1\/23(1 27 2 j

+= |21+ e

He 54 2\ 27\ 2327

_ 27+11b+5b, +185,+36a, 1 [23 (1+£e1j.
54 2\ 27 23

1

_ 27+11b, +5b, +18b, +36a, | 1 23(l 2 jz

54 2\ 27

23 *

Using binomial expansion and considering only linear term in e;, we obtain

+__

He 54 2\27| 223"
_ 27+11b, +5b, +18b, +36a, 1 2’3{1 1 }
= T 1

_ 27+11b +5b, +18b, +36a, , 1 §{1 12 }

54 2\ 27

23

We consider only the minus sign since the mass ratio is less than %.
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_1,11b+5b,+18b,+36a, 1 [23 1 [ 1
He =3 54 2\27 2\27 23%

_1 11 +5b,+18b,+36a, 1 [23 1423 1 9
2 54 2\N27 2271 23°9 "
_ 1, 11b+5b,+18h,+36a, 123 1 1 1 9
2 54 2\ 27

2 727 123 BrxBr E
, 110 +5b, +18p, +36a, 1 23 11 1 9
27

— .
54 2 227 69 27

1

2

1 11b +5b,+18b,+36a, 1 [23 1 9
S —_ s 3. - == e.
2 54 2\27 227460
£+1]bl+5b2+18b3+36a3 1 fﬁ_ 1

2 27

54 2

Substituting the value of e;, produces

1 1 [23 11b,+5b,+18b,+36a, 1
ﬂ_———1/5+ -

46b,
“T2 2

” 6\/@[11b1+5b2+ 3 —24(A +B,)+30(A, +B,)

+22a, +10a, —4M, +12M, + 44;)\/I3 +2M4}.

211 ,§+1]bl+5b2+18b3+36a3 1
27

46b,
2 2

£ 6\/@[1]b1+5b2+ 3 —-24(A +B,)+30(A, +B,)

AM,(2r.+3)  12M,r> 44 M,(2r.-1)  2M
+22a1+10a2_ (r2b+T2)3/2 +(r2 +-|-b2)5/2 +E(r2b+-|-2)3/2 +(r2+-|-g)5/2 '

In view of the definitions of a,,b (i =1 2,3) Equation (3.60), we arrive at
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) 1_1\/2:3_ 2p, __2p, A 13A 5A 125A B 13B
T2 2\27 27069 2769 9 9v69 18  36v60 9 69
5B, , 1258, {Z(Zr +3) 2r2 22(2r, -1) 1 }

18 36\/_

@ =

32 +T2)? (24T 2712 +T2) 3(12 +T)

Ao sl sl sl )

_2(1 } 2169 91+\/@A1 12J_ 1\/@81
_5[1 25) 76-8r, br’+1 | M,
269 2102 +T3)7 (2 +T%)% |69

ER o S S )

_2(1\/7J 216 91+\/@A1 lzJ_ 1\/@81

—3(1- 25 ]B 4(19-21,)(r2 +72)"* —9(t+6r2) (12 +72)" 369

2./69 27469 (17 +77)' :

3.5.4 Stability of collinear libration points
As in the case of the triangular libration points, to investigate the stability of any collinear
libration point obtained in Table 3.1 we:
e evaluate the second partial derivatives Equations (3.56), (3.57) and (3.58) at the
collinear point;
e substitute the values of the second partial derivatives in the characteristic equation
(3.59);
e then determine the roots of the characteristic equation .

Now, for any collinear libration point (xo, 0) of Table 3.1, we have
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Q, (%,0) = n® + 2= 1), + 249, + 61— ) A _ 45(1- ) A0, + 61Bq,

A R AV | A Axo+p %o+ u-1
454B,q, { 3%, 1 j
_ - / .
4|X0+/1—1|7 (XOZ +T2)52 (X02+T2)32 (370)
1- 3(1- 15(1— 3
QW(XO,0)=HZ—( ﬂ)qsl_ ( ﬂ)pigl+ ( /u)Aiql_ 4G, - 41B.0, '
|XO+,u| 2|X0+,u| 8|X0 +,u| |X0 +,u—ﬂ 2|XO+,u—ﬂ
15uBd, M,
7 2 2\32 '
8%, +u—1" (% +T°) (3.71)
Qxy (XO’O) = ny(XO’O) = 0 (372)

Substituting Equations (3.70), (3.71), (3.72) and (3.22) in Equation (3.59), the characteristic

equation becomes
A*+WA?+C =0, (3.73)
2 0 0 0 MO0
where W=4n"-Q -Q , C=Q Q.

The roots of the characteristic equation (3.73) for L; (i = 1, 2,3), Lnj j=1,2,3,4) of Table 3.1

are given in the Tables 3.2 to 3.8 respectively.
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Table 3.2: Stability of the libration point L,

Case Ly Q?(x Qf;y Ay Aa g Remark
1 1.230814 4.4637 -0.7319 +1.2955 +1.3951i Unstable
2 1.225145 45913 -0.7562 +1.3165 +1.4153i Unstable
3 1.221462 46701 -0.7723 +1.3304 + 1.4274i Unstable
4 1.223870 4.6198 -0.7616 +1.3213 +1.4196i Unstable
5 1.229484 4.7795 -0.7671 +1.3564 +1.4116i Unstable
6 1.218052 4.3278 -0.7672 +1.2492 =+ 1.4586i Unstable
7 1.224156 46018 -0.7614 +1.3207 + 1.4174i Unstable
8 1.213816 4.6092 -0.7652 +1.3236 +1.4188i Unstable
9 1.203598 4.3446 -0.7885 +1.2560 +1.4736 Unstable
Table 3.3: Stability of the libration point L,

Case Lo Q° ng A, Aaa Remark

1 0.141618 16.8590 -6.9295 +3.7646 +2.8711i Unstable

2 0.163243  21.8904 -9.4185 +4.3748 +3.2821i  Unstable

3 0.167120  22.3356 -9.4638 +4.4193 +3.2899i  Unstable

4 0.159016  20.8264 -9.3745 1 4.2552 +3.2837i  Unstable

5 0.156143  23.7489 -9.9802 +4.5748 +3.3653i  Unstable

6 0.190087  11.8785 -7.7356 +3.0973 +3.0949i  Unstable

7 0.161508  21.8507 -9.3994 +4.3703 +3.2792i  Unstable

8 0.168169  21.1677 -9.0554 T 42913 £3.2262i  Unstable

9 0.189788 10.8703 -7.3599 +2.0377 +3.0447i Unstable
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Table 3.4: Stability of the libration point L3

Case L3 Q° Q) Ay Aa s Remark

1 -1.162045 3.8579 -0.4290 +1.0160 £1.2662i  Unstable

2 -1.156152  3.9625 -0.4418 + 1.0309 +1.2835i  Unstable

3 -1.158632  4.0930 -0.4487 +1.0581  +1.2808i  Unstable

4 -1.153827 3.8985 -0.4457 +1.0115 £1.3032i  Unstable

5 -1.151977  4.0267 -0.4510 +1.0415 £1.2939i  Unstable

6 -1.154651  3.9862 -0.4450 +1.0346  £1.2872i Unstable

7 -1.150821  3.9669 -0.4440 +1.0332  £1.2845i Unstable

8 -1.154516  3.9737 -0.4474 +1.0368 £1.2860  Unstable

9 -1.145168  3.9313 -0.4571 £1.0220 £1.3117  Unstable
Table 3.5: Stability of the libration point L,;

Case Ln1 Q° Q) A, Aas Remark
1 - - - - - -

2 -0.000265 -9944.9 -9999.7 +08.8089i +100.9248i Unstable
3 -0.000300  -9932.5 -9997.6 £98.8397  +100.8202i Unstable
4 -0.000162 -9981.8 -10004.0 +08.9081 +101.0306  Unstable
5 -0.000260 -9945.8 -10000.0 +64.2677  +155.1784  Unstable
6 -0.000268 -9944.7 -9999.4 + 98.8676i +100.8622i Stable

7 -0.000257  -9947.2 -10000.0 +98.9019i +100.8435i Stable

8 -0.000270  -9943.9 -9999.2 +098.8648i +100.8601i Stable

9 -0.000165 -9982.1 -10003.0 £99.0054i +100.9303i Stable
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Table 3.6: Stability of the libration point L,

Case

I—n2

-0.048710

-0.045812

-0.704629

-0.048891

-0.048620

-0.049246

-0.048454

-0.704932

0
Qxx

184.4310
218.2288
-81.0144
183.1413
184.9400
179.4529
186.4604

-78.6235

0
QW

-95.6098
-112.5548
-0.7261
-94.8033
-96.0029
-92.8683
-96.7508

-0.7597
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T+ 13.2951

A4

+9.8501i

+10.6764i

+9.2292i

+9.8100i

+9.8706i

+9.7098i

+9.9079i

+9.1001i

Remark

Unstable

Unstable

Stable

Unstable

Unstable

Unstable

Unstable

Stable




Table 3.7: Stability of the libration point L3

Case Ln3 Q° Q) Ay Aa Remark
1 - - - - - -

2 - - - - - -

3 - - - - - -

4 - - - - - -

5 - - - - - -

6 0.909793  -45.2527 -1.1110 +1.0080i +7.0339i Stable
7 - - - - - -

8 - - - - - -

9 0.910718  -41.6463 -1.1330 +1.0139i +6.7751i  Stable
Table 3.8: Stability of the libration point L4

Case Lna Q° Q° Ay Aa g Remark
1 - - - - - -

2 - - - - - -

3 - - - - - -

4 - - - - - -

5 - - - - - -

6 0.273997  -21.9676 -5.0048 +2.0167i +5.1993i Stable
8 - - - - - -

9 0.273293  -20.2882 -4.8151 +1.9608i +5.0407i Stable
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3.6 Periodic Orbits around the Triangular Libration Points

The orbits around triangular libration points for the mass ratio « < (0, z.) are bounded,but
unbounded in the interval g, < <1/2, where . <(0,1/2)is the critical mass ratio

influenced by the oblateness and radiation of the primaries and potential from the belt. We

shall study the nature of these orbits.

3.6.1 The frequencies of the periodic orbits
As shown in Section 3.5.3, the triangular libration points Equation (3.47) are linearly stable

in the region 0 < x < _ and the characteristic equation
A*+QA*+N =0,
where

15 3 M@r+3) 3w
Q 1+3( __)A1+_(__/J)Az 3(__ﬂ)81 _( )2 (rC2+Tz)3/z (rcz+-|-2)5/2’

4

27 3p 3p LL17A 1178, 33M,(2r.-1) ~ 27M
[ _1 2 45A2 458 2(r2b+T2)3/2 +4(|'2 +T2)5/2 H

(27, ﬂ 3p, L17A _asA s 1178, ,cp +33Mb(2rc—1)+ 27M, r
4 2 2 4 4 202 4THY AR 4TH)Y? )

has four pure imaginary roots. The roots can be expressed as

A, =His), Ay, = His,, (3.74) with

2 (3.75)

and
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A:[27+6pl+6p2+117A1—180A2+117Bl—18082+66Mb(2r°_1) 2TM, Jz

(rCZ +T2)3/2 (rCZ +T2)5/2

—(27+6 0, +6p, +111A —165A, +123B, ~195B, + 0Ma(2 —1) | 27M, },u

(r2 +T2)3/2 (r2+-|-2)5/2
158,  2M,(2r.+3) 6M, I’
4 (r02+-|-2)3/2 (rc2+-|-2)5/2 '

+1—3A1+%+3Bl+

Hence, the motion around the triangular points is bounded and is composed of two

harmonic motions given by the variations » and ¢ as:

n=D,cosst+E sinst+D,coss,t+E,sins,t, (3.76)
£=D,cosst+E,sinst+D,coss,t+E,sins,t, '

where s, and s, are the frequencies of the orbits, D,,E,,D,,E, are terms associated tos,

while D,,E,,D,,E, areterms associated with s,.

D,.E,,D,,E, are arbitrary constants of integration and D,,E,,D,,E,are related to the

constants of integration. In order to determine these relationships, we substitute Equation

(3.76) in Equation (3.54) and then equate coefficients of coss;,sins, (i =1,2).

Therefore, differentiating Equation (3.76) twice gives

n=D,cosst+E sinst+D,coss,t+E,sins,t,
nn=-Ds,sinst+Es cosst—D,s,sins,t +E,S, Coss,t,
7j=-D,s! cosst—Es’sinst—D,s? coss,t —E,s? sins,t.

&=D,cosst+E sinst+D,coss,t+E,sins,t, (3.77)

&=-Ds;sinst+ESs cosst—D,s,sins,t+ E,s, Coss,t,

£ =-D;s?cosst—Es?sinst—D,s2coss,t—E,s?sins,t
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Using Equation (3.77) in Equation (3.54) produces

(—-D,s? cosst—E,s sinst — D,s’ coss,t — E,s? sins,t)
-2n(-Ds,;sinst+E;s, cosst—D,s, sins,t + E,s, coss,t)
(D, cosst+E, sinst+D, coss,t +E, sins,t)Q°
+(D, cosst+E sinst+ D, coss,t + E, sins,t)Q2)

(3.78)
(-Ds’ cosst —E;s’sinst—D,s? coss,t — E,s2 sins,t) +
{Zn(— D;s,;sinst+E;s cosst—D,s,sins,t + E,s, coss,t) } B
(D, cosst+E, sinst+D,coss,t+E,sin szt)Q‘;X
L(II_)1 cosst+E sinsit+ D, coss;t + E, sins,t)Q, ] (3.79)

From Equation (3.78) equating the coefficients of coss,, yields
—D;sf —2nE;s, = DO, + DY, (3.80)
Equating the coefficients of sins,,

—Es; +2nDs, =EQ), +EQY . (3.81)

Make E, the subject of Equation (3.80)

D;s; +D,Q, + DO,
-2ns;

E -
(3.82)

and substituting (3.82) in Equation (3.81, produces
2nE;s} —4nD;sf =—2nE;s Q) +DO OF + DO % +DsfQ) .

Collecting terms in D,
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2nE;s; —Ds;Q) +2nE;s Q) —DOL QY =4nD;s? + DO,
s (2nEs, — DO, )+, (2nE;s, - DY), ) = (4n’s] + Q5 ) D
1 1= =xy XX 1= =xy 1 Xy 1"

(s?+Q), )(2nE,s, - DY) ) |

T e -
Or
D, =I(2nE,s, - D,Q% ),
2 0
where I'= M (3.84)
(4nzsl2 +ng2) '
Plugging Equation (3.83) in Equation (3.82), yields
_—(sf+9},)(2nDs, +EQ )
b (4n’sf +Q57) '
Or
E, =-T'(2nDs, +EQY), ), (3.85)
~ (sf +Q(X’X)
where T = m

Alternatively, equating the coefficients of coss, in Equation (3.79), yields

—D;s? +2nE;s, = DO, + DO
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= D5 + D), =2nE;s, - DO,

2nE181 - D].Q())/X (3.86)
s +Q)

=D, =

And equating the coefficients of sins,, produces
~Es?-2nDs, =EQ), +EQY,
= E;s] +EQ), =-2nD;s, - EQ,.

~(2nDs, + EQS,) (387)
s7+Q) '

=E =

Examining Equations (3.84) and (3.86), (3.85) and (3.87) and in view of Equation (3.60),
we conclude that

1

r=—_
! sf+Q‘;y

Similarly, equating the coefficients of coss,, sins, , yields the same conclusion.

Thus, in general, the relationships among the constants can be stated as

Xy

D, =T,(2ns E, —Q° D)),
— 0
E, =-T,(2ns; D, + Q) E,),

(3.88)

2 0
where T, = 821:0“02: > ! — ([(=12).
an°s; +Q,° s +Q

Next we determine the values of the frequencies s; and s; as stated in Equation (3.75).
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Now, froms, = Q_Z\/Z, we have
[ 75 15 T
1—3A1+?A2 +351+ZBz+2Mb1—6sz+27ﬂ(ﬂ—1)+6ﬂ(ﬂ—1)p1
5, = % Q| +6u(u—1)p, + (11747 —~111) A +(-1804° +165u) A, + (117 11° —~123) B,
+(~1804° +19541)B, + 66M (12 —1) + 27M, , 1212 -1)
where
_M,(2r,+3) _ M
bl (rc2+-|- 2)3/2 ! b2 (rc2 +T2)5/2’
_ Mb(zrc _1) _ Mb
b3 = /2  T2v32 ' ba = 2 T2\52"
(r"+T°) (r’+T°) (3.89)

Employing Binomial expansion and considering only linear terms in very small quantities,

we have

', 3A 75, 3B 15 27
_7A1+§ +_l+_Bz+Mb1_3sz+?ﬂ(ﬂ_1)+3ﬂ(ﬂ_1)p1

5, = % Q-|+3u(u-1) p2+(117,u2—111,u)%+(—180,u2+165,u)%+(117,u2—123,u)%

H(-1804" +1954) 22 + 33y —D)+ 2 My u(us—1)

Simplifying yields
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|~ =0 -3 5 == Py + = ) T (5490 -904) A

s, =( =
117B, 27
+(u—p’)—= 5 (— 9044 —904")B, —33M s~ 1)——Mb4ﬂ(u 1

or

2—/1(1 ) + (L= p2) p1+/1(1 1) p2+ﬂ(1 ) ——= 7& (ﬂ—ﬂ2)45A2—%

117B, 15B, 33
(= )= (= 7)45B, =4

S =

27
Mpau(1— 1) + 7 M, (1 1)

Or

1

2
{ﬂ(l_ )(27 351 3p, , 117A a5+ 11281 458, + 323Mb3+2747Mb4j_15A2_1582]

2 4 8 8
(3.90)

Or

1
2

3p, 3p, 117A 117B 33M, (2r.-1) 27TM
1- 2 1 ABA T 1 4BB + SR b
u( ;U)( 4 5 5 4 A 4 2 2(rC2+T2)3/2 4(rC2+T2)5/2
15A, 15B,

8 8

S =

Similarly,

N

3A 75 3B, 15 27
-——2+—A+—=2+—B,+M,;-3M,, +— -1)+3 -1
> T3 > T35 o+ #u =)+ 3p(u=1)py

S, = % Q+| H3u(u-1)p, + Q1747 -111u) 2 A +( 1804% +165u) —2 A +(117,u2 —123/1)%

+(-180* +1954) 72 +33Mpu(p—1)+ 77 My, (s —1)
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N |-

27
242 (=1 + 3u(u-D)p, + 3u(u-D)p, + (-6+117 4" ~105,) 2

+(15+ 751 —9042) A, + (6+117 1 —129y)%+ (1054 —904%)B,

N |

27
+2My; —6My, +33M; (1 -1) "‘? Mppe(u—1)

1

1+%ﬂ(ﬂ—1) +u(ﬂ—1)3—;1+ ﬂ(ﬂ—l)s%+ (—6+117 12 _105ﬂ)%+ (15+75ﬂ_90ﬂ2)% 2

+(6+117 47 —129y)%+ (105/1—90y2)%+ M,, —3M,, +3—23 Mba,u(,u—l)+%Mb4,u(,u—l)
(3.91)
Or

3
S, = [1+%,u(,u—l) +,u(,u—1)w+ (—6+1174° —105y)%+ (15+75,u—90,uz)%

B B 33(2r, - 33(2r, -’ M
+(6+117 1% —1290) = + (105 —90 %) =2 +| (2r, +3) - ¢ + c b
( H ) 2 (1054—-904%) 5 [( ) 5 2 (1707

1
27u  274° M 2
- 3I’CZ+ - 2 bz 52 | -
4 4 J(r2+T?)

It could be observed from Equations (3.90) and (3.91) thats, > s, sos, is the frequency of
long periodic orbit whiles,is for short periodic orbit. The frequencies s, and s,are

functions of the mass ratio and all the perturbations. Using Equations (3.90) and (3.91), we

analyze the effects of the perturbations on the frequencies which are presented in Table 3.9.
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Table 3.9: Effects of the perturbations on the frequencies (1=0.03 and T=0.01, r.=0.99)

case q, a, A A, B, B, M, s S,

1 1 1 0 0 0 0 0 0.4431986010 0.8964234490
098 1 0 0 0 0 0 0.4441823949 0.8959363816

2 096 1 0 0 0 0 0 0.4451640147 0.8954490493
094 1 0 0 0 0 0 0.4461434746 0.8949614516
1 097 O 0 0 0 0 0.4446734757 0.8956927486

3 1 095 O 0 0 0 0 0.4456540137 0.8952052837
1 093 0 0 0 0 0 0.4466323991 0.8947175531
1 1 001 O 0 0 0 0.4526994035 0.8837212513
1 1 002 0 0 0 0 0.4620048701 0.8708337958
1 1 003 0 0 0 0 0.4711265753 0.8577527324

4 1 1 0.01 0.005 O 0 0 0.4360340816 0.9076815245
1 1 002 001 O 0 0 0.4288586460 0.9188016652
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1 1 003 0015 O 0 0 0.4216724544 0.9297888201
1 1 0 0 001 O 0 0.4526994035 0.8995350187
1 1 0 0 002 0 0 0.4620048701 0.9026358623
5 1 1 0 0 003 O 0 0.4711265753 0.9057260899
1 1 0 0 0.01 0.005 O 0.4360340816 0.9037896602
1 1 0 0 0.02 0.01 0 0.4288586460 0.9110963176
1 1 0 0 003 0015 O 0.4216724544 0.9183448426
1 1 0 0 0 0 0.01 0.4509309429 0.9039178042
6 1 1 0 0 0 0 0.02 0.4585329111 0.9113505328
1 1 0 0 0 0 0.03 0.4660108860 0.9187231304
099 098 0.01 0.005 001 0.005 0.01 0.4389067658 0.9211169289
7 098 097 002 001 0.02 0.01 0.02 0.4337090094 0.9453963685
097 096 0.03 0.015 0.03 0.015 0.03 0.4281322312 0.9690676913

3.6.2 The nature of periodic orbits

The expansion of the potential Q around the triangular libration points up to second order

of n7,& is expressed as

2
0 0 o, T ~o
Q=0Q +nQX+§Qy+?QXX+

52

2
0+ L Q° a0 1o
2 XX n&xy 2

where

2

né

0
QV)”

0
Qxy +

0
ny +

89

> Q) +(0)3

(3.92)



Q=2 - pp -+ C- A+ CE -2+ G g - (E4 Do,
r, 1
+((rf T (r? +T2)1/2)Mb'
Q) =0 =0,
=2 -y p -2, Bl -si - - D+ Crans -+ e,

M, (2r, 1) | 3M, (i~ 42)
4(rc2 +T2)3/2 (rc2+-|-2)5/2
9 1 3u 3u,  33A 255 454 . 33B 165 45y
==+ (- -(1-— + - - + - + B
C-Lyp-a-Lyp, e EA- 22 a 0 (24 B,

™, (2r,-1)  3M,(3)
4(r02 _I_TZ)S/Z (r.CZ _I_TZ)S/Z’

2 Ly @y 9 By e, 105, 7 Ly
2 o Gt GRRr (G T A+ G- A+ (G )B,
35)Bz+<11 11,U>Mb(2rc - IM,G-4)

+(Oou—-—— — +
Ou-3; 12 (24T (2 1TE)%

These derivatives are given in view of Equation (3.60) the superscript O indicates that,

thepotential Q and its derivatives have been evaluated at any of the libration points

Equation (3.47).

Now, the potential Q satisfies the Jacobi integral 2QQ=C of Section 3.3, that is
n°Q +2n&Y, +E°Q) =C-20). (3.93)
The discriminant of the quadratic part of Equation (3.93) is

0 0
Qxx Qxy

Q0 Q° =0 (ng)Z
Xy yy

N(27,3 .3 17A 1178, 3BM,(2r. 1)  27M,
()23, .3 45 458, + e )
(u ”)(4 PPt Pt At e+ A 4T

>0,
which indicates that the periodic orbits around the triangular libration pointsare
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elliptical. Therefore, eccentricities, inclination and semi major axes of the orbits are used to

determine the shapes, orientation and sizes of the orbits.

3.6.2.10rientation of the elliptical orbit

Equation (3.92) contains a bilinear term 7& which causes the rotation of the principal axes
of the ellipse with respect to the coordinates system 07r<& by an angle g Figure 3.7. This
advices the introduction of a normal reference frame of coordinates system 077& such that

the bilinear term is zero.

v
<S

3
3



Figure 3.7: Orientation of the principal axes

The relations between the normal coordinates (i7,&)and the previous coordinates system

(n,&) are given by

171 =ncos B +E&sin g,

& =—nsin B+£cos f.
Or

n=1cosf—E&sin g,
&=i7sin B+ & cos B. (3.94)

Using Equation (3.94) in Equation (3.92), we obtain the potential function under this

transformation as

Q=w,(77° cos® f+E*sin* B—27& cos Bsin B)+w, (77 sin® B+ &7 cos® B+ 277 cos Bsin )
+w, (7% cos Bsin - E° cos Bsin B +77Z (cos” B—sin” B) ) +w,,

(3.95)

where
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Q° 3 1 3u 3u 27 3 165 75;4
W = "2 = —(—— —_——— —_—
T LR SNV CLa T
+(3 3) (15 75ﬂ) 5Mb(2rc—1)+3Mb(z—,u+,u)
16 2 %t 8(r2+T2)%  2(r+T?)"?
Q, 9 1 3u 1 3u 33A 255 45y 33B,
W: —_—
2= —g T GGkt G A
(165 45ﬂ) 7Mb(2rc—) 3M, (2)
64 %t 8(r? +T?)%  2(r +T?)%*"
3 3 1 1 19 13 125
R R LR Cob LR Co DU CESCOT
W= =3 6 4
B U EROTal: +<E_1lu>Mb(2rc—1) My (=) [
YT\ (24T 2(r2+T2)%
3 3u 21 3u 15
W, =00 =7~ (L= )~ e, + ———)A1 HOg 1A (— B (g + B,
I, 1
+((rc2+-|-2)3/2 +(r02+T2)]/2)Mb
Now, setting the bilinear terms in Equation (3.95) to zero we have,
W, (77 sin 2/8) +w, (7& sin 28) +w; (7€ cos2/3) =0.
Or
(W, —w,)sin2+w, cos2/ =0.
sin2g  w,
cos2B (W, —w,)
20°
tan2p8 = W . —
(Wl - Wz) Qxx _ny (396)

Substituting the values of the partial derivatives in Equation (3.96), we have
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R G- p (T A B,

71 11 114\ M,(2r,-1) _ 3M,(5-
SR ol Lt 1 e
=30+ (2-30)p, ~ ([ +3) A+ (0 + 0 DA,

2 Y W
T E W P L S EL-0 N
2\3 47213 0 e 335 6 11 811 4|v| (2r. 1) EZM G-4)
+(3‘f)81+(5”_32)82+<12_ 6ﬂ>(rC2b+Tcz)3/2+2(rfi'|2'2)52
] s ~1-30p+2-30)p, - C + 3 A + (2 + T,

Applying Binomial expansion and ignoring higher powers in small quantities, we get

3 3u 1 1 19 13 125
Z‘%‘(g‘*%)pﬁ(g—%)pz+(§—T'u)A1+(5ﬂ—3—2)Az
tan2ﬂ=—i/§
3 _+_(Z_13_/U)B+(5 —E)B +<E_llﬂ>Mb(2rc_1) 3Mb(%_zu)
8 4 MR\ T (24T 22 4TY)T
3 45 15
~W-34) Py + (23, = (G +31)A + (L + ) A,
xq14+—
3| , 15 75 154 M, (2r, 1) 3M,(—1—u+u?)
+(——+3u)B, +(—- B, - <
g 3B g B g ey T Ty
4 =13 3u (2 Tu ,, 4 1y , o
=—=3|-——+| ——=+—-3 +(=——+3
3{42(33 ﬂ]p1(33 H) P,
2 5 25u 15u° 2
+(2—4,u+3,u )A1+(_§+T_T)A2 +(—1+2y—3y )Bl
2 _ _ 2 3
L (5 _5u 15u )Bﬁ[g_4_yj|\/|2b(2rc2 312)+3|v|b( ,uz+3/é 522/1) |
4 8 8 3 3 )(rP+T?Y 2(r2 +T2)

%94



tan2p = 4\/_{3 3” (§+%—3y2j (———+3 )p,

+(2-4u+34° )Al+(—— 25—’“‘ 15“ =) A, +(-1+2u-347)B,

(3 _5u 15,u 2_4;1 I\/Ib(ZIrC—l) M, (- +3u” —241°) (3.97)
——)B , t 2 2132 + 2 2\5/2 ' '
48 3 (K +T7) 2(r; +T7)

Thus, Equation (3.97) gives the orientation of the elliptical orbits. Note that the positive
sign refers to the periodic motion around L4 while negative one gives the motion around Ls.
The effects of the perturbations on this angle of rotation when p=0.03, T=0.01 and r.=0.99

are outlined in Table 3.10.

Table 3.10: Effects of the perturbations on the angle of rotation of the principal axis

case d, A A, B, B, M, tan2p Jij

1 1 1 0 0 0 0 0 1.6281 29.2208
098 1 0 0 0 0 0 1.6004 29.0009

2 096 1 0 0 0 0 0 1.5728 28.7754
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094 1 0 0 0 0 0 1.5451 28.5442
1 097 O 0 0 0 0 1.7131 29.8629
3 1 095 0 0 0 0 0 1.7697 30.2653
1 093 0 0 0 0 0 1.8263 30.6486
1 1 001 O 0 0 0 1.6716 29.5555
1 1 002 O 0 0 0 1.7151 29.8776
1 1 003 O 0 0 0 1.7586 30.1877
4 1 1 0.01 0.005 O 0 0 1.6438 29.3430
1 1 002 001 O 0 0 1.6595 29.4634
1 1 0.03 0.015 O 0 0 1.6752 29.5822
1 1 0 0 001 O 0 1.6064 29.0483
1 1 0 0 002 O 0 1.5846 28.8724
5 1 1 0 0 003 O 0 1.5628 28.6930
1 1 0 0 0.01 0005 O 1.6206 29.1615
1 1 0 0 0.02 0.01 0 1.6131 29.1018
1 1 0 0 0.03 0015 O 1.6055 29.0417
1 1 0 0 0 0 0.01 1.6417 29.3271
6 1 1 0 0 0 0 0.02 1.6554 29.4320
1 1 0 0 0 0 0.03 1.6690 29.5357
099 0.98 001 0.005 0.01 0.005 0.01 17071 29.8197
7 0.98 097 002 001 0.02 0.01 0.02 1.7579 30.1828
097 0.96 003 0.015 0.03 0.015 0.03 1.8086 30.5303
3.6.2.2Equations of the ellipses
The quadratic part Equation (3.93) admits the characteristic equation

17— (08, +08) ) T+ Q8,08 (%, ) =o0.
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Utilizing the values of the partial derivatives of Equation (3.92) in Equation(3.98), yields

A?—dA+d, =0, (3.99)

where

105 15,u 45 15,u 3Mb(2rc—1) 3M, r?
d, (3"'(_—3/1)'6& (——)I)A+ (— +3u)B, — ( )2 (rcz+-|-z)3/z +(rcz+-|-2)5/2]’

(uo\(27.3, .3, 17A 1178, BM,(2r,-1)  27M,
d, —(,u—,u )[T*’E p1+5 P, + 4 —45A, + —45B, + 212 LT A1 LTy |

The roots of Equation(3.99) are
= 1

==(d i«fd2—4d :
/11,2 2( 1 1 2) (3100)

Now,

1

Ja? —4d, =(d ~4d, )2
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47 —4d, [(3+(——3y)/\ (105 15“)A2 (— 34)B, - (45 15”)8

2 2
3M,(2r,-1)  3M,r?
+ (r2b+T2)3/2 +(I’2 +'|t22)5/2j _4d2J :

315 135 L 18M,(2r,-1)  18M,r;
9+ (45-18u)A ~ (=~ 45u) A, + (27 +18)B, ~ (=, >+ 45.)B, + T T

_4((/1 ﬂ)£27 3., 3, 1TA o) U078, ,op BM,Qr-D) 27M, J]

+ —+
42 2 4 4 207 +T7) 42 +T7)

—{9—27(y—y2)—6(y—y2)(p1+ p2)+(45—135y+117ﬂ2)Al—(?%—zzswlsoy jAQ

) 135 >0 M, (2r, -1)
+(27-99u+1174 )Bl—(T—135y+180y jBZ+(18—66(y—y ))(rCZbJrT)W
M2 |2
+(18—27(ﬂ—ﬂ2))m} .
35
:{9—27(y—y2)—6(y—y2)(p1+ p2)+9(5—15,u+13,u2)A—9(7—25y+20y2]A2

15 22 M, (2r. -1
+9(3-114+1347)B, —9(7—15u+20ﬂ2j B, +9(2—§(ﬂ—ﬂ2)jﬁ

2 Mbr02 2

:3{1—3(u—y2)—3(u—y2)(p1+ p2)+(5—15y+13ﬂ2)p&—(%—25u+20ﬂ2jA2

3
2)j M, (2r,-1)

15 22
+(3—11,U+13,u2)Bl_(z_15ﬂ+20ﬂ2j82+(2_?('H— 2+

2 Ivlbrc2 2
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3,  , 1 15 13 , 35 25 )
=3{1—§(ﬂ—u )—5(#—,“ )(p,+ p2)+[§—3u+?ﬂ jﬁa (E—?#Jrloﬂ jAz

3 11 13, 15 15 , 11 )M, (2r, -1)
+| ———u+— B—-| ———u+10u° |B,+|1-—(u-
(2 S H Zﬂjl(s 5 H ﬂjz( 3(ﬂ u))(r T

3 M, r?
H1-2 (- ) |—efe L
( p U )j(rfﬂz)f‘/z}

9 5 45 39 105 75
=3——(u—u* + P+ = — i+ — = u+304°
2(# 1)~ (- 1) (py pz)( > K 2#)&(8 4 ﬂjAz
9 33 39 , 45 45 , 0 M, (2, -1)
S22 B - === 4+304° |B, +(3-11(u— p?)) e 2
(2 2 ¥ 2”) ! (8 2 M ”) 2 ( (u ”))(rC2+T2)3/2

9 ) M, r?
+|3—=(u- be
( 2(/1 H )] (T
Therefore, the roots of Equation (3.100) become

(3+(——3 )A - (115—15—“)/%2 (— 38, - (3

45 15,u LM, @r D) 3Me
) 2 (rCZ +T2)3/2 + (rCZ+T2)5/2
15 45 39

3—%(#—#2) (=) P+ p»{——;“;”% (%‘?“30#2)%

9 33 39 , 45 45 , 0 M, (2r. -1)
22 2 2B - 2243047 B, +(3-10(u— 7)) 2.
(2 o H 2#} ) (8 4 u} » ( (u ﬂ))(rCZ+T2)3/2

+

9 M. r?
3= (u—p?) |——be .
( 2(# ﬂ)](rczﬂz)s/z

%(ﬂ—ﬂz)Jf(,U—,UZ)(Pﬁ Pz)+(3—;ﬂ—3—;ﬂ2JA&—(30ﬂ—3Oﬂ )A2+( u—%/f)Bl

M,(2r,-1) 9 N M
_— - _—
(rZ+72%)% 2 a ”)(r§+T2)5/2

o~
Il
N |-

—(30,u —30u2) B, +11(u— 1)
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9 2y, 1 2 39 39, ) 39 39,
=z(ﬂ—# )+§(ﬂ—ﬂ )(p1+ pz)J{T#—Tﬂ ]Al_(15ﬂ—15/1 )Az+(7ﬂ—7ﬂ jBl
M,(2r,-1) 9

—b\"e I\/Ibr(:2
(2+72)%2 4

11
— (15 -1547 ) B, + = (u— 41*) (1T

_2
5 u)

(3.101)

9 51 39 105
G—E(ﬂ_ﬂz)_(ﬂ_ﬂz)(pl"'pz)+(15_?ﬂ+?ﬂszi_(T_4s'u+30'u2JA2
27 39 ,\. (45 2 2\ Ms (2% —1)
+(9—?,u+7lu jBl—(I—15ﬂ+30,U JBZ +(6—11(,U_1U ))(rcz +T2)3/2

9 M, r?
+ 6=Z(y—p?) | —bc
[ 2(/'1 H )j (rCZ +T2)5/2

Rl
r\>||I -

9 1 15 51 39 105 45
=3 (pu—p?)-=(u—-p° )+ == = | A | === 150
4(u u)z(u 1) (P, pz)(z e 4/1}&(8 e ujAz

9 27 39, 45 15 ) 11 )M, (2r, -1)
| =S =2 B | = =2 41542 B, 4| 3= (u— p?) | e
(2 2 X 4/1)1(8 o U ﬂjz ( 2(# ﬂ)j(rczﬂz)s/z

9 M, I (3.102)
e L)

Now, the equations of motion of the infinitesimal mass can be expressed as

ij-2F =17,

E+2=2¢; (3.103)

and the new potential function takes the form
H=0 %zﬁz +%,@52.

So that the periodic solutions Equation (3.76) can be written in the new coordinates as

1 =G, cossit+ H, sinst+G, coss,t+ H,sins,t,

- = _ _ — 3.104
& =G cosst+H,sinst+G,coss,t+H,sins,t. ( )
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As in Section 5.1, we use Equation (3.104) in Equation (3.103) in order to obtain the

relations among the coefficients G, H,,G,,H, (i=12). Hence, from the first and the

second equations of Equation (3.103), we have respectively

and

| (-G,s2cosst—H,s2sinst—G,s2 coss,t —H,s2sins,t) | I G, cosst+H,sinst
| —2(-Gs;sinsit+H;s, cossit —G,s, sins,t + H,s, coss,t) |

+G, coss,t+ H,sins,t

(-G8t cosst— H,s?sinst—G,s? coss,t— H,sZsins;t) | Z G, coss;t+H,sinst
| +2(-G;s; sinst+H;s, cossit —G,s, sins,t + H,s, coss,t) | '

+G, coss,t + H, sins,t

(3.105)

Equating the coefficients of coss,, from the first equation of Equation (3.105), yields

_Glslz - 2|__|151 = 1161

- ~(sf +4)G,
. 2s,
Or
H_1 =-0,G,,
, -
where o, = Gitd)
2s,

Equating the coefficients of sins,, produces
~H,;s?+2Gs, = 4H,

Gl - (812 +I1)H1_
2s,
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A

where o, >
S1

(3.106h)

Alternatively, using the second equation of Equation (3.105) we get the coefficients of

COSS, as

~G,S! +2H,s, = 1,G,

(3.107)
25,

1 1!
s>+ 4,

and the coefficients of sin s, as

~H,s? +2G;s, = LH,

(3.108)
q 2s,

1 2 7
S, +4,

G,.

Observing Equations (3.106b) and (3.107), (3.106a) and (3.108), it is inferred that

In the same manner G, and H, can be obtained, so that, in general the relationships between
the constants are controlled by

1 I 1!

(SE+4) 25 . (3.109)
s s2+ '
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From Equation (3.104) we observe that by choosing suitable initial conditions, the short or
the long periodic terms can be eliminated from the solution. Now, let us assume that the

constants associated to the short periodic terms are zeros, so that Equation (3.104) reduces

nn =G, cosst+H,sinst,
& =G, cosst+H,sinst. (3.110)

If we let 77, and &, be the initial conditions at the initial time t, then Equation (3.110)

produces

G, =&, (3.111)
Using Equation (3.111) in Equation (3.110) yields

R (3.112)
H, =-0,G, =017,

Substituting Equations (3.111) and (3.112) in Equation (3.110), we have

n =1n,coss;t +ésin s;t,
0

& = cosst—o,,sinst. (3.113)

Equation (3.113) signifies a particular solution with only two arbitrary constants, which
cannot be freely selected. Thus, we need to eliminate sine and cosine from the equations of

(3.113).
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Now, to eliminate cosine, multiply the first equation of Equation (3.113) by &, and the
second by -7, then, adding produces
—_ _ = — _ 502 —2 -

7750 ‘):770 - ;"'01770 sinst.

1

(3.114)

To remove sine, we multiply the first equation of Equation (3.113) by o,7, and the second

.

21

, then adding yields

onn, +=—— 5% (0'1770 + ﬁj cossit.
o, o

1 1

(3.115)

Squaring and adding Equations (3.114) and (3.115), we obtain

= =2
(77980 _§770) (0-177770 +%J (0_1770 +§J .
0 0

(775_0 )2 N 2779?7709?0 + (Eﬁo )2 + (‘7177770) + 277770550 [55 j [0-17702 + QJ -

() (@) oy o[ ) <[omr 5]

1 1

— N2
(= _ — [ olni+ &L 0'27702‘*'6&02
772(55+fo75)+§2( 177;2 R ).

2
1 O

£2 2-2 | 72
2 5_:01770 +&,

n°+
T
0-12772_ + & =1
oifly +&0 (ot +&)
i S

50 (0127702 "'é?oz)

l

770
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. (3.116)
where a’ =17,? +(’Z—‘; and b?=o’7,>+ &2
1

Equation (3.116) is the equation of the elliptical orbits of the long periodic orbit, a; its
length of the semi-major axis and bjthe semi-minor axis. Therefore, its eccentricity

eiisgiven by

In the same manner, the constants associated with the long periodic terms can be set to zero

in Equation (3.104), in order to obtain the eccentricity of the short periodic orbit e,.

In summary, the eccentricities of the long periodic orbit e; and the short periodic orbit e;

are

(3.117)

where

_(sf+A) 28
O %5 saz (7R

We will determine the eccentricities, semi-major and semi-minor axes of the long and short

periodic orbits:
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Eccentricity of the ellipses

In view of Equation (3.117), the eccentricities of the long and short periodic orbits are

given correspondingly as

& =,/(1-07) (3.118)

where

Here, s,,s,and 1, are specified in Equations (3.90), (3.91) and (3.102) respectively:

The eccentricity of the long period orbit is obtained using Equation (3.118) when i =1. That

is
4s 1
ol = L =4s7x —
(si +/12)2 (s? Jr/lz)2 (3.119)
Now,
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20, 3t pe) ITA  ypp (A1TB ypg 33y (2T MMJ—%—@}

32+_= 1— + 4+ =
A, |:/u( ﬂ)(4 2 4 4 25 9 b3y 8 8
9 27 39, 9 1 15 51 39 , 105 45 ,
+ -2 B, +|3-= — (- +p,)+ + = = u+15
[2 LM ) { (ﬂ ﬂ)z(# 1) (py pz)( — 4#j'°&(8 5 H #JAQ

45 15 2 11 | M, (2r, 1) ( 9 2] M,r?
— == p+1547 B, +| 3= (u— ) | | 3= (u - 1) |55 |-
(8 2/ ”j 2 ( 2(” ”)j(rznz)?’/z 4(“ ) (r2+T72)%?

.9 15 33 39 45 9 45 39
S+ 2 =8 (=) (- )(|01+P2)+( ﬂ——uzjﬁ—[15+7u—30ﬂ jAer( +?,U—?u2j81

2 17
15 75 39 11 My @r-1) 27 ( 9 2) M, 12
—| —+—u—-30u" |B,+ - —M,,+| 3- <
(2 p 1 ”) (2 2 W ”)j(r LTy g e ZHH )(r TR

512+Zz=3[1+§(ﬂ—ﬂ2)+;( )(|c>1+|o2)+(2 ~u %usz—(S%u—lOM}&

3 15 13 , 5 25 , 3 11 M, (2r,~1) 9
Sy B - =+ = u-10 — = (u— +=M,
(2 2 M 2”)1(2 oy 1 “j ( g W )j(r T2 g

2 M, r?
+1-Z(y—u?) | ——be
( 4(ﬂ H )j (rcz +-1-2)5/2}

Taking reciprocal of both sides and utilizing Binomial expansion, we get

1 1 3 1 5 11 13 15
m25{1_5(#_N2)_§(ﬂ_ﬂ2)(p1+pz)_(EJfEﬂ_?ﬂzjA1+(5+?,u—10,u2jAZ

3,15, 13 5 25 ) 13 11, L, \M,(2r.-1) 9
s B+ 2422 4-1042 |B, - -2 (u— ) MwlEl =D Iy
(2 24 2”) (2 2 /"j ’ (2 6~ ”)j(rjnzf/2 40

3 ) M, r?
_(1_Z(ﬂ_ﬂ )j—(rcz +-I-z)s/z }

Squaring both sides and applying Binomial expansion, yield

(52 jﬂ—?)Z :%1_3(#_#2)_2(#_ﬂ2)(p1+ pz)_(5+11ﬂ—131uz)A1

+(10+151 - 2047 ) A, —(3+151~1347 ) B, +(5+ 251 2047 ) B,
11 M, (2r,-1) 9 3 M, 12
_(13_3(/“_#2)}M__Mb4_[2_5(/“_/'12)} T3

(r2+T?)% 2 (r2 +T2)%2

(3.120)
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Using Equation (3.120) in Equation (3.119), gives

27 3(p,+p,) 1L7TA 117B 33 27 15A, 158
P=4 u(l-p)| —+ =2 —45A, + L_45B,+ =M, ,+—M,, |-—2-—"=2
%1 {”( ”)( 4 2 4 At—y A S B T

. 1—3(u—y2)—§(y—y2)(pl+ p,)—(5+11u—134° ) A +(10+154—204% ) A —(3+154—134 ) B,
=

9 2 11 M (2r,-1) 9 3 2 |\/|br'c2
+(5+251—20u )BZ—(13—§(,U—,U )jm—zl\ﬂm— Z—E(ﬂ—# ) (T

. [Iu(l—,u)(27+6( b, + p,) +117A —180A, +117B, —180B, + 66M, +27|\/|b4)——152AZ ——15282}

. 1—3(y—y2)—§(y—y2)(pl+ p,)—(5+111-134% ) A +(10+154 204" ) A, - (3+15-134/° ) B,
=

9 ) 11 A \M,2r.-1) 9 3 ) M, r?
+(5+25u—20u )Bz—(13—§(,u—,u )jm_iwl“_ 2—5(/4—/1) (21T

Open out and considering only linear terms in small quantities, produces

o7 :%{27<ﬂ—4ﬂ2)+(6ﬂ_42”2)(p1+ pz)‘(18”+630”2)pﬁ+( 2

+(36,u—792,u2)Bl+(—%—ﬁy+%,uzj82 +(—@y—@y2]Mb4

2, 15,

2 2 2 2

A M, (2r, -1) 189 5\ M,
+( 2854 +1864 )W+ —SAp+=— ) T |

c

Or

2 14 5 25 185
o :3(ﬂ—4ﬂ2)+(—ﬂ_—ﬂ2j(p1+ pz)—(2ﬂ+70ﬂ2)/\+(—5+—/¢+—uzj%

373 2 17
5 5 275 21 51
+(4—-8842)B 4| -2 -2 4+ Z2 2 B 4 24222 M
(4 ﬂ)l((szﬂ Zﬂjz(zﬂzﬂjm
95 62 ,\M,(2r,-1) 21,0\ M,r?
b — = — e | B+ = e |
( 3/ 3ﬂj(rf+T2)3/2 A ) [Ty

(3.121)

Substituting Equation (3.121) in Equation (3.118) when i =1, turns out
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5 25 185 2
#zj(pﬁ p,)—(2u+ 704 )A+(——+7#+—u2j%

4
3 2

5 5 275 21 51
el: 1- +(4ﬂ—88ﬂ2)Bl+(—6—§ﬂ+7ﬂ2j82+(—?,U—?IU2]M,J4

95 62 ,\M,(2r. -1) ( 21 zj M, I?
| —— U+ — U | | U+ — U |
] ( 3 H H )(rCZ'FTZ)S/Z H (rc2 +T2)5/2
Using binomial expansion and retaining only linear terms of very small parameters, yield

(3y—12y2)+(§ﬂ__

the eccentricity of the long period orbits of the ellipse as

5 25 185
—+—u+

e =1- (2# 6#) @u—guzj(pﬁpz)+(ﬂ+35u2)ﬂa [ T Tuszz

5 5 275 21 51
—(2u—444")B, - (————ﬂ 2j32—(——ﬂ——ﬂ2j'\/l

12 47 4 4" 4
(5 S MY (g ) M
Oor 6 3 +T )3/2 (r 4T )5/2
3 17 5 25 185
g =1- 6 ——ut + )+ +350° A —| ——=+—pu+—u°
) (zﬂ ﬂj (3/4 3ﬂj(p1 p,)+(u+354%) A ( TR 4ﬂ)Az
5 5 275 95 31 ,\M,(2r.-1)
2u—841° B, —| —— -+ == 17 B, | = - R |
(2u-444) [ 12 44" ”J 2 (6” J(rf+T2)3/2
(21+12r)u  (B1-21r2) i’ M,
+ + ,
4 4 (r?+T?)%
(3.122)

In a similar manner the eccentricity of the short period orbit is obtained by using Equation

(3.118) when i=2. That is

e =(1-o%) (3.123)
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with

(3.124)

Now, from Equations (3.91) and (3.102), we have

1+%u(,u—1)+(—6+117,u2 —105u)%+(15+75y—90,u2)%+(6 +117 47 —129;;)%
S+ = B 33 27
+(105u _90,"2)?2"' My, —3M, + o Myspe(p 1) +T My, (s —1)

9 15 51 39 105 45 9 27 39
3—(u— )+ ===pu+=—p’ |A-| ——— u+154° | =——pu+—u* |B
4(/1 ,u)(z 4/1 4/1):0&(8 2” ,ujA2 [2 4,u 4;{)1

45 15 11 9
—(§—3ﬂ+15y2j82 +(3—5(/¢—u2)j'\ﬂbs +(3_Z(ﬂ_ﬂ2)ij2

s2+ 7, =4—9(#—/12)+(6—39,L1+39/12)A1+[—%+60ﬂ+60y2]&+(6—39,u+39,t12)Bl

45 9 27
—(3—60ﬂ+60u2j B, + Mm—z(#—uz)sz +(3-22(u— 4*)) My, = (=M,

- 4{1—%(;{—#2)4—%(6—39y+39,u2)A1+%(—%+60,u+60,u2jA2 +%(6—39y+39,u2)81

1(45 O 1 9 ) 1 ) 27 )
—Z(§—60ﬂ+60ﬂ szJFZMm_E(ﬂ_,U )Mb2+Z(3_22(/J_,u ))Mbs_E(ﬂ_ﬂ )MM}-

Squaring and take reciprocal gives

-2

1—%(#—#2)+%(6—39y+39y2)Aﬁ—%(—%—i—GO,LH—GO,uZJAZ

1(45

~ 1 , ) 1 9 ,
— == +Z(6—39y+39y )Bl—z(?—60y+60y sz+ZMm—E(y—ﬂ )My,

1 27
+5(8-22(u =4 Moy = T2 (= I,
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) 1+%(/.t—,u2)—%(6—39,u+39,u2)A—%(—%-&-GO#—I—&)#ZJAZ—%(6—39#—1—39#2)51

16 45 19 1 27
+5(§—60ﬂ+60# J > Mb1+§(ﬂ_ﬂ2)Mb2_5(3_22(/1_,”2))'\/'%+E(/J_,UZ)Mb4

(3.125)

Making use of Equation (3.125) in Equation (3.124), produces

1+2—,u(,u —1) + (-6 +117 47 105y)A1+(15+75ﬂ 90,u)A2+(6+117,u2—129u)%

33 27
+(105/J_90ﬂ2)72+Mb1_3sz+?Mb3/J(/u_1)+IMb4lu(,u_1)
9 a1 - 1( 45 zj 1 )
1+ 2 (= p?)~=(6-39+3942) A —=[ 22+ 60 + 60 —=(6-39+394%)B
. 2(# /1)2( 1+391° ) A 2(8 % quz( p+394°) B,

16 45 1 9 1 27 '
+§(§—60ﬂ+60u j 5Mm+§(ﬂ—ﬂ2)'\/|bz——(3—22(u—u2))Mb3+§(u—u2)l\/lb4

1+27,u(,u —1) + (-6 +117 1> —105.) Al+(15+75,u 0u )A2 +(6+117,uz—129y)5

1
T4 B, 33 27
+ (1054 —-90u )_"' Mb1_3Mb2+?Mb3ﬂ(ﬂ_1)+IMb4ﬂ(ﬂ_1)

9 39 39 45 39 39
1+ 2 (- 322 2 A —| =22 1300 +3022 3-22 4222 |B
2(,u ,u)( 2,u Zﬂin(l )i ,ujAz( Zﬂ Zﬂjl

45 1 9 3 27
+[E—30ﬂ+30/12)32 - Mb1+§(ﬂ—ﬂ2)'\/|bz—[E—ll(u—ﬂz)j'\/'m+§(ﬂ—ﬂ2)'\/|b4

Expanding and consider only linear terms in small quantities, yield to
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9 225 9 27 507 165 3585 2805
IS == 4| -+ - A+ —+ =+ ——
s 8”(2 s 2“%(16 64 " 4 JAZ

—_— —_— +_ —_——
16 64 64 2 g g
9 153 , 3 37 1225 1593
+ Bt — i M, +| =+ - - /’M
( g " 32”)”(2 s 8 jbs 3p M Vb

1.9, 25, (9 21 507 .\, (165 3585 2805 ),
4 167 324 s 1Y g~ 64 256~ 16 "

+(_§+i _ﬂ ZJB +(E+% +@ ZJB +(E+§ _g 2)
8 16" 2 M )T s 256" T2se X )Tt 8 32 32"

3 99 153 , 3 37 1225 1593
b S+ == M, 4| e+ — - 0 (M, - — "M,
(4 32" 128”) b2 ( g 32" 32”} b pg A
(3.126)

Plugging Equation (3.126) in Equation (3.123), produces

8 16 8

e, =|1- +(—§+ﬂ _Hr ZJB +(£+% +—28335 ZJB +(1+63 63
2 8 16" 2 M )T 6 256" 256 M)

3 99 153 , 3 37 1225 1593
=S ur T M, | o e = R My, - 1PM,
( 4 32" 128ﬂj b2 (8 2" 3 ”] b T og M e

L9 @5, (9 21 ST ). (165 385 2805 ),
4 16" 2" H H 64 256 " 16
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Bl
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# jA& (64 256 *
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225

9 165 3585
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832
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3 57 147 ,
8 16 2
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+
32 64 256 "
1 6
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Applying Binomial expansion and consider only linear terms in small quantities, yield the

2

1+§
8

eccentricity of the short period orbit as
a2y A 1B

o+ (Pt D)+ S
16" |12 L T
_/’l__

15 75 9445 1
2| - EanclrRr
”)1( #J2(1216 16

32 128" " 128
531
ﬂszba"' 64 H Mb4}

f
1 19

3

=22 449
8 H

169 ,
2 M ]Al
21 21

e, =

1 33

o3

2 16
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1 37 1225

i
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+
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Yo {22 2 (2 2

3|, 3 75, (u 134°
€ =—1+-—pu+—pu" +| —+ —+—
2= 18 1 127 6 4 33 128" 8
1 19 15 75 9445 2r +3) (98r. —73)u
+| === pu+49u° |B —| =+ —pu+——y’ |B,—| L
[4 g ”)1(32 128" 128”)2( 6 24
(1285r, 5212 M, 2 332y (531-510)°) M,
- 2 2 3/2+ -t + 2 2352 [
24 (2 +T7) 2 16 64 (2 +T2)

(3.127)

Using Equations (3.122) and (3.127) we examine the effects of the perturbations on the

eccentricities of the elliptic orbits which are presented in Table 3.11

Table 3.11: Effects of the perturbations on the eccentricities (u=0.03,T=0.01, r.=0.99)

case q, a, A A, B, B, M, ¢ e,

1 1 1 0 0 0 0 0 0.9604000000 0.8794217342
098 1 0 0 0 0 0 0.9602420000 0.8794988105

2 096 1 0 0 0 0 0 0.9600840000 0.8795758867
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094 1 0 0 0 0 0 0.9599260000 0.8796529630
1 097 0 0 0 0 0 0.9601630000 0.8795373486
3 1 095 0 0 0 0 0 0.9600050000 0.8796144249
1 093 0 0 0 0 0 0.9598470000 0.8796915011
1 1 001 O 0 0 0 0.9610150000 0.8859539473
1 1 002 0 0 0 0 0.9616300000 0.8924861604
1 1 003 0 0 0 0 0.9622450000 0.8990183735
4 1 1 0.01 0.005 O 0 0 0.9619527083 0.8770688199
1 1 002 001 O 0 0 0.9635054166 0.8747159055
1 1 0.03 0.015 O 0 0 0.9650581250 0.8723629912
1 1 0 0 001 O 0 0.9601960000 0.8813516718
1 1 0 0 002 0 0 0.9599920000 0.8832816094
5 1 1 0 0 003 O 0 0.9597880000 0.8852115470
1 1 0 0 001 0005 O 0.9621574583 0.8789582448
1 1 0 0 0.02 0.01 0 0.9639149166 0.8784947555
1 1 0 0 003 0015 O 0.9656723750 0.8780312661
1 1 0 0 0 0 0.01 0.9677578486 0.8776093784
6 1 1 0 0 0 0 0.02 0.9751156973 0.8757970226
1 1 0 0 0 0 0.03 0.9824735460 0.8739846668
099 098 0.01 0.005 0.01 0.005 0.01 0.9706730153 0.8749856654
7 098 097 002 001 0.02 0.01 0.02 0.9810250306 0.8705110584
097 096 0.03 0.015 0.03 0.015 0.03 0.9913770460 0.8660364514

In view of Equation (3.116), the lengths of the semi-major axes a; and the semi-minor axes

b, of the long and short period orbits are determined correspondingly from the following

expressions:
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a = /ng+§_(>22, b =4/77§ai2+§02 (i=12). (3.128)
G;

Here, n7,, &, are the coordinates of the triangular libration points taken as the initial

conditions; o, , o, are specified in Equations (3.121) and (3.126) respectively.

Now, the coordinates of the triangular points Equation (3.47) are

770:3|:1_2lu_2p1+2p2 +A1—5A2 —Bl+582:|,

2 3 3 4 4
_,V3(,_2Ap+p) A 5A B 5B, 4M,(2,-1)
fo—i 1 + + 2 232 |

2 9 3 12 3 12 9Z+TH¥

and squaring yields to

4 3 3 2 8 2 8

£ - §_M_ﬁ+%_i+582_ZM;(zrcz_slz) , (3.129)
4 3 2 8 2 8 3(r’+T1%?

n :{l_ﬂwz _(@-2u)p (1=2u)p, (1-2u)A (1-24)5A, (1-2u4)B, 5(1-2;,)32}

From Equation (3.121), we have
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+
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1
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5. 155, L
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3;1[62 ”jz ﬂ(
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62

ry 3
M, (2r, — (
(r?+T )3/2

3 J( 1+p2)__ﬂ
7
u\ 6 2

B, +—
3
M(2r 1)

5 5

62

+
3/1

25

185

1+4y—[§—14ﬂ

_(4 88

_(_

Jn+ p2>+(§+7—:u]Al—( ﬂJAz

jB ( ,UJBZ_(
95 62 \M,(2r.—1) 21 j
=4 S ey

— g |—=c Z_| 24"
9 9 ﬂj (rcz +T2)3/2 ( 6 X

6 6

3 3

So that
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4 3 2 8 2 8 3(r+TH)*”
1 4 (2 14 2 70 5 25 185 4 88
— o oo (P R+ —+—— |AT AT A-l——5 B
3u 3 \27u 27 9u 9 54,° 18u 18 9u 9
5 5 275 7 17 95 62 \M,(2r.-1) (2 7) Myr? |
oz e~ Bot| =t — IMuut| o= o —ae T 2 R |7z vz
54,° 18y 18 6u 6 27u 27 )(2+T3H¥ \3u 6 )(r2+T?)Y

1 (1 1 31A 5 5 55 1 20
=1+ ———| —+= = == -—+= B
i (u+18j(pl+p2)+ 6 {72;12 6. 8JA2+£ i jl

5 5 85 29 47 \M,(2r,-1) 7 51 1 7 |\/|bl’2
+ el | I P e R Y My +| ——5 |73 P 5/2 "
724° 12u 8 124 18 J(r?+T%)% (8u 64 i 8)(r2+T2)Y

gzxiz[g (pl+p2) ﬁ+%_i+582_2Mb(2rc_l)]

and
Lo 02200 (-2u)p, (1-2u)A 5(A-2u)A,
(772+ 2(7_2): 4 3 3 2 3
0 76001 _(1_2ﬂ)51+5(1—2,u)82
2 8
1 (1 1 31A (5 5 55 1 20
14— | =y 31A 5 55 120,
+4,u (6ﬂ+18j(p1+p2)+ 5 +£72,u2 61 8)A2+( 21u+3j )
_l_

5 5 85 29 47 \M,(2r,-1) (7 51 1 7) M2 |
Hoomt o Bt o e ot a T oy Mot | =2 e e
|\ 724 124 8 124 18 )(r’+T%)¥ \8u 64 o 8)(r2+T%)%

29 47 \M,(2r,-1) (7 51 1 7)) M,r?
Ho ot mrar e ey (Mot =5 |77 o
124 18 )(r2+T?) 8u 64 uo8)(ri+T7)

Thus, the length of the semi-major axis of the long periodic orbita, = 7 + &20;2

becomes
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a =|+ —E+5—ﬂ—i+ 52 A+ 3—7+i+,u B, + —10—5—’u+i+ 52 B,
4 6 2u 4 12u 12u

29 47 \M,(2r.-1) (7 51 1 7) M
Heo— e =nme gty (Met| =5 7z e
| \12u 18)(r2+T?) 8u 64 u 8)(rr+T?)

[ 1 , (7 2u 1 5 2u 1 (17 j 2
— Ut =t ——— || = P t| ——
au 1T (18 3 ayjpl {18 3 6,ujp2 3 7 4)A
:ﬁ 1+i + —E+5—’u—i+ 52 A + 3—7+i+y B, + —10—5—ﬂ+i+ > > | B,
2|5 2 4 6u T2u 6 2u 4 12u T2u
29 47 \M,(2r,-1) (7 51 1 7)) Mr?
+ T 1a | (2 C2 E Y Moy +| =% 2—;52
12u 18 )(r’+T%)¥ \8u 64 u 8)(r2+T%Y
I u 1 5 2u 1 (17 j
— | ——+ = —_—— —-
au 1Y ( 18" 3 6 j : (18 3 o)A
_¥5)1,2 (15 5u 5 5 ), (8.1, g.[ 454,58, 5 g
2 ) 2 4 6u 12u 6 2 1204 72u
29 47 \M,(2r.-1) (7 51 1 7) M2
+ e rrw T gt (Mt | =2 |7 e
I 124 18 )(r2+T%)¥ (8u 64 u 8)(r2+T%)¥

B, 12 2 7 4u 1 1 4u 1 34 2
& =—| I+ ———ut -+ B P+ SE pz"{———ﬂjAl
2 10u 5 5 45 15 15u 9 15 15u 15 5
-+ —3+£—i+ 12 A+ 3_7+i+2ﬂ B, + —4—£+i+i2 B,
2 3u 36u 15 5u 5 2 6u 36u

20 47 \M,(2r,-1) (7 51 2 7)) M,
Han, e Ttz T s (Mot =50 [T e |
30u 45)(r2+T%)% |20 185 5u 20 )(r7+T2)

Or
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g%y, 1 2,2, (7 Au 13, (1 4u 1)) {ﬁ_zﬂ%
2 104 5 5 45 15 15u 9 15 15u 15 5

+
2 3u 36y 15 54 5 2 6u 36u
29 47 \M,(2r,-1) (7+8r7 204-259r] M,
+ + +
30u 45 (P +TH)¥? | 20u 740 (r2+T?)%?

(3.130)

To obtain the semi-minor axis b, =27 + & of the long periodic orbit, we first compute

the following terms

ngaf:{g_ﬂwz_(l—%) . (1-24) p2+(1—2u)ﬁa (1—2u)5Az (1—2u)31+5(1—2u)'32}
4 3 3 2 8
2u 144° 5 25 185
(3u—12ﬂ2)+£?ﬂ—7ﬂj(pﬁpz) (2u+702°) A ( St HT )A2+(4u—88u2)81
5 5 215, 21 51, 95 62 M, (2r, -1)
By P it B o M, - —b\%c -/
X+[6 217 2”j2+( 2" zﬂj { 3 )(HT)”

21 M, r?
Bu+— 1> |—bc
( g ”)j« LT

» 2 3u , [ -5u 2547 Tu 474° 491/°
=——-06u +| —+——|p,+| —— +| u—-
17,0 4 M 6 6 P 5 5 p, +| u > A

N _i 25u 1085,u A+ —ﬁ—17,u2 B+ 5 25,u 5957 B,
24 12 12 2 24 12 24

2 2 _ 2 2
J{_Qﬁsﬂ ij4+(_95lu+221,u JMb(Zrc 1)+[_£_15,u j M, 1,

8 8 12 6 ) (r2+T?)% 8 (r2+T2%)¥%’

and
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2 2. g2 2.2 |3 (p,+p,) A S5A, B 5B, 2M,(2r. -]
M,0; +So =1,07 + {2_%_? 8 _?1+ 82_3(I’02+T2)3/2 '

3u , (1 5u 254° 1 7,u 47 1? 1 49,/°
—“/_6 - =+ = | Z=
g N (3 6 6 )" (3 6 6 )22 2 A

2
NED ﬂ 1085;1 A [1 17, )Bl 5 25 594" )
12 2 2 12° 12 24

21,u 33,u 2 95/1 221,u Mb(ZI’C—l) Y7, 15/12 l\/I,OI’C2
b4+ o B 2 2152
8 (r2+T%)

3
—+
4

3 12 6 )(rF+TY)F 4

Hence, the length of the semi-minor axis of the long periodic orbit is
3 3 1 5u 25 1 Tu 474° 1 49,°
SEETRRNEUE I A AP T

4 4 3 6 6 3 6 6 2 2
2 2
+ £+25—’u+1085'u A - [1 'u+17y )B 5+25’u+595’u B, + —Zﬂ+—33ﬂ My,
12 12 12 2 2 12 12 24 8 8
1
2 95u 2217 \M, (2r, -1) u 1547 M.rP 2
A B + 2 12y2 | o 2, T2\52 | °
3 12 6 (ro+T7) 8 (re+T9)
NG 4 |3u » (1 Bu 254 1 7u 474° 1 49,/°
=—|1+———6u" —| =+————|p—| = ——+ + ==+ pu—
23{4”366'0136 6 Pt Tt A
2
N 5+25ﬂ 1085,u Az—(1+ﬁ+17,u jB+ 5 25# 5954 B, + _&JrSS,u M.,
12 12 12 2 2 12 12 24 8 8
1
2 95u 22117 \M, (2r.-1) u 1547 ) M,r? 2
A + 2 2 3/2+ o 2 215/2 '
3 12 6 ) +T7) 8 4 )(r’+T9)
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(g_ 954 2214 ij(zrc—1)+( L 15/12] M, 12 H
5 .
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+ £+25—‘u+—1085‘u A - l+ﬁ+34ﬂ B, + £+25_y+_595,u B, + _7_,u+11y My,
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4 95u 221u° M, (2r,-1) M 5,u2 M, r?
S + 2 3/2+ 2 2\52 |
9 27 9 )(r’+T?) 1 2 )(rr+T79)

r\)

Or

{3 2 54 25 2 Tu 4712 1 24 4942
=1 Jou 2 (2 Tu ATy (1 2u A9,

9 9 9
2 2 2
+(£+25—ﬂ+—1085ﬂ ]Az—(l+ﬁ+34ﬂ jBl+(£+25—’u+595ﬂ sz

18 18 18 3 3 3 18 18 36

~ f+95,u_221,uz M,(2r,-1) (21+rc)y+(11—10rc)y2 M, .
9 27 9 (rc2+T2)3/2 12 4 (rcz +T2)5/2

(3.131)

1
In a similar manner, we obtained the lengths of the semi-major axis a, =(x; + y§o-2’2)2 and

semi-minor axis b, =/nc? +&2 of the short periodic orbit as
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27 9 26 52 (39 39 13 13 26 26

2
_(465+10315 32535 ZJAZ+(4 1854 33034 jBl—(SS 395 80505 2]82

104 416 © 104 “ 13 26 26 104 4167 104 “

+(4rc +38 (1741, +102)u  (2422r, ~12867)° j M,
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_\/ﬁ{l+23,u+683y _[11 54 3u j 1_(5 LB 3;¢J 2+[24 103y  2817u JA*

39 13 52 (r2+T?%)%
18r?  297ru (4779 -459r) 1 M,
+ + + 2 215/2
13 52 208 (r’+T?)

(3.132)

and

2 _ 2 _ 2
b2:J1_3{1_25ﬂ_121y { 10 61y 4lu jpﬁ( 2 37u ssyj 2

4 104 208 | 39 156 52 13 156 52

2 2 2
L[ 21 5u 1383y A+ 285 1254 11554 A+ 23 1154 1239y B,
52 8 104 416 128 52 52 104 104

245 1175u 18754° 73 85u 1421u% \M,(2r,-1)
+ - + B, +| ——+ - 572
416 1664 128 156 208 208 )(r’+T?)
o 3’ 3y . (1353r” —1593) /* M,
26 208 832 (r2+T?)%
(3.133)

respectively. Using Equations (3.130)-(3.133) we investigate the effects of the various
perturbations on the semi axes of the long and short periodic orbits and are presented in

Tables 3.12 and 3.13 correspondingly.
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Table 3.12: Effects of the perturbations on the semi axes of the long periodic

case d, A B, M, & b
1 1 0 0 0 0 0 4.8318000356 0.8758980933
1 0 0 0 0 0 4.7857668495 0.8718037177
2 1 0 0 0 0 0 4.7397336634 0.8677093420
1 0 0 0 0 0 4.6937004773 0.8636149664
097 0 0 0 0 0 4.7607228881 0.8706086988
3 095 0 0 0 0 0 4.7133381232 0.8670824359
093 0 0 0 0 0 4.6659533582 0.8635561729
1 001 O 0 0 0 4.8570079752 0.8730572413
1 002 O 0 0 0 4.8822159149 0.8702163893
1 0.03 0 0 0 4.9074238546 0.8673755373
4 1 0.01 0 0 0 4.9507444280 0.8746753857
1 0.02 0 0 0 5.0696888203 0.8734526782
1 0.03 0 0 0 5.1886332127 0.8722299706
1 0 0 001 O 0 5.2789860253 0.8728364049
1 0 0 002 O 0 5.7261720150 0.8697747164
5 1 0 0 0.03 0 6.1733580047 0.8667130279
1 0 0 0.01 0 5.4601341020 0.8742840505
1 0 0 0.02 0 6.0884681685 0.8726700077
1 0 0 0.03 0 6.7168022350 0.8710559649
1 0 0 0 0.01 5.3793997766 0.8707785846
6 1 0 0 0 0.02 5.9269995176 0.8656590759
1 0 0 0 0.03 6.4745992586 0.8605395671
099 0.98 0.01 0.005 0.01 0.01 6.0095679019 0.8585580640



7

0.98 097 0.02 0.01

0.02

0.97 096 0.03 0.015 0.03

0.02

7.211028150

0.8429811663

0.03 8.4124883994 0.8274042685

Table 3.13: Effects of the perturbations on the semi axes of the short periodic orbit.

case d, A B, M, a, b,
1 1 0 0 0 0 0 1.8719294178 0.8944154974
1 0 0 0 0 0 1.8616287276 0.8900172680
2 1 0 0 0 0 0 1.8513280374 0.8856190385
1 0 0 0 0 0 1.8410273472 0.8812208091
097 O 0 0 0 0 1.8644660653 0.8900230519
3 095 O 0 0 0 0 1.8594904970 0.8870947549
093 0 0 0 0 0 1.8545149287 0.8841664578
1 001 O 0 0 0 1.9048268143 0.8908364070
1 002 0 0 0 0 1.9377242108 0.8872573167
1 003 0 0 0 0 1.9706216073 0.8836782263
4 1 0.01 0 0 0 1.8603571063 0.8941462283
1 0.02 0 0 0 1.8487847948 0.8938769593
1 0.03 0 0 0 1.8372124833 0.8936076903
1 0 0 001 O 0 1.8756893837 0.8906309599
1 0 0 002 0 0 1.8794493497 0.8868464225
5 1 0 0 0.03 0 1.8832093156 0.8830618851
1 0 0 0.01 0 1.8617857366 0.8934401792
1 0 0 0.02 0 1.8516420555 0.8924648611
1 0 0 0.03 0 1.8414983743 0.8914895429
1 0 0 0 0.01 1.9060494140 0.8891331907
6 1 0 0 0 0.02 1.9401694102 0.8838508841
1 0 0 0 0.03 1.9742894065 0.8785685775
0.99 098 0.01 0.005 0.01 0.01 1.8665693787 0.8790979286



7 098 097 002 001 002 0.01 0.02 1.8636971238 0.8652445084
097 09 0.03 0.015 003 0.015 0.03 1.8608248688 0.8513910882
CHAPTER FOUR

4.0 TRIAXIALITY AND RADIATION OF THE PRIMARIES WITH
POTENTIAL FROM A BELT

4.1 Introduction

The present Chapter is devoted to the study of libration points and their behaviours under
the combined effect of radiation and triaxiality of the primaries together with gravitational
potential from the belt within the framework of the restricted three-body problem. The
equations that govern the motion of the infinitesimal body, in the gravitational field of
radiating-triaxial primaries; together with the influence of gravitational potential from the
belt in the restricted three-body problem will be derived. The positions of the libration

points will be identified, and their linear stability discussed.

4.2 Derivation of Equations of Motion

4.2.1 Mathematical formulations of the problem

Using the same set of axes and notations as in Section 3.2, we desire to find the equations
of motion of m under the resultant influence of radiation and triaxiality of the primaries and
a circumbinary belt centered at the origin of the rotating coordinate system oxyz as

illustrated in Figure 3.1.

4.2.2 Energy of the infinitesimal mass
Proceeding as in chapter three, the kinetic energy (K.E) of the infinitesimal body m in the

barycentric coordinate system oxyz is
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K=%m()'<2+y2)+mn(xy—)'<y)+%mn2(x2+y2); (4.1)

and its total potential energy under the combined influence of the radiation and triaxiality of

the primaries and the circumbinary belt, is given with respect to Section 1.7 as

m 1 m 1 M

V =-Gm Lt (L + L, +1,=-31) [+q,| Z2+=—(1+1;+1;=-31") |+ b
ql(ﬁ 2I’13( AL PR )) %(rz 2r23( 1T+l )] (r2+T2)1/2
4.2)

with
2 :(x—x1)2+y2, r? =(x—x2)2+y2,
where 1, 1,,1, and 1], I,,1; are the principal moments of inertia of m, and m, about their

centre of mass respectively, | is the moment of inertia of the vector from m, to mand

I'" is the moment of inertia of the vector from m, to m.

4.2.3 Equations of motion in dimensional variables

By defining the Lagrangian L =K -V here, and proceeding as inSection 3.2.4, we obtain

the equations of motion of m in dimensional form as

x-zny=—%, (4.3)

oY
J+2n% = ———, 4.4
y+ 5 (4.4)
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where

GRS (P L S IV TS ) I L S T T 11 +L]/2
OX OX L2 r, 2, (r2+T2)
—mn°x,
ml(x_xi) o1
SR RSt TP Sy Y (R (R 1
o MO 2 -3
——Gm ex) o 1 " —mn®x,
m,(X— ' ’ ' ’ X
g, | R L S -3 e
I X 2, (I‘2+T2)
and

1 1 2 2

¥ em g M -3 g M 3y [ Mo
oy oy . 2r r, 2r (rz

—%mnzg(x2 +y°).

_m(x-x) 90 1 _
ql[ n +8y2r3(|1+|2+|3 3I)J

1
=-Gm

Or
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q{—ngﬂi%(uﬁ |2+|3_3|)j

I oX 21,
Xx—2ny =G +n°x,
mZ(X_XZ) a 1 ' ’ ' M X
+0Q, | —————+—— (I +1,+1;-3I") —
r, ox 2r} ( )
mly o 1 y o1 ' ' '
—=+——(,+,+1,=-3) |+ ——I+I +1; -3l
y+2nx=G ql( v aerf( o )J qZ[ T2 : ) +n’y
My .
(r2+T2)3/2
(4.5)

4.2.4 Equations of motion in dimensionless variables
In order to express the equations of motion specified by Equation (4.5) in

dimensionlessvariables, we first evaluate the partial derivatives contained therein. We begin
by simplifying (1, +1,+1,—31)and (I;+1,+1;-3I").

Now, in view of Equation (1.5), we have

(b2 +C2)m1 ’ (b’2 +c’2)m2
Il:T, Il:T,
2 [
|z=(c +§ )m’ 2:(0 +: )m @)
(b +a2)m (b’2+a'2)m
I3 :T. |3 :f

where, (a,b,c)and(a’,b’,c’) are the semi- axes of the triaxial bodies m, and m,

respectively.

So that
Ll :(b2+c2)ml+(c2+a2)ml+(b2+a2)ml
1 2 3 5 5 5 !
_2(a’+b*+c)m,
) 5 ’ (4.7)
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2(a'2 +b'? +c’2)m2

5 ' (4.8)

Making use of the dimensionless variables defined in Section 3.2.6 and with respect to

Figure 4.1 produces

Figure 4.1: Configuration to determine direction cosines
| =117+ 1,m?+1,(0)

and

"= 11"+ I;m" + I;(O)

where ,
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’ X+ ' " 1-p—x "
(I'=cose, = A m =cos«91:rl,0) and (I"=cosa, =—~

" , 0 ,m :cos¢92—r2 ,0) are
the direction cosines ofﬁn and@ respectively. Here,
=(x+u) +y?, B=(x+u-1"+y> (4.9)
Hence
| (b%+c*)m, (x4 2+(c +a’)m, y 2
- 5 r 5 r
=m7112[ b2+c2)(x+y)2+(cz+a2)y2}
:—g[(a2+b2+c2){(x+u) +y2}—a2(x+y) b2y?

o So that
:mTllz[(a2+b2+c )t —az{(x+y) +y }+a y bzyz}
:rnTllz[(aerszch)rl a’r +(a -b )yz}

:mTllz[(b2+c2)rf+(a -b*)y ]
2 2 2 2 2
(I1+I2+I3—3I):2ml(a 45-b +C )_3m1(b5+c )—2T§(a2—b2)y2.
1
m, 3m
:?( -b*—c?)- 5lel(az—bz)yz.
%[(a —b?)+ (a% —c?) |- —(a -b?) Y2
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Two of the partial derivatives in Equation (4.5) now become

5L 2 D) @ 6] o (),
xarPrt ot ax 2r 5 5 2 5 '
__amp)[ (@ -p?) (@ -c)], 15m(x+my? (8 -D°)
2r; 5 5 2r/ 5
(4.10)
and
2 22 a? —p?
i%(ll+|2+l3—3l) g m{(a ), @ C)}QL"}( )yz.
1 6y2r S5 S oy 2r, 5
__smy[@-bY) (@ -c)] 3my(a-b°) 15my* (a°-b%)
2r’ 5 5 r’ 5 2r, 5
(4.11)
In a similar manner,
(b2 +c?)m, (1-4—xY (c*+a”)m,(yY
- 5 r, )
m i ! !
=g (07 ) (s x) (C +a?)y’ |
=5m—r}_(a’2+b'2+c ){l - X g 2}_3'2(1—,&—X)2—b’2y2}
m 4 ’ '
=5—r222( +b%+c¢?)r; -a {1 p—x)° +y}+a2y2 bzyz}.
m , . ,
:5_r222 ( b2+c2)r22—a2r2+( bz)y:|
m, /., ,
:5_r222 (b2+c )r2+(a -b?)y ]
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So that

2 12 b!2 12

(a + 5+C )mz_irzzz [(b'2+c’2)r22+(a’2—b’2)y2].
~2m, (a?+b?+c?) m,(b?+c?) 3m,
- 5 5 5

(lL+1,+1;-31")=

(arz _bfz)y2.

' ' ' ’ 3 , ,
=%[(a2—b2)+(a2—cz)]—57rr:§(a2—bZ)yz.

Therefore,

12 _K'? 12 12 a!Z _b/2
O i aiy= 2 M @207 (@7 et _£3m52( )y
ox 2, ox 2t 5 5 ox2rc 5

B _3m2(X+,u—1) |:(a!2 _b!Z) . (a!Z _CrZ):|+15m2(X_i_)u_1)y2 (aIZ _bIZ)

2I‘25 5 5 2r27 5
(4.12)
and
12 K2 12 12 a!2 _b/2
iis(ll'+lg+|§—3|')=im_23 (@~ -b") (a”-c") _gsl:( )yZ.
2r2 ay 2I’2 5 5 ay 2r2 5

= —3m2y (a'z _brz) + (a"z _C'Z) _ 3m2y (a'z _b'z) +15m2y3 (a’Z _b!Z)
2[’25 5 5 r25 5 2r27 5 .
(4.13)
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Utilizing Equations (4.10) to (4.13), normalized variables: m =1-x,m, = 4, R=G=1 in
Equation (4.5), yield the equations that govern the motion of the infinitesimal mass in

dimensionless form as

N < [ (- u) (x+10) 3(1—ﬂ)(x+ﬂ){(az_b2)+(a;z&)} 15(1— ) (x+ )y* (& bz)]

217 5R* 2r] 5R?

4 X“‘ D _3u(x+p-D)|(@%-b") (a®-c?)| 15u(x+u-1)y’ (a”-b?)
21; 5R? 5R? 2r; 5R?

) a-my sa-my[@-b) (@ -c)] 30—y (@ -b*) 150-u)y* (a®-b)
yranx= 5 2 T 2 5 7 T 7 2
> 21, SR SR I SR 2r, SR

12 K2 12 A2 a’z_b’2 3 a'z_blz
+q2(_u_y_3uy{(a b?) (@~ )}wy( ), 150y ( )]_ M,y >+n2y.

r, 2r;| 5R’ 5R’ r,  5R? 2r)  5R’ (rz+Tz)3/2
Or
1- ) (x+ — - _ _ 2
X’—Zny:nzx—ql( ;U)S( /u)_sql(l ,U)(X+,:l)(20_1 0_2)+15q1(1 ,U)(X+/7J)(01 0,)Y
; 2r; 2r,
Gy (x+u—1) 3ug,(x+pu-1)(20]-03) 1544, (x+p-D(o]-c3)y’  MyX
Iy 2r; 2r, (r2+-|-2)3/2’
g+ omx=nry— =AY 301620, -0;)y -G (0,—oy)y 150 )G (0, - o)y’
r’ 2r? r 2,/
_HMGY 3u0,(20i-03)y Bugy(01-03)y 15ut,(0i-03)y’ M,y
ry 2r, ry 2r, (v’ +T2)3/2’
where,
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a2 _C2 b2 _CZ . a12 _CIZ . b12 _C/2 , .
ATTeRE T aR T eg 0 T ere (o<
Or
X_2ny = Qxa
) _ (4.14)
y+2nx=Q,,
with

0= n®(x* +y?) " A=) " A=) (20, -0,) _ 31— )q (o _(72)3/2 " HQ, " 19, (207 - o)
2 r, 2r? 2r? r, 2r;
Bugy(oi-a)y’ M,
8r; (r2+T2)%2’

O =n2x— ql(l_lu)S(X +ﬂ) _ 30, (1— ) (X + f)(zgl —0,) n 159, (1 — p)(x + ,;J)(O-l _O-z)yz
' h 2r; 2r,

_ MO (X+p 1) 3ug,(x+ p-D)(207-03) 15uG,(X+u-1)(01-03)y"  MyX
ry 2r; 2r, (r? +-|-2)3/2 ’

Q. =n?y— g (1— )y _ 3(1- )4, (40, —30,)y +15(1_,u)q1(01 ~0,)y’ MY
3

y rl 2r15 2rl7 r23
. 3yq2(401'—30§)y +15,uq2(61'_o-£)y3 _ M,y .
2r25 2r27 (r2+T2)3/2

4.2.5 The mean motion n

At this point, let us find out the mean motion n. In view of Figure (3.1), the distances of

miand myfrom their common centre of mass O are |x1| and x,, respectively. So that the

distance between the primaries R=|x,| +x,.Since the primaries are moving in circular
orbits around O (see Figure 4.2), the mean motion n satisfies

mn?|x | =m,n?x, = F,
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mutual force F

407 —g »

Figure 4.2: Configuration for the determination of mean motion

where F is the common force of gravity between m, and m, which is given with respect to

Equation (1.5) as

F=-Gmm 2;R[;+%3ml(ll+lz+l3—3l)+ﬁ(ll'+lz'+I§—3I’)}

Hence,

m,n?|x,| =-Gmm, aaR[Fl%jLZR%’ (=21, +1,+1 )+ ( 21+ 1, +1] )}
:Gr;lzmz {1+ 2R"°;ml(—2|1+|2+|3)+szz(—2|l'+|;+|3')}.

Or

Gm 3 3 ’ ' '
n®|x|= R22 {1+ 2Rom, (=21, +1,+ |3)+ﬂ(—2|1+ 1)+ I3)}.

2

In a similar manner, we have

Gml 3 3 ’ ' '
nx, = ~ {1+ 2RAm, (=21, +1,+ |3)+T2mz(_2|1+ 1]+ IS)}.

Therefore,

G(m+m 3 3 TR
n2(|x1|+x2): (R2 2){1+2R2ml(—2ll+I2+I3)+ZT(—2I1+I2+I3)}.

2

Or
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2
2

nzzG(mlerZ){LL 3 (—2|1+|2+|3)+L(—2|;+|2’+|;)}.
2R’m, 2 (4.15)

Utilizing Equation (4.6) in Equation (4.15), produces

nz:c-:‘(mﬁmz){l+ 3 ((az—b2)+(a2—c’2)]+ 3 ((a’z—b’2)+(a’2—c’z)]}
? (4.16)

R® R? 5 2R? S)

Under the normalized variables, Equation (4.16) transforms to

oy, 3( @b+t —c?)) 3((@2-b?)+ (@ —c?)
2 5R? 2 ER? ]

Or

3 3
n=1+—(20, -0, )+—=(20' - ).
2( 1=2) 2( 1-2) (4.17)

Now, as in Section 3.2.6 due to the additional gravitational force from the belt, the mean

motion n (Equation (4.17))becomes

n? =1+§(2(71—(72)+§(20'1’—G£)+22M—b!c3/2.
2 2 (r/+T°) (4.18)
4.3 Location of Libration Points

The libration points signify stationary solutions of the restricted three-body problem. They

are determined by putting X=y=X=y=0in the Equation (4.14). Hence, the libration
points are the solutions of

Q, =0,

Q =0.

That is
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nty L@ (Xt ) 30,(-p)(x+u)(20,-0,) | 156, (L— ) (X + 2)(0, = 0,)y*  py (X+u—1)
3 5 7 3
h 21 21 r
_3uG, (x+u-1)(20/~03) 15ug,(x+u-D(oj-03)y"  MyX
2r; 2r) (I‘2 +T2)3/2

=0,

(4.19)

n2y — -2y 3A-)q (40, -30,)y n 15— )q,(0, —0,)y’ _HYLY
3 3

I, 2r} 2r/ L (4.20)
_Buq2(4al'—3az’)y+15uq2(01’—a;)y3 My _0
5 7 3/2 -
2r, 2r, (r2+-|-2)

These equations can be re written as

x| n2— q(-x) 30,(1-4)(20,-0,) + 15q,(1- ©)(0, - 7,) y* M0, 3u0, (20,-0,)
r’ 2r’ 2r, ry 2r;

+l5/,1q2(0'1'—0'£)y2 _ M, j_ 0 (d—s)u _3q1(1_/u)/u(20-1_0-2) +15q1(1—y),u(01—02)y2

2r) (r? +T?2)%? 2 2r? 2,/
MG (u=1) 3uq,(u-1)(201-03)  15ug,(u-D)(0]-03)y" _,

r3 2r° 2r/ -

2 2 2

(4.21)

3

y| n? - 0, (1-x) 3(-)0, (40, —30,) _’_15(1_#)(:11(61 -0,)y’ MY,
r’ 2r} 2,/ r,
(4.22)

_3u9,(40]-303) 15ug,(01-03)y" M,
2"25 2r27 (rz +T2)3/2

=0.

y(nz _ q.(1-4) _ 3(1-)0,(20, —0,) _ 31— )9, (0,—0,) +15(1_,U)q1(0-1 _Gz)yz

I, 2r] I’ 2r/
MG 3u9,(20{-0;) 3ugy(01-0y) 15ug,(oi-oy)y’ M, | o
r23 2r25 r25 2I’27 ( r’+T2 )3/2
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Here two cases arise: y =0 gives the triangular points and y =0 the collinear points.

4.3.1 Location of triangular libration points

The triangular points are the solutions of Equations (4.21) and (4.22) when y # 0.

Now, Equation (4.22) with y = 0 implies

2 0, (1-4) _ 3(1-u)q, (40, —30,) " 15Q - 1), (oy _O-z)y2 M0, 3u0, (40, —303)
r’ 2r? 2,/ ry 2r;
1Bugy(oi—oy)y’ My,
2r7 2 2 32
2 (r +T )

n

(4.23)

Plugging Equation (4.23) in Equation (4.21) gives

X[S(l_ﬂ)ql(o-l_o-z) +3ﬂq2(01,_0£)j_q1(1_,u)/1 _3q1(1_ﬂ)/u(261_02) +15q1(1—,u)u(01—02)y2

A r; A 207 2r;
MG (u=1)  3ug,(u—1)(207—03) | 15ut,(u—-1)(o1-03)y° _
r} 2r? 2r] o
2 2 2

Or

X(B(l_ﬂ)ql(al_az)+3/Jq2(0-1,_0-£)j_ql(l_zu)/u_3q1(1_,u)/1(2(71_02)+15q1(1_/1)/1(61_0-2)y2

5 5 5 7
h P A 21 21

r r 2
_{_(ﬂ_l)(_qzsﬂ_&v‘qz(zo;l O'z)+15luq2(0'17 a;)y jzo.
r, 2r, 2r,

(4.24)

Equation (4.23) can be re-written as

_ﬂq2_3,uq2(4o_1,_302) 15ﬂq2(0{_0£)y2 —_n? 0,(1—p)  3(1—)0, (40, —30,)
3 5 + 7 - + 3 + 5
r, 2r, 2r, r 21,
_15(1_ﬂ)q1(01_02)y2+ M,
7 2 T2\¥2°
21 (r*+7%)

Or

139



H, 3uq,(20,-0;) 15uq,(o;—0oy)y® _ ,  q(-u)  3(-u)q(40,-30,)
e 2r’ i 2r/ ST T 2r
2 2 2 1 1
_15(-p)a(o—0,)y” |, Buty(oi-0y) . M,
7 5 32"
21, T (PaTY)

(4.25)

Using Equation (4.25) in Equation (4.24) produces

X(sa—mql(al ~0,) , 3ug,(oy —o;))_ GA-pp 30,0~ m)u20,-0,)

5 5 5
A B A 2r;

B mulo o)y’ ﬂ_l)(_nz ) | 30400, (4o; ~307)

2t/ n rin
_15(l—u)q1(01—02)y2 +3luqz(o-1’_o-£)+ M, -0
o 5 S 32 | T
I I (I’ +T )

Or

X[s(l_ﬂ)q1(0-1_o-2)+3ﬂq2(0;1’_0'2’)j_n21u+3(1_/1)/‘(11(01_02)+3ﬂ2q2(01'_0£)+ H“M,

r15 I rls rz5 ( r2+T?2 )3/2
2 q(1-x) _3(1_ﬂ)q1(461_30-2) 15(1—/,[)(]1(0'1—0'2))/2 _3,uq2(0'1'—0'£) _ M, -0
0N 3 2 5 + 2 7 5 2 Y2 T
n n n r (r +T )
Or

3(1—,u)ql(X+,u—l)(O'l—O'2)+3,qu2(X+,u—1)(O'1'—G£)+n2_n2 _ql(l_ﬂ)_3(1_/1)q1(20-1_o_2)
5 H 3

n ry n 2r;
15(1_ﬂ)q1((71_0_2)y2 UM, _ M, ~0
+ o7 + ) 2\32 ) N2
N (r +T ) (r +T )
Or

140



8- p)q (X + u=1)(0, ~0p) | 3uG,(X+p—N)(01~03) .

(1_lu)_ ql(l_/u) _ 3(1_/1)q1(201 _02)

rlS r25 r13 2,.15
15(1 #)q(o; — O-z)y A-u)M, -0
2r (rz +T2)3/2 '
(4.26)
Equation
(4.26) can further be simplified as
0, (X+p—=1)(o; - 0,)
1— 3Q1(X+/1_1)(0'1_O-2) (1_ i L 2 (- p)
( ILI) 5 5 +n 3
n I n
3q1(2(71 Gz) 15q1 (01 (72) y M b — O
2r; 2 (eaTe)" |
This implies
3 q,(x+u-1)(0]-0})
3q1(X+,u—l)(O'1—O'2) Q-4 ’ L _ql(l_:u)
5 5 3
r, r, L (4.27)
3q1(20-1 0-2) 15q1(61 Gz)y Mb =0
2r15 2r (r2+_|_2)3/2 .

Subtracting Equation (4.26) from Equation (4.22) produces

un’ — M, 3ud, (20, - o;) n 1549, (o; _O-é)y2 _ 31— ) (X + 1)(oy, —Ty)
Iy 2r; 2r, I
Bug,(x+ )0l uM,
5 32 0.
r (I‘2 +T2)
Or

141



1-u

I r 3—)(x+ )(0y, —7,)
nz_%_e’qz(zo—l_o_z) +15qZ(O-1_O-2)y2 . MU ' ! 2
3 5

I 2r; 2r, n (4.28)
_30,(x+m)(01-0y) M,
r25 (I’2 +T2)3/2

=0.

Now, if the influences of triaxiality and radiation of the primaries and the potential from the
belt are ignored (i.e. 0, =0, =0, =0, =M, =0, g, =0, =1), Equations (4.27) and (4.28)

boil down to

1 1
1——3:0and 1——3=O

n I

respectively, with the solutions r, =r, =1.Hence, the values of randr, may change

slightly, owing to the perturbations . So, let
n=1+gand r,=1+¢,, where g <<1 (i=1,2), (4.29)

be the solutions of Equations (4.27) and (4.28), where €; and &, are very small quantities
and are due to the combined effect of the radiation and triaxiality of the primaries and the

potential from the belt.
Proceeding as in as in Section 3.4.1, we obtain from Equations (4.29) and (4.9),

1
X==—pu+eé -6,

2
N

, (4.30)
y= i7(1+§(81 +82)].

Making use of @, =1-p, (where p, <<1,i=12) and Equations (4.30), (4.29), (4.18) in

Equations (4.27) and (4.28); and considering only linear terms  in small quantities,
produces
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g:_&_1_16+g02+ R 1w a;—MZ(ZrCz_g/)z,
2 2(1-p) 3(r;+T9)

(4.31)

o, (3 1 1 11, 11, Mm@2r-)

Thus, utilizing Equation (4.31) in (4.30) we get the coordinates of the triangular libration

points L, (x,y) and Lg(x,—y) as

N 1_2ﬂ_ﬁ+ﬁ+(1_£)q+(§+£)%+(§+L)O-{_(Z+L)G£ ,
2 3 3 4 u 4 u 4 1-pu 4 1-u
y:i_3 1-2p_2p, 1 (l_é)aﬁ(g_l)aﬁ(L_Q)U{ (4.32)
2 9 9 3 u 4 4 u 1- 4
+(E_ : )U£_4M2b(2rcz_312) :
4 1-pu 3(r’ +T%)?

4.3.2 Locations of collinear libration points
The positions of collinear points are obtained by solving Equations (4.21) and (4.22) when
y=0.

From Equation (4.22)y must be zero, and substituting it in equation (4.21), yields

oy Q) (Xt u) G 3—p) (Xt 1) (201 —0,)  p(x+pu=1)G, 3u(x+p-1)0,(20] - 03)
|X+yr ﬂx+yr |X+,u—1|3 ﬂx+y—f
Mx

(4.33)

Now, neglecting the influences of triaxiality and radiation of the primaries and the potential

from the belt (ie. 0, =0, =0/ =0, =M, =0, 9, =q, =1), Equation (4.33) reduces to
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Ao (xep) p(xrul)
e uf e+ u=y (4.34)

with three collinear points L,, L, and L,. The collinear point L, is disposed between
the primaries, while L, and L, are beyond them as shown in Figure 1.2.

Now, using Equation (4.33) and with the help of the MATLAB (R2007) software package,
we obtained the coordinates of the collinear libration points for different cases as classified

in the following order, which are presented in Table 4.1:

The classical case (absence of the perturbations).

Potential from the belt only.

Triaxiality of the bigger primary with potential from the belt only.

Radiation and Triaxiality of the bigger primary with potential from the belt only.
Triaxiality of the smaller primary with potential from the belt only.

Radiation and Triaxiality of the smaller primarywith potential from the belt only.

Triaxiality of the primaries with potential from the belt only.

0o N o oA W N

Radiation and Triaxiality of the primaries with potential from the belt only

Table 4.1 Positions of the collinear points when o, =0, =M, =T=0.01,

o, =0, =0.008, g =0.98, q,=0.97, u=0.25.

Case L; L, Ls Ln Ln2

1 1.265858 0.360743 -1.103167 - -

2 1.261034 0.364839 -1.097847 -0.001192 -0.023389
3 1.25723 0.369905 -1.099561 -0.001583 -0.019520
4 1.255981 0.367537 -1.093774 -0.001548 -0.019774
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5 1.268700 0.353408 -1.092499 -0.001191 -0.023400

6 1.263284 0.356370 -1.091890 -0.001193 -0.023388
7 1.265086 0.358440 -1.094384 -0.001582 -0.019529
8 1.258540 0.359093 -1.088040 -0.001548 -0.019773

The existence and positions of the libration points for ., = (0,17 2) in the presence of

all the perturbations are shown in Figure 4.3.
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The collinear libration points in the presence of all perturbations

1.5
—
1
g 0.5}\@\ﬂl\@\€
.g- ;\@\@\@\{
c ) —— o
g 0 L B A S
o)
®
o
9 05
-1
-1.5
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 05
Mass ratio
| L1 Lz L3 ' I‘n1 an

Figure 4.3: The collinear points under the combined effect of the perturbations (i.e.

o, =0 =M, =T=0.01, o, = o}, =0.008, g, =0.98, q, =0.97).

4.4 Stability of Libration Points.
When a slight displacement of a particle away from a libration point will not produce
unbounded maotion, but rather an oscillation about the point, then that point is said to stable

otherwise unstable.

4.4.1 Variational and characteristic equations

Let (x,.Y,) be the coordinates of any of the libration points and let , £ be a small change in

(X, Y,) such that(x,+7,y,+¢) is a point in the neighborhood of (x,, y,) . Following the
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same linear stability analysis used in Section 3.5.1, the linear variational equations of

motion of Equation (4.14) are

fj—2né = (O )n + ()¢,
(4.35)
E+2nm7 = (Q0)n +(Q),)E.

Let 7=Ae", &=Be" (where A, B,A are constants) be the solutions of Equation
(4.35), then the equations will have a non —trivial solution for A and B if

22— —2n-Q°

=0. (4.36)

0 2 0
-0 AP,

On expanding the determinant we obtain the characteristic equation corresponding to the

variational equations of motion (4.35) as

4 2 0 0 2 0 MO0 02 __
A4+ (a7 -0, P YA + 000~ 2 =0 (4.37)

where the superscript O indicates that the partial derivatives have been computed at the
libration point.

Now, from Equation (4.14) the second partial derivatives of Q with respect to X is

Q =n’ —M—(l—,u)(Xhu)ql%[ij_ 30y (1- 1) (20, — )

XX rl3 13 2r.15
_3%(1_/1)()("‘/1)(20-1_0-2)2 1 +15q1(1_;u)(0-1_0-2)y2+
2 ox\r’® 2,/
15q1(1—,u)(X+,u)(O'1—O'2)y2 o1 4G, o1
Ol (i u-1)g, | =
2 ox\r') U =), x|\ r}
3ud,(20,—0;) 3ud,(x+u-1)(20/-0;) 0 1 +15,uq2(al'—a;)y2
2r; 2 ox\ry 2r,
1540, (x+u-1)(oy—03)y* 9 ( 1 M, o_ 1
+ T T M
2 x\ ) () X (7 177)
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and in view of Section 3.5.1 it becomes

Q —n2— (1_,;1)011 + 3(1—,[1)(X+,Ll)2 % 30,1-x)(20,-0,) +15q1(1_,u)(x+/1)2(20-1 —0,)

XX 5 5 7
n A 2r; 2r

2
L 156,(0- (0, 0,)y" 105G,(1-p)(x+ 1)*(0,-0,)y*  pq, |, 3u(X+u-1) G,
2r/ 2r’ r ry
1 1 2 2

_3uq, (20,-03) + 150, (x+ 1 -1)*(20, - o3}) + 1540, (0} —03)y’
2ry 2r) 2r)
105ug,(x+u-D*(o{-03)y’ M, M’
2r) (r* +T2)3/2 (r? +T2)5/2 '
(4.38)

In a similar manner, we obtain

O —n2— d-)q, n 3(1_/u)y2q1 _ 3(1- u)q, (40, —30,) n 15(1—,u)q1y2(401 —30,)
- 3

7 A 7 2r; 2r;
" 45(1— 1)q, (o; — 0_2)y2 _ 105 - 1), (o, - Gz)yA MG, n 3/1y2q2 _ 3ud, (40, —30,) (4.39)
2r/ 2’ ry ry 2ry
L 1540,(401 -803)y" 105u0,(01-c)y" My, 3My' o
o7 29 ) 2\32 5 N2
2 2 (I‘ +T ) (I’ +T )

and
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_ 3q1(1_,u)(x+:u)y+15q1(1_,u)(x+ﬂ)y(20-1_0-2)+3Oq1(1_,u)(x+,u)(01_02)y

Q, =Q

Xy yx r15 2r17 2r17
1050, (1- p1)(x+ u)(0, —0,)y°>  3u, (x+u-1)y 15uq,(x+x-1)y(20, - o})
_ 9 N : N 7

21 r, 2r,
L 30u0, (x+ u=1)(0{—03)y 105ug,(x+pu-1)(o]-03)y’  Myxy

2r) 2ry (r2+-|-2)5/2

_ 3q1(1—y)(x+y) y +15(1_1U)q1(40-1 _30-2)(X+/U) y _105(1_/‘)(:]1(0-1 _62)(X+,U) y3

riS 2'17 2rl9
N 3ud, (x+u-1)y +15/¢q2(4al' =30))(x+p-1)y 105uq,(o7-03)y’ (Xx+x=1)  Myxy
Iy 2r) 2r, (rz +Tz)5/2'

(4.40)

4.4.2 Stability of triangular libration points.
The second partial derivatives of Equations (4.38) to (4.40) evaluated at any of the

triangular libration points Equation (4.32), considering only linear terms in small quantities,

are:
ngzg_(l_?’_’uj pl+(1_3_‘u] p2+ 24_45_'“_1 O'1+ _3_93_’114_1 02
4 2 2 2 16 16 2u 16 16 2u
39 69 37 , 9 117u 3u° , 5M,(2r.-1) 3M (= pu+ )
== 1T 5T + o, * g 2 3/2+ b24 252 !
8 16 2(1-p) 2 16 2(1— ) 4(I‘C +T°) (I’c +T°)

(4.41)

QO :g+ 3_3_’”) pl_(l_s_'uj p2+ 8_7_45_’114_1 01+ _24_45_’”_1 0-2
o4 2 2 2 16 16 2u 16 16 2u
2 _ 2 _ 3
N §+135,u+45,u 11u s _135,u+33,u 454 é+7M2b(2r02 312)+ ?Mb(;)sz’
8 16 8(1— 1) 16 8(1— 1) Ar2+T?)%  (r2+T?)Y

(4.42)
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ng:ngz\/g{E_S_’u_(l+ﬁj pl+(1__) p, + ﬂ_89_/,l_i o, + _2+37_'u+i o
6 6 3 6 16 16 2 16 16 24

(25 8p prpt ) (9 3B prpt ) o 1uM,(2r D)
8 16 4(l-w)) ' | 4 16 401-p)

O, 6(I‘cz +T2)%?

1M, (21, -1) | 3M,(3-2)
12(r02+T2)3/2 (rC2+T2)5/2 ’

(4.43)

respectively.
Applying these values of the partial derivatives: QZX,ng, ng in Equation (4.37) and
neglecting powers of > 2, the characteristic equation becomes
A*+QA% +W =0, (4.44)
where

M,(2r,+3)  3M,r?

>0,
(rCZ +T2)3/2 (rCZ +T2)5/2

Q=1+30,; +3(,u—g)0'2 + 30, —(g+3,u)(7; +

2 2 2 _ 2
W:(zm_zm ]+(3_ﬂ_3ij pﬁ(?’—”—siJ p2+( 45 891y 801u Jal

4 4 2 2 2 2 8 16 16
2 2 2
(45 423u 33347 (Tl BOL4') , (243u 333u7)
8 16 16 16 16 16 16

Bur-Y) 2w @1 274
2(r02+-|-2)3/2 4(FCZ+T2)5/2 2(r02+T2)3/2 4(rc2+T2)5/2 b*

The roots of Equation (4.44) are:

(4.45)

where A=Q*—4W s the discriminant, given by
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A:(27+6p1+6p2 +801Gl B 3330, N 8010, 3 3330, N 66M, (2r, -1) 27TM, ]qu

4 4 4 (RZ4THE (24T
89lc, 4470, T7llo] 2190, 66M,(2r.-1)  27M,
- + — + + Y7,
4 4 4 (r2+T%)%  (r2+T?%)%

—[27+6p1+6p2+

2
11,570, 630, +ea;—3a;+2M2b(2r;*;3)— oM,
(rZ+T%)% (12477

(4.46)

Now, A in Equation (4.46) is a quadratic function of the mass parameter . As in Section

(3.5.3), we study the behavior of A inthe interval0< u < % ,
When x =0,
2
Aot 570, 630, +60]—30) + 2M, (2r, +3) 6M,r, -0, (4.47)

(rcz +T2)3/2 _(rcz +-|-2)5/2

1
and when 4= >

A:(27+6p1+6p2+80101_33302+801al_33302+66Mb(2rc—1) 27M, jl

+ —_

4 4 4 (r2+T?)% (2 +T%H% )4

891c, 4470, s 71lo] 2190, .\ 66M, (2r, —1) .\ 2IM, )1
4 4 4 (r2+T?)% (2473 )2

—(27+6p1+6p2+

2
. 570, 830, o, AM,@r+3)  6MP
1 2 (r2 +T2)3/2 (r2 +T2)5/2

' ' _ 2
__23 |3p, 3p, 5250, 570, 5250, 570, (5§r° 2153)2 .\ 3(23rc +2922 M. |<0
4 |2 2 16 16 16 16 |\ 2r2+T%)¥ A(r2+T?)Y

(4.48)
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Differentiating the discriminant A with respect to the mass parameter p, produces

da (o, 6p, +6p, , 801, 3330, 80lo; 3330, 66|\2/Ib(220 3—21) .\ 227|\/|2b _
du 4 4 4 (FZ+T3H% (24T
27-6p,—6p, - 8910, 4470, Tllo] 2190, 66|\2/Ib(2£c ;21) ~ 227|v|2b .
4 4 4 4 (r2+T?) (r2+T?)

Evaluating (d—A] when g=0and u = 1 , yield
du 2

_(27+6 p,+6p,+ 891o, 4470, + Mo, 2190, + FoM. (2, -0 T j< 0 e

_|_
4 4 4 4 (r2+T2)%  (r2+T?)%?

(_ 450, N 570, N 450, 570,

: . dA . .
jzo respectively. These imply that — < Qin the interval
2 2 2 du

1
O<u<-=.
H=3

Now, since the values of Awhen x=0 and y:%have unlike signs andj—A<Oin the
y7;

. 1 : : : .
interval O< < > there is a value of & in the interval (0, 1/2) such that A =0. This value
denoted by . is called the critical mass ratio.

Three cases can be examined for A in the interval 0 < < % :

(@ If 0<u<py, A>0and the roots (4.45)are distinct pure imaginary numbers, showing

the triangular points are linearly stable.

(0) If u, <u< % A <0and the real parts of two of the roots (4.45)are positive. Therefore,

the triangular points are unstable.
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(c) When u=p,,A=0 and the roots of Equation (4.45) are double, showing that the

triangular points are unstable.

The critical mass ratio y,

The critical mass value , is obtained from Equation (1) when A=0. That is, the solution of

(27+&)u* —(27+&,) u+(1+¢£)=0

where,
8010, 3330, 80lc, 3330, 66M,(2r, 1) 27TM
&=6p +6p,+ L 2+ - £+ 2b Nz T2 2b5/2D1’
4 4 4 (r-+T7) (rr+T7)
8910, 4470, T71lo, 2190, 66M,(2r,-1) 27TM
£ =6p +6p,+ - £+ L L+ 2b N2 T2 2bs/2D 5
4 4 4 (r°+T9) (ro+T7)
(4.49)
570, 630 , . 2M, (2r.+3) 6M. r?
& =—"r———+60/-30, + =% 72 b2°5/2D 1.
2 (r’+T°) (r°+T7)

Thus, the mass ratio is given by

e +3J(27+52)2—4(27+,91)(1+53)

2(27+¢) " 2 (27+5,)
_ 2T+g 1 |(27+5,) -4(27+5)(1r &)
M (27+e) 2 (27+5) |

21+, .1 (27+52)2_ 4(1+¢,)

- - 2
54(1+‘91j 2,(27+4&) 27(1+‘91j

27

Performing binomial expansion and retaining only linear terms in very small quantities,
produces
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8
4 145,- 5
20+5,-5, 1 |27 +54s, (”3 27)

=Ty T2\ 277 14 27

_21+& -8 1123 28 2¢ 4( elj
- i 3

54 2\27 27 27 27 27

:Mil §+£ 82_81_2(83_i .
54 2\ 27 27 7

Since the mass ratio ™0, %), we consider only the minus. Therefore,

11128 -4 11 1 |:g_2581_26:|
H=57o\27 Tsa 23BNzl 21 7

(4.50)

1 123 ¢&,—¢ 1 25¢,
=——— + &, — —2¢, |.
2 2\27 54 669 27
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Making use of the values of &, &, and g,0f Equation (4.49) in Equation (4.50), the critical

mass value x, becomes
/uc :ILIO+IL1|’ +,th +:ub (451)

where,

o= g )+ (-6

_[E+ija _(E+ﬂja _(i_ijar{ﬁ_ﬂ}r
#7112 18769 )™ "\ 36 "1869 )7 |12 18469 )7 '\ 36 18v69 )"
(76-8r,)(r7 +T2)"* 9@+ 6r7) (r2 +72)""

27769 (r2 +T2)’

M,.

Hy =

The value of the critical mass parameter to fourteen decimal places (T=0.01, r. =0.99) is

1, =0.03852089650455 - 0.00891747059895(1—q, ) - 0.00891747059895(1—-q, )
+0.811264740670020, —1.09626652846058 0, — 0.02206859266331 0,
—0.04071097290502 0, + 0.02253016502653 M, .

4.4.3 Stability of collinear libration points

As in the case of the triangular libration points, to investigate the stability of any collinear
libration point obtained in Table 4.1 we:
e evaluate the second partial derivatives Equations (4.38), (4.39) and (4.40) at the
collinear point;
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e substitute the values of the second partial derivatives in the characteristic equation
(4.37);
¢ then determine the roots of the characteristic equation .

Now, any collinear libration point (xo, 0) in Table 4.1, produces

2_(1—ﬂ)ql+3(1—,u)(X+,u)2 ql_3Q1(1_,u)(201_0-2)+1SQ1(1_/1)(X+,U)2(20-1_O-2)

ng =N 3 5 5 7
|%+y| |%+y| ﬂ%+y| ﬂ%+y
g, +3ﬂ(X+u—1)2 0p 3u0,(20(-03) , 15ud,(x+4—1)*(20/ - 7)
|%+ﬂ—f |%+y—f ZVNukﬁs ﬂ%+y—ﬁ
M, 3M, X
(x02 +T2)3/2 (x02 +T2)5/2 ’

2, 2(1- ), n 60,1-)(20, - 0,) n 240, n 649,(20; - 03)

=n

|%+yr |%+M5 |%+y—f |%+y—f
1 3x?
_ _ M.,
(2 +T2) (x2+T2)" )
(4.52)
Q° —n?2— A-)q, _ 3(1— )0, (40, —30,) MO, _ 3uq, (407 —303) _ M, _
vy 3 5 3 5 2 2132 '
[+ 44 2|, + 4] potu=1 2+p-1 (G +T)
(4.53)
0 _ 0 _
£y =0y =0 (4.54)

Substituting Equations (4.52), (4.53) and (4.54) in Equation (4.37), the characteristic

equation becomes

At+(4n" -0 - Q) ) 22+ 050 =0. (4.55)

The roots of the characteristic equation (4.55) for L; (i = 1, 2, 3), Lyj(j=1, 2) of Table 4.1 are
given in the Tables 4.2 to 4.6 respectively.
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Table 4.2: Stability of the libration point L;

Case L Qb Q) Ay Aa g Remark
1 1.265858 5.0730 -1.0365 +1.5203 £1.5083i Unstable
2 1.261034 5.2158 -1.0710 +1.5449 +1.5298i  Unstable
3 1.25723 5.3291 -1.0995 *1.5654 *1.5463i Unstable
4 1.255981 5.3497 -1.1098 +1.5721 +1.5499i  Unstable
5 1.268700 5.5428 -1.1276 +1.6203 £ 1.5429i Unstable
6 1.263284 5.5619 -1.1354 +1.6261 +1.5454i  Unstable
7 1.265086 5.6637 -1.1571 t1.6417 £ 1.5592i Unstable
8 1.258540 5.7068 -1.1758 +1.6548 +1.5652i  Unstable
Table 4.3: Stability of the libration point L,

Case Lo Q° Q) Ay Aa g Remark
1 0.360743 16.0618 -6.5309 +3.6571 £ 2.8006i Unstable
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2 0.364839 16.6399 -6.7833 +3.7264 £2.8510i Unstable
3 0.369905 17.4288 -7.0524 +3.8231 +£2.9000i Unstable
4 0.367537 17.2131 -6.9446 +3.7946 £2.8812i Unstable
5 0.353408 18.1724 -7.2168 +3.9162 +£2.9242i  Unstable
6 0.356370 18.0109 -7.1339 +3.8954 £2.9099i Unstable
7 0.358440 19.0852 -7.5181 +4.0234 +2.9771i  Unstable
8 0.359093 18.6603 -7.3154 £3.9702 + 2.9428i Unstable
Table 4.4: Stability of the libration point L3

Case Ls Qb Q‘;y Ay Aa g Remark
1 -1.103167 3.4940 -0.2470 +£0.7911 £1.1742i Unstable
2 -1.097847  3.5801 -0.2531 +0.8009 +1.1887i  Unstable
3 -1.099561 3.7050 -0.2682 +0.8339 £1.1955i Unstable
4 -1.093774  3.7084 -0.2697 +0.8361 +1.1961i  Unstable
5 -1.092499 3.6471 -0.2595 +0.8106 £1.2000i Unstable
6 -1.091890 3.6502 -0.2610 +£0.8128 £1.2008i Unstable
7 -1.094384  3.7738 -0.2749 +0.8440 +1.2066i  Unstable
8 -1.088040 3.7807 -0.2780 +0.8485 £1.2081i Unstable
Table 4.5: Stability of the libration point Ly;

Case  Ln Q° Q) Ay Ay 4 Remark
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2 -0.001192  -9279.5000 -9838.9000 1 96.0482i +909.4823i stable

3 -0.001583  -8771.7000 -9703.1000 +93.4567i +098.7159i stable

4 -0.001548  -8819.5000 -9717.1000 +93.6931i +08.8059i stable

5 -0.001191  -9280.4000 -9839.2000 +95.9990i +99.5398i stable

6 -0.001192  -9279.5000 -9838.8000 * 96.0405i +909.4898i stable

7 -0.001582  -8772.9000 -9703.5000 +93.4437i +098.7383i stable

8 -0.001548  -8819.4000 -9717.1000 *93.6930i +98.8059i stable
Table 4.6: Stability of the libration point Ly,

Case Ln2 Qb Q) Ay Aa g Remark
1 - - - - - -

2 -0.023389 1.064.5000 -671.5374 +32.5874 £25.9447i Unstable
3 -0.019520 1512.3000 -1036.3000 *+38.8556 +32.2176i Unstable
4 -0.019774 1481.1000 -1006.1000 *+38.4522 +31.7457i Unstable
5 -0.023400 1063.7000 -670.8263  *+325746 +25.9314i Unstable
6 -0.023388 1064.6000 -671.5893 +32.5887 £25.9462i Unstable
7 -0.019529 1511.4000 -1035.3000 =+ 38.8440 +32.2025 Unstable
8 -0.019773  1481.2000 -1006.2000 £38.4537 *£31.7477i Unstable
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CHAPTER FIVE

5.0 RESULTS AND DISCUSSIONS

5.1 Introduction
Results, deducible from the problems studied in Chapters 3 and 4 will bepresented and

discussed in this chapter. We begin with the examination of the one in chapter three.

5.2 Oblateness and Radiation of the Primaries with Potential from a Belt

5.2.1 Equations of motion
Equation (3.23) gives the equations that govern the motion of an infinitesimal body moving
under the combined influences of radiation and oblateness up to the coefficients J4 of the

primaries; and gravitational potential from a belt in the restricted three-body problem. The
presence of the radiation factors of the primaries (d;,0,) , oblateness up to the coefficient J,
of the primaries (A, A,,B;,B,) and gravitational potential from the belt (M,)in Equation

(3.23), signify that the equations of motion of the infinitesimal body are affected by them.

However, if the effects of the aforementioned perturbations are ignored (i.e.
g =0,=LA =A =B =B,=M, =0), the equations of motion (3.23) boil down to those

of the classical case of Szebehely (1967) and Valtonen and Karttunen (2005). In the

presence  of radiation of the more massive primary only (i.e.
d, =LA =A =B =B,=M, =0), the equations of (3.23) tally with those of Bhatnagar
and Chawla (1979). In the absence of the oblateness up to J, of the primaries (i.e.
A, =B, =0), the Equations of (3.23) coincide with those obtained by Singh and Taura

(2013). In the presence of the oblateness coefficients up to J4 of the more massive primary
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only (i.e.q, =0, =1B, =B, =M, =0), equations of (3.23)agree with Abouelmagd (2012).
Considering the radiation and oblateness up to J, of the primaries and ignoring the potential

from the belt (i.e. A, =B, =M, =0), the equations are in agreement with those of Singh

and Ishwar (1999), Abdulraheem and Singh (2006) in the absence of perturbations in the
Coriolis and centrifugal forces and Singh and Umar (2013b) in the circular case.In the
presence of the radiation of the more massive primary, oblateness up to J, of the less
massive  primary and the circular cluster of material points only

(ie.q, =1 A =A, =B, =0), the equations become analogous to those of Kushvah (2008).

Disregarding the effects of all the perturbations except the potential from the circular
cluster of material points (i.e.q, =0, =1,A =A, =B, =B, =0), the equations of (3.23)

diminish to those of Jiang and Yeh (2006) and Yeh and Jiang (2006).

5.2.2 Locations of libration points

5.2.2.2Triangular libration points

Equation (3.47) specifies the coordinates of the triangular libration points L4 and Ls. It is
evident that these coordinates, are influenced by radiation and oblateness up to J, of the
primaries and the gravitational potential from the belt. However, the x-coordinates of these
points are not affected by the potential spawned by the belt. The coordinates (3.47) are
different from those obtained by Singh and Ishwar (1999) due to the occurrence of
oblateness coefficients A, B, of the bigger and smaller primaries respectively and My, the
potential from the circular cluster of material points. If the radiation of the primaries,
oblateness of the less massive primary and the potential from the circular cluster of material

points are neglected (i.e.q, =0, =1,B, =B, =M, =0), these coordinates fully agree with
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- those of Abouelmagd (2012). On ignoring the oblateness of the more massive primary, the
radiation and the oblateness coefficient B, of the less massive primary (i.e.

g, =1L A =A =B, =0), the coordinates (3.47) coincide with those of Kushvah (2008)

when  only linear terms in small quantities are considered. However, when

. 1 3
g =0,=1,A =A =B =B,=M, =0, the coordinates reduce to X=§(1—2y), yzig

which correspond to the classical case of Szebehely, (1967).
The effects of the various perturbations on the positions of the triangular libration points

L) are presented in Figures (5.1-5.6) when p=0.25 and T = 0.01.

Positions of L ’ and L, inthe presence of radiation of the bigger primary

08 PN e
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Figure 5.1: Effects of radiation of the bigger primaryon the location of Lys (g2 = 1, A; =

A2: Bl = Bzz Mb = O)
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Positions of L, and L, in the presence of radiation of the smaller primary
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Figure 5.2: Effects of radiation of the smaller primaryon the location of Lss (g1 = 1, A1 =

A2: Bl = Bzz Mb = O)
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Positions of L4 and L5 in the presence of oblateness of the bigger primary
1 T T
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Figure 5.3: Effects of oblateness of the bigger primaryon the location of L4s5(01 = g2 =1,

By = B,= M, =0).
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Positions of L4 and L5 in the presence of oblateness of the smaller primary
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Figure 5.4: Effects of oblateness of the smaller primaryon the location of Lss (01 = 02 = 1,

A1 = A2: Mb = 0)
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Positions of L4 and L5 in the presence of potential from the belt
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Figure 5.5: Effects of potential from the belt on the location of La4s( g1 = Q2= 1, A1 =

A2: Bl = Bz = O)
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Positions of L4 and L5 in the presence of all the perturbations
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' A2=0.01,B1=Mb=0.01,B2=0.005.
q1=0.93,g2=0.9,A1=0.03,A2=0.015,
0.6 B1=0.02,B2=0.01,Mb=0.02.
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Figure 5.6: The combined effect of the perturbations on the location of L4 .

It is noted here that in this problem, the triangular points no longer form equilateral
triangles with the primaries as they do in the classical case; rather they form scalene
triangles (Figures 5.1, 5.2, 5.3, 5.4) or isosceles triangles (Figure 5.5) with the primaries.
The triangular points move closer to the more massive primary due to radiation of the more
massive primary (Fig. 5.1) and oblateness up to J4 of the less massive primary (Figure5.4),
whereas they shift away from it in the presence of radiation of the less massive primary
(Figure 5.2) and oblateness up to J, of the more massive primary (Figure 5.3). The points
draw closer to the x-axis due to the potential from the belt (Figure 5.5); and in the presence
of all the perturbations the triangular points tend towards the less massive primary (Figure

5.6).
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5.2.2.2Collinear libration points

The coordinates of the collinear libration points are obtained numerically in Table 3.1,
which shows that the points are also affected by the perturbations. However, in the absence
of the perturbations (i.,e. A=A, =B, =B,=M,=0,q, =0, =1) Table 3.1 Case 1, it is seen
that there are three collinear libration points (L;, i = 1, 2, 3) which correspond to the
classical case of Szebehely (1967). On considering the effect of the potential from the belt
only (ie. A=A, =B =B,=0,0,=0,=1M,=0.01) Case 2, there exist five collinear
libration points (Ln1, Loz @and L;, i = 1, 2, 3). This finding is in concordance with Yeh and
Jiang (2006) and Singh and Taura (2013).In the presence of the oblateness of the bigger
primary up to J; and the potential from the belt only (i.e.
A =M, =001 A =B =B,=0,0q, =0, =1) Case 3, the new collinear point Lp; shifted
toward the bigger primary while L, stepped away from it. In Case 4, due oblateness of the
bigger  primary up to J; with potential from the belt (i.e.
A =M, =0.01 A =0.005 B, =B,=0,0,=0,=1), L,y moved away from the bigger
primary while L, stepped towards it. Similarly, owing to the oblateness of the smaller
primary up to J,  with potential  from  the belt only (i.e.
A=A =B,=0,¢q=09,=1B =M, =0.01) Case 5 L, moved away from the bigger
primary while L, stepped towards it. On considering the oblateness of the smaller primary
up to Ja with potential from the belt only (i.e.
A=A =00=09,=1B =M, ,=0.01,B,=0.005) Case 6, L, shifted toward the bigger
primary while L, stepped away from it and additional two new collinear points Lyzand Ly

appeared.
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In Case 7(A=B=A=B,=0,0,=1q,=098M,=0.01) and Case 8
(A=B=A=B,=0,0,=10q,=0.95M, =0.01), Ly still sifted towards the bigger
primary and L, stepped towards the smaller primary. However, due to the radiation and
oblateness of the primaries up to J; with potential from the belt (i.e.
A =B =M,=0.01, A =B, =0.005q, =0.98,9, =0.95) Case 9, Lnzand Lns exist with Ln;
stepping away from the bigger primary while L, towards it.

Figure 3.4, shows the positions of the three collinear points of the classical case (i.e.
A=A =B=B,=M,=0,q,=q,=1) for ©e(0,1/2). While Figure 3.5, shows the
positions of the collinear points under the combined effect of radiation and oblateness up

to J, of the primaries and the potential from the belt (i.e. A =B, =0.01, A, =B, =0.005,
g, =0.98, q,=0.95 M, =0.01) for xe(0,1/2). It reveals that the number of the

collinear points increases with increase in the value of the mass parameter. There are three
collinear points for lower mass ratio, five for about average mass ratio and seven for higher

mass ratio. It further shows that, the collinear points L, and L, do not exist for lower

1
mass ratio. Figure 3.6 exposes that the effect of the oblateness of the smaller primary up to
Js (le. A=A =M,=0,0,=0q,=1 B =0.01,B,=0.005), is responsible for the non
existence of the collinear points L, and L, for the lower mass ratio. It portrays that in
the rangeO < ,2<0.17291 there exists only one libration pointL,,
0.17292 < 4+ <0.31296 there are three libration points (L, L,, L, ;) and five

libration points (L, L, L, L5, L,,) inthe interval 0.31297 < .+ < 0.5.

Now, since due oblateness of the smaller primary, two new collinear points Lyzand Lng

exist (Table 3.1 Case 6), we further examine the effect due to oblateness of the smaller
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primary in Table 5.1; and the combined effect of the perturbations on the collinear libration

points in Table 5.2.

Table 5.1: Effects of oblateness of the smaller on the collinear pointsp=0.4, A; = A, = Mp=0,

1=0>=1.

0 1.23081 0.14162 -1.16205

0

0.001 0.0005  1.23016 0.14324 -1.16188 0.77395 0.42566

0.015 0.0075  1.22021 0.19489 -1.15972 0.94372 0.21865

0.018 0.009 1.21777 -1.15926 0. 96065
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Table 5.2: Combined effect of the perturbations on the collinear points when p =0.4, T=0.01.

L1 L, Ls Ln1 Ln2 Lns Lna
ql = q2: 1!
A,=B,=M, =0,

1.23081 0.14162 -1.16205 - = - -
A, =B, =0

q, =0.99,q, =0.97,
A,=B,=M, =0.001,
A, =B, = 0.0005.

1.22209 0.14762 -1.15736 -0.00294 -0.57347 0.77400 0.42563

q, =0.98,q, =0.96,
A,=B,=M, =0.005,
A, =B, =0.00075.

1.21697 0.15668 -1.15125 -0.00052 -0.58498 0.78565 0.41386

q, =0.97,q, =0.95,
A,=B,=M,=0.01,
A, = B, = 0.005.

1.20306 0.18826 -1.14242 -0.00016 -0.70500 0.91080 0.27392

Studying Table 5.1 reveals that with increase in the oblateness factors B; and B, the

collinear libration points L, move towards m,, while L, move away fromit. L, and L,
draw closer to the primaries, while L_, moves away from the primaries. With further
increase in the oblateness factors B; and B, it is observed that the libration points L, and

L., coincide and disappear leaving no libration point between the primaries.
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Examining Table 5.2 exposes that owing to the combined effect of the perturbations with

£t = 0.4, there are seven collinear points with only three L, L,, L, between the

primaries. It further reveals that with increase in the perturbations, the collinear libration

points L,, L, draw closer to the primaries, whileL, ,, L,,move away from the

n2?

primaries; and L, L, tendtowards m,, while L, moves away fromm,.

5.2.3 Stability of libration points

5.2.3.1Stability of triangular libration

The characteristic equation which is used for the determination of stability of the libration
points is given by Equation (3.59). The characteristic equation for the triangular libration
points is specified in Equation (3.61). It differs from that of Singh and Taura (2013) only
due to the presence of the zonal harmonics coefficients J, of the primaries. If the effect of
the belt and the oblateness coefficients A,,B, are neglected, the characteristic equation
(3.61) corresponds to those of Singh and Ishwar (1999) and AbdulRaheem and Singh

(2006) in the absence of perturbations in the Coriolis and centrifugal forces.

Section 3.5.3 establishes that the triangular points are only stable when the mass ratio
< (0, 2,) . Equation (3.69) provides the value of the critical mass parameter £, , which is

used for the determination of the bound of stability for the triangular libration points. It

mirrors the influence of radiation of the primaries, oblateness up to J4 of the primaries and
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the gravitational potential from the belt. Nevertheless, on ignoring the effect of these

perturbations (i.e.q, =0, =1L, A =A, =B =B, =M, =0), u, 1 becomes
1 23
==l1- =,
He 2( 27}

- which tallies with the classical problem (Szebehely, 1967, Valtonen and Karttunen, 2005).

If the radiation of the primaries, oblatenesss of the smaller primary and potential from the
belt are neglected (i.e.q, =0, =1,B, =B, =M, =0), y. confirms the result of Abouelmagd
(2012). Taking in to account the oblateness up to J, only of the primaries and neglecting
the potential from the belt (i.e. A,=B,=M, =0), Y. agrees with those of Singh and
Ishwar (1999), Abdulraheem and Singh (2006) when the perturbations in the Coriolis and
the centrifugal forces are neglected, Singh (2009) in the case of linear stability, Singh and
Umar (2012) in the circular case and Singh and Haruna (2014a) when the infinitesimal
mass is a point mass and in absence of the perturbations in the Coriolis and the centrifugal
forces. If the primaries are spherical and the potential from the belt is ignored (i.e.
A=A =B =B,=M, =0), y verifies the result of Haque and Kumar (2015) when the
perturbations in the Coriolis and the centrifugal forces are discarded. On considering the
oblateness of the primaries only (i.e.q,=0,=1 M, =0), Y. agrees with that of
Abouelmagd, et al. (2015).

The effects of the radiation of the primaries, oblateness up to J, of the primaries and

potential from the belt on the critical mass value, are portrayed in Table 5.3.
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Table5.3: The effects of the perturbations on the critical mass value, T=0.01, r.=0.99.

Case q, a, A A, B, B, M, U,
1 1 1 0 0 0 0 0 0.038520896504551
0.98 1 0 0 0 0 0 0.038342547092572
2 093 1 0 0 0 0 0 0.037896673562625
083 1 0 0 0 0 0 0.037450800032678
1 095 0 0 0 0 0 0.038075022974604
3 1 090 O 0 0 0 0 0.037629149444657
1 085 O 0 0 0 0 0.037183275914709
1 1 001 O 0 0 0 0.035670878626646
1 1 002 O 0 0 0 0.032820860748740
1 1 003 0 0 0 0 0.029970842870835
4 1 1 0.01 0.005 O 0 0 0.039149799687163
1 1 002 001 O 0 0 0.039778702869774
1 1 0.03 0015 O 0 0 0.040407606052385
1 1 0 0 0.005 O 0 0.038206998676710
1 1 0 0 0.01 0 0 0.037893100848868
5 1 1 0 0 0015 0 0 0.037579203021026
1 1 0 0 0.005 0.0025 0 0.038557570318079
1 1 0 0 0.01 0.005 O 0.038594244131607
1 1 0 0 0.015 0.0075 O 0.038630917945135
1 1 0 0 0 0 0.01 0.038746198154817
6 1 1 0 0 0 0 0.02 0.038971499805082
1 1 0 0 0 0 0.03 0.039196801455347
0.99 0.98 0.01 0.005 0.005 0.0025 0.01 0.039144251032987
7 0.98 097 002 001 0.01 0.005 0.02 0.039856780267413
0.97 096 0.03 0.015 0.015 0.0075 0.03 0.040569309501839

174



Studying Table 5.3indicates that considering any of the oblateness up to J, of the primaries
(Cases 4 and 5) or any of the radiation of the primaries (Cases 2 and 3), reduces the value
of the mass parameter ., ; while oblateness up to J4 of the primaries (Cases 4 and 5), the
potential from the circular cluster of material points (Case 6) and the combined effect of the

perturbations (Case 7), increase the value . Now, since the triangular libration points are
stable for 0< u < g, it follows that the radiation and oblateness up to J, of the primaries

reduce the range of stability; while oblateness up to J4 of the primaries and the potential

from the circular cluster of material points increase the size of stability.

5.2.3.2Stability of the collinear points

From the Tables 3.2, 3.3and 3.4, it is clear that all the collinear libration pointsL, (i =1,2,3)

are unstable. In Table 3.5, Ly; is stable due to the oblateness up to J, of the smaller primary
(Case 6), radiation of the primaries (Cases 7and 8) and the combine effects of the
perturbations (Case 9). The collinear point L,, is stable only when considering the
oblateness up to J, of the bigger primary (Case 4) and the radiation and oblateness up to J4
of the primaries (Table 3.6: Case 9). InTable 3.7 and Table 3.8 the additional new collinear

points Lnz and Ly, are stable.
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5.2.4 Periodic orbits around the triangular libration points

As stated in Equation (3.76), the motion around the stable triangular points of theCR3BP
under the combined effect of radiation and oblateness up to the coefficients J, of the
primaries together with gravitational potential from a belt is bounded and composed of two
harmonic motions; the short and the long periodic orbits. Equations (3.90) and (3.91)
specify the frequencies for the short and long periodic orbits, correspondingly. Section 5.3
has shown that these orbits are ellipses centered at the triangular points. Equation (3.97)
specifies the directions of the principal axes of the ellipses. The eccentricity, lengths of
semi—major and semi—minor axes of the short periodic orbits is stated in Equations (3.122),
(3.130) and (3.131) respectively. Equations (3.127), (3.132) and (3.133) give the
eccentricity, lengths of semi—major and semi—minor axes of the long periodic orbits
respectively.

The elements of periodic motions (i.e. frequencies, eccentricity,and the directions of the
principal axes of the ellipses) reduce to those of classical problem (Szebehely, 1967) when
the oblateness and radiation of the primaries and the gravitational potential from the belt are
ignored. In the absence of the potential from the belt and considering oblateness up J, of

the primaries only (i.e. A, =B, =M, =0), the elements of the periodic motion agree with

those of Singh and Haruna (2014b) when the infinitesimal body is spherical and the

perturbations in the Coriolis and centrifugal forces are ignored.

The numerical analyses (Tables 3.9-3.13) emphasize the effects of each perturbing force on
the periodic elements: frequency, angle of rotation of the principal axis, eccentricity and
lengths of the semi-axes of the elliptic orbits of the infinitesimal mass.Studying Table 3.9

reveals that the frequency of the long periodic orbit s; decreases in the presence of
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oblateness up to the coefficient J, of the primaries (Cases 4 and 5) and due to the combined
effect of radiation and oblatenes up J, of the primaries with the potential from belt (Case 7).
While the frequency of the short periodic orbit s, decreases only due to the radiation of the
bigger primary (Case 2) or radiation of the smaller primary (Case 3) or due to the oblatness

up to J, of the bigger primary.

Examining Table 3.10 shows that radiation of the bigger primary (Case 2), oblateness up to
J, and up to J, of the smaller primary (Case 5) reduces the angle of the rotation of the
principal axes of the ellipses, while radiation of the smaller primary (Case 3), oblateness up
to J4 of the bigger primary, potential from the belt (Case 6) and the combined effect of all
the perturbations (Case 7), increases the angle of rotation of the principal axes.

Table 3.11 depicts that the value of the eccentricity e;of the long periodic orbit reduces in
the presence of radiation of the bigger primary (Case 2) or radiation of the smaller primary
(case 3) or oblateness of the smaller primary up to J, (Case5), while it increases due to
oblateness up to J4 of the primaries (cases4 and 5) or potential from the belt (Case 6) or due
to combined effect of the perturbations (Case 7). It further, reveals that the eccentricity e,
of the long periodic orbit increases owing to the radiation of the primaries (Cases 2 or 3) or
oblateness up to J, of the primaries (Cases 4 or 5), whereas its value decreases due to
oblateness up to J, of the primaries (cases4 or 5) or due to the potential from the belt (Case
6) or due to combined effect of the perturbations (Case 7).

Table 3.12 shows that the length of the semi-major axis a; of the long periodic orbit
increases in the presence of any or all of the perturbations except due to the radiation of the

bigger primary (Case 2) or radiation of the smaller primary (Case 3), whereas the length of
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the semi-minor axis b;iof the long periodic orbit decreases in the presence of any or all of

the perturbations.

Table 3.13 indicates that the length of the semi-major axis a, of the short periodic orbit,
increases only due to oblateness up to J, of the bigger primary (Case4) or due to oblateness
up to J, of the smaller primary (Case5) or due to the potential from belt (Case 6) or due to
the combined effect of all the perturbations (Case7). Furthermore, the table shows that the
length of the semi-minor axis b, of the short periodic orbit decreases in the presence of any

one or all of the perturbations.
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5.3 Triaxiality and Radiation of the Primaries with Potential from a Belt
5.3.1 Equations of motion

The position of the infinitesimal body moving subject to the influences of radiation and
triaxiality of the primaries; and gravitational potential created by the belt, within the frame
work of the CR3BP is given by Equation (4.14). The presence of the aforementioned
perturbations in Equation (4.14) connote that the motion of the infinitesimal body is
affected by them.

Now, if the primaries are oblate instead of triaxial (i.e. o, =0, = A and o, = o, = B, say),
then Equation (4.14) verifies Equation (3.23) when considering oblateness up J.of the
primaries and that of Singh and Taura (2013). In the absence of the potential created by the
belt (ie.M, =0, 0, #0,0,#0, 0/ #0,0, #0, q, #1,q, #1), Equation (4.14) confirms those
of Sharma etal. (2001b) and Singh (2013) in the absence of perturbations in the Coriolis
and centrifugal forces. If however, the influences of the aforesaid perturbations are ignored
(ie.o,=0,=0/=0,=M, =0, q, =0, =1), Equation (4.14) reduces to those of the

classical case of Szebehely (1967) and Valtonen and Karttunen (2005).

5.3.2 Locations of libration points
5.3.2.1Triangular libration points
The triangular libration points L, and Ls are given in Equation (4.32), and they are

functions ofq,,q,,0,,0,, 0,,0,and M, . It is remarkable that the y -coordinates of the

triangular points depend on the mass parameter «, such that as #— 0 the coordinates in

Equation (4.32) do not exist, which is contrary to those of Equation (3.69) and Szebehely
(1967), but it is in agreement with Sharma et al. (2001b, 2001c) and Singh (2013). If the

primaries are oblate instead of triaxial, then the coordinates of Equation (4.32) coincide
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with those of Equation (3.47) when considering oblateness up J,of the primaries and Singh
and Taura (2013). On ignoring the effect of the potential from the belt, Equation (4.32)
tallies with those of Sharma et al. (2001b) and Singh (2013) in the absence of perturbations
in the Coriolis and centrifugal forces. Nevertheless, Equation (4.32) diminishes to those of
the classical case of Szebehely (1967) and Valtonen and Karttunen (2005) if the primaries
are non-luminous spheroids and the potential from the belt is ignored

(ie.oy=0,=0/=0,=M,=0,q, =0, =1).

Positions of L 4 and L5 in the presence of triaxiality of the bigger primary

1 T T T T T T
0.8 L, S 9700 |
—+—5,=0.01,3,=0.005
061 —o—8,=0.03,3,=0.015 |
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8
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Figure 5.7: Effects of triaxiality of the bigger primaryon the location of L4s (i.e.
61,:0:; =M, =0,0,=0q, =1).
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Positions of L 4 and Ly in the presence of triaxiality and radiation of the bigger primary
1 T T T '

L, e 6,76,=0,q,=1
08" —— 5,=0.01,5,=0.005,q,=0.98
0.6 —— 6,=0.03,5,=0.015,9,=0.96
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= m
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0.4 _
-0.6 —
-0.8- -
5
-1 L L L L L L
-0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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Figure 5.8: Effects of triaxiality and radiation of the bigger primaryon the location of L5
(ie. oy=0,=M,=0,q,=1).

Positions of L, and L in the presence of triaxiality of the bigger primary and the belt
1 T T
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Figure 5.9: Effects of triaxiality of the bigger primary and the belton the location of L5
((ilke. 0,=0,=0,q,=0,=1).
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Positions of L 4 and L in the presence of triaxiality of the smaller primary
1 T

. L —— §1=52=0
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Figure 5.10: Effects of triaxiality of the smaller primaryon the location of L4 (i.e
o,=0,=M,=0,0,=0,=1).

Positions of L . and L in the presence of triaxiality and radiation of the smaller primary
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Figure 5.11: Effects of triaxiality and radiation of the smaller primaryon the location of L5
(leoy=0,=M,=0,0,=1).
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Positions of L4 and L5 in the presence of triaxiality of the smaller primary and the belt
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Figure 5.12: Effects of triaxiality of the smaller primary and the belton the location of Lys

(ie.o,=0,=0,0,=0, =1).
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Positions of L4 and L5 in the presence of all perturbations
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Figure 5.13: The combined effect of the perturbations on the location of Ly 5 .

As in the previous problem, the triangular points no longer form equilateral triangles with
the primaries as they do in the classical problem (Figures 5.7-5.13). They form scalene
triangles and move towards the bigger primary in the presence of triaxiality of the bigger
primary (Figure 5.7) or in the presence of radiation and triaxiality of the bigger primary
(Figure 5.8) orin the presence of triaxiality of the bigger primary with potential from the
belt (Figure 5.9).Due totriaxiality of the smaller primary (Figure 5.10) or due to radiation
and triaxiality of the smaller primary (Figure 5.11), the triangular points form scalene
triangles and move towards the smaller primary. However, in the presence of triaxiality of
the smaller primary with the potential from the belt (Figure 5.12), the points tend towards

the x-axis and form isosceles triangles with the primaries. The amalgamated effect of all
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theperturbations (Figure 5.13) causes the triangular points to draw closer to the bigger

primary and form scalene triangles with the primaries.

5.3.2.2Collinear libration points

Table 4.1 shows the positions of the collinear libration points subject to the influence of
radiation and triaxiality of the primaries, together with gravitational potential created by the
belt. It indicates that the positions of the collinear libration points are also affected by the
aforementioned perturbations.Nonetheless, in the absence of these perturbations
(ie.o,=0,=0,=0,=M, =0, q, =0, =1) Table 4.1 Case 1, there are only three collinear
libration points (L;, i = 1, 2, 3) which correspond to the classical case of Szebehely, (1967).
As in the previous problem, under the effect of the gravitational potential created by the
belt only (i.e.M,=0.01, 0,=0,=0,=0,=0, 9,=0,=1) Case 2, there exist five
collinear libration points (Ln1, Ly and Lj, i = 1, 2, 3). On considering the effect due to
triaxiality of the bigger primary with the potential created by the belt only
(ie.0,=M,=0.01 0,=0.008, o, =0,=0, g, =q,=1) Case 3 or radiation and
triaxiality of the bigger primary with the potential created by the belt only
(i.e.q,=0.98, 0, =M, =0.01, 0, =0.008, o, =0, =0, q,=1) Case 4 or radiation and
triaxiality of the smaller primary with the potential created by the belt only
(i.e.q,=0.97, 0, =M, =0.01, 0, =0.008, 0, =0, =0, ¢, =1) Case 6 or triaxiality of the
primaries with the potential created by the belt only
(i.e.o,=0/=M, =0.01, 0, =0,=0.008, g, =q, =1) Case 7 or radiation and triaxiality of

the primaries with the potential created by the belt
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(i.e.oy=0,=M, =0.01, 0, =0, =0.008, g,=0.98, q, =0.97) Case 8, the new collinear
point L,y moved toward the bigger primary whileL,, moved away from it. In Case 5, owing
to triaxiality of the smaller primary with the potential created by the belt only
(i.e.o;, =M, =0.01, 0,=0.008, 0, =0, =0, gq,=0,=1), Ly sifted away from the bigger
primary whereas L, stepped towards it. The combined effect of the perturbations on the

positions of the collinear libration points arein Table 5.4.

Table 5.4. : Influences of the perturbations on the collinear points when p =0.25, T=0.01.

= 0,=1 g, =0.98,9,=0.97, g, =0.96,q9, =0.95, 0, =0.94,0, =0.93,
o,=0,=M, =0, 0,=0,=M,=0.01, o,=0/=M,=0.02, o,=0,=M, = 0.03,
o,=0o, = 0. o, = o, = 0.008. o,= o, = 0.018. o,= o, = 0.028.

L, 1.2658581025 1.2585397955 1.2529854356 1.2478791666

L, 0.3607434284 0.3590930537 0.3580343024 0.3573063535

L, -1.1031668488 -1.0880401250 -1.0749059246 -1.0627421281

L., - -0.0015477633 -0.0008762383 -0.0006591986

L., - -0.0197733105 -0.0263703668 -0.0299135903

With increase in the perturbations factors Table 5.4,the collinear libration points

L. L tend closer to the primaries, and L, , , L, draw towards M, while L, moves

away fromm, .
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On examining the positions of the collinear points under the combined effect of radiation
and triaxiality of the primaries and the potential from the belt
(i.,e.0y=0,=M, =0.01, 0, =0, =0.008, g,=0.98,q,=0.97) for  wue(0,1/2)Figure
4.3, the new collinear points Ly; and Ly, do not exist for lower mass ratio. However, Figures
5.14 and 5.15 which provide the locations for the collinear points Lny, Lpofor 2 €(0,1/2)
Mb = 0.01, 0.02, 0.03, show that with increase in the mass of the belt, Ly, and Ln, exist for
the lower mass ratio. The figures further indicate that L, comes nearer to the more massive

primary while L,; moves away from it, with the increase in the mass of the belt or the mass

ratio.
3 Position of the new collinear point L
0X 10 nl
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/@/ /r/se///
-1 .
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g / M =002 ||
c b
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8. .
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0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
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Figure 5.14: Effects of the potential from the belt on L

(ieo,=0,=0,=0,=0,0,=0, =1).
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Position of the new collinear point L,
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Figure 5.15: Effects of the potential from the belton L,,

(ie.oy=0,=0;=0,=0,0, =0, =1).

5.3.3 Stability of libration points

5.3.3.1Stability of triangular libration

The roots of the characteristic equation (4.37) are used to discuss the stability of the

libration points. Section 4.4.2 proves that the triangular libration points are stable for

0.5

0 < u < . and unstable for x4, < u s%, where w4, is the critical mass ratio influenced by the

radiation and triaxiality of the primaries; and the potential from the belt. Equation (4.51)
offers the value of the critical mass parameter ., . It reflects the effects of the radiation and

triaxiality of the primaries, and the gravitational potential from the belt. If the primaries are
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oblate instead of triaxial (i.e.c,=0,#0and o] =0, #0), u, Vverifies Equation (3.69)
when considering oblateness coefficients up J,of the primaries and that of Singh and Taura
(2013). On ignoring the potential created by the belt
(ieM,=0,0,#20,0,#0,0,#0,0, %0, q, #1,q, #1), x4, confirms that obtained by Singh
(2013) in the absence of perturbations in the Coriolis and centrifugal forces.Neglecting the
effects of radiation primaries, triaxiality of the primaries and the gravitational potential

from the belt(ie. o,=0,=0,=0,=M,=0, q,=0, =1) the value of x becomes

U, =%—% % which confirms that of the classical problem (Szebehely, 1967 and

Valtonen and Karttunen, 2005).

The effect of triaxiality of the bigger primary, the effect of triaxiality of the smaller primary
and the combined effect of radiation and triaxiality of the primaries coupled with the
gravitational potential from the belt on the position of the critical mass value are depicted in

Figures 5.16, 5.17 and 5.18 respectively.
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H, in the presence of triaxiality of the bigger primary
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Figure 5.16: The effects of the triaxiality of the bigger primary on the critical mass
parameter (o, =0,=M, =0, ¢, =0, =1).
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H, in the presence of triaxiality of the smaller primary
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Figure 5.17: The effects of the triaxiality of the smaller primary on the critical mass

parameter (o, =0, =M, =0, 9, =0, =1).
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H, in the presence of all perturbations
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Figure 5.18: The combined effect of the perturbations on the critical mass parameter.

the value of the critical mass ratio decreases due to triaxiality of the bigger primary (Figure
5.16) or of triaxiality of the smaller primary (Figure 5.17) or the combined effect of
radiation and triaxiality of the primaries with the gravitational potential from the belt

(Figure 5.18). Thus, since the triangular libration points are stable in the range 0< x < .,

it shows that triaxiality of the bigger primary, triaxiality of the smaller primary and the
combined effect of radiation and triaxiality of the primaries with the gravitational potential

from the belt each reduces the range of stability.
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5.3.3.2Stability of the collinear points

As regards the stability of collinear points, Tables 4.2-4.6 show that all the collinear

libration points are unstable stable except the new collinear point Ly;.
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CHAPTER SIX

6.0 SUMMARY, CONCLUSIONS AND RECOMMENDATIONS
The summary, conclusion and recommendations as regards to this study are given in this
chapter.

6.1 Summary

We have investigated the libration points in a generalized restricted three-body problem.
The restricted three-body problem is generalized to include the effect of radiation and
asphericity of the primaries and gravitational potential from a belt. We have derived the
equations that govern the motion of the infinitesimal body under the influence of: (i)
oblateness up to J, of the primaries, radiation of the primaries and the gravitational potential
from the belt; (ii) triaxiality and radiation of the primaries and the gravitational potential
from the belt, within the structure of the circular restricted three-body problem. The
positions of the libration points (triangular, collinear) and their linear stability have been
determined. Also, the periodic orbits in the proximity of the stable triangular points under
the combined effect of oblateness and radiation of the primaries and potential from the belt
are studied.

We have seen that the positions of the triangular libration points (L,, L) are affected by
the perturbations such that they no longer form equilateral triangles with the primaries as
they do in the classical case; rather they form scalene triangles or isosceles triangles with
the primaries. They come closer to the smaller primary due to the resultant effect of

oblateness up to J, of the primaries, radiation of the primaries and the gravitational potential
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from the belt whereas triaxiality and radiation of the primaries and the gravitational

potential from the belt, cause the triangular points to come nearer to the bigger primary.

The collinear libration points are also influenced by the perturbations, such that there exist

four new collinear points in addition to the three libration points (L, L,, L;) in the

classical problem. Two of the new libration points L,; and Ln.are due to the potential from
the belt, while the other two L,3 and L,appear due to the zonal harmonics up to J, of the

smaller primary. Owing to the combined effect of the perturbations with . = 0.4, the
collinear points L, L,, L, , are disposed between the primaries, L ,,L, and L, ,, L,
are beyond m, and m,, respectively. With increase in the perturbations, L, L,come

closer to the primaries while L, ,, L, shift away from the primaries; and L, L, tend

2>
towards m,whereas L,, moves away from it. The number of the collinear points
decreases from seven (L, L,, L5, L, L, L5, L.,) to five
(L, L, L, L., L.,) thentothree (L,, L, L,,),withthe decrease in the value of

the mass parameter. The oblateness up to J4 of the smaller primary is accountable for this
reduction in the number of the collinear points.
Under the combined effect of radiation and triaxiality of the primaries and the potential

from the belt there are five collinear points (L, L,, L, L, L,,). With increase in the

perturbations factors, L, and L,come closer to the primaries, L, , L, shift towardsM,,

n2
while L_, moves away fromm,. The libration points Ln; and Ly, exist for the lower mass

ratio only with the increase in the mass of the belt.
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The triangular points (L,, L) are unstable for ., Sys%and stable for 0< u< .,

where . is the critical mass parameter affected by the aforesaid perturbations. The

potential from the belt and the respective oblateness coefficients Aand B, of the more
massive and less massive primaries and potential from the belt have stabilizing
propensities; while the radiation of the primaries, the oblateness up to J, of the primaries
and triaxiality of the primaries have destabilizing propensities. The resultant effect of the

potential from the belt, radiation and oblateness up to J, of the primaries on . has

stabilizing tendency; while the combined effect of radiation and triaxiality of the primaries

with the gravitational potential from the belt has destabilizing tendency.

Subject to the combined effect of the potential from the belt, radiation and oblateness up to
J4 of the primaries, the collinear libration points L; (i = 1, 2, 3) remain unstable, while two
of the additional new collinear points L3 and L., are stable. L,; is stable due to the
oblateness up to J, of the smaller primary with potential from the belt or due to radiation of
any of the primaries with potential from the belt or due to the combined effect of all the
perturbations. The collinear point Ly, is stable when considering the zonal harmonics up to
J, of the bigger primary with potential from the belt and due to the joint influence of all the
perturbations.All the collinear libration points under the combined effect of triaxiality and
radiation of the primaries and the gravitational potential from the belt are unstable, except
the new collinear point Ly;.

The periodic orbits in the vicinity of the triangular points for 0< u< g, where

4. €(0,1/2)is the critical mass ratio influenced by the oblateness and radiation of the
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primaries and potential from the belt, are ellipses. The values of the angular frequency of
the long elliptic orbit s;, the eccentricity of the short elliptic orbit e,, the semi-minor axes of
the elliptic orbits by, bodecrease, whereasthe frequency of the short periodic orbits s,, the
eccentricity of the long periodic orbit e;, the semi-major axes of the orbits a;, a, and the

angle of rotation of the principal axes g increase owing to the combined effect of the

radiation of the primaries, oblateness up to the coefficients J, of the primaries and the

gravitational potential from the belt.

6.2 Conclusions

The problem studied is a modification of the RTBP by considering the gravitational
potential from a belt, the radiation and the asphericity of the primaries. We have derived the
equations that regulate the motion of the infinitesimal body moving in the gravitational
field of the radiating and oblate/triaxial primaries, together with the influence of
gravitational potential generated by the belt within the framework of the restricted three-
body problem. We have also investigated the effects of the aforementioned perturbations on

the locations of the libration points and their linear stability and established that:

i. The equations that govern the motion of the infinitesimal body are affected by the
aforesaid perturbations.

ii. The triangular libration points form scalene triangles or isosceles triangles with the
primaries. They come closer to the less massive primary due to the resultant effect
of the perturbations when the primaries are oblate; and move towards the more

massive primary when the primaries are triaxial.
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V.

Vi.

There exist four additional collinear points in addition to the three libration points

(L, L,, L) in the classical problem when the primary bodies are oblate.

However, the number of the collinear points reduces with decrease in the value of

the mass ratio, such that L, and L, do not exist for lower mass ratios. When the

primaries are triaxial, there exist only two additional collinear points.

The triangular points are stable for0 < x < u and unstable for g, < < % where

4. is the critical mass parameter influenced by the radiation and triaxial/oblateness

up to J4 of the primaries and potential from the belt. The coalesced effect of these
perturbations has stabilizing tendency when the primaries are oblate and
destabilizing when they are triaxial.

As in the classical problem, the collinear libration points (L, L,, L,) remain

unstable in the presence of these perturbations. Nonetheless, due to the
amalgamated effect of the perturbations, there are new collinear points that are
stable.

The periodic orbits around the triangular points in the range 0 < x < ., where g is
the critical mass parameter influenced by the radiation and oblateness up to J4 of the

primaries and potential from the belt are ellipses.
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6.3 Recommendations
This research has extensively explored the CR3BP when the primaries are radiating
oblate/triaxial bodies enclosed by a belt of homogeneous cluster of material points. Further

extension of the work can include:

i. Perturbations in the Coriolis and centrifugal forces.
ii. Variable mass problem.

iii. The Robe’s CR3BP.

iv. P-R (Poynting-Robertson) drag forces

v. Elliptic R3BP.
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