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ABSTRACT
Regression is one of the most useful statistical methods for data analysis. Multicollinearity is a
problem that, pose a challenge to regression analysis by increasing the standard error of the
estimators, making the model to be less predictive and difficult for interpretation. Penalized
regression which is a variable selection techniquehave been developed specifically to eliminate
the problem of multicollinearity and also reduce the flaws inherent in the prediction accuracy of
the ordinary least squares (OLS) regression technique. In this thesis, the focus is on the
numerical study of these three penalized methods, namely: least absolute shrinkage selection
operator (LASSO), elastic net and the newly introduced correlation adjusted elastic net (CAEN).
A diabetes dataset which was shown to possess the qualities of multicollinearitywas obtained
from previous literature to compare these well-known techniques. 10-fold cross validation (CV)
within glmnet package was used to entirely search for the optimal A.The whole path of results (in
A ) for the LASSO, Elastic Net and CAEN models were calculated using the path wise Cyclic
Coordinate Descent (CCD) algorithms— in glmnet package in R,a computationally effective
technique for finding out these convex optimization solutions. A regularized profile plot of the
coefficient paths for the three methods, were also shown. Predictive accuracy was also assessed
using the mean squared error (MSE) and the penalized regression models were able to produce
feasible and efficient models capable of capturing the linearity in the data than the ordinary least
squares model.It was observed that correlation adjusted elastic net generates a less complex

model with a minimum mean square error (MSE).
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CHAPTER ONE
GENERAL INTRODUCTION
1.1 Background of the study

In Multiple linear regression analysis, when a large number of predictor variables are introduced
in a model to reduce possible modeling biases or there is serious concern of multicollinearity
among the predictor variables, variable selection is an important issue.

Regression is one of the most useful statistical methods for data analysis. However, there are
many practical problems and computational issues, such as multicollinearity and high
dimensionality that pose a challenge to regression analysis.To deal with these challenges,
variable selection and shrinkage estimation are becoming important and popular. The traditional
approach of automatic selection (such as forward selection, backward elimination and stepwise
selection) and best subset selection are often computationally expensive and may not necessarily
produce the best model.

The method of penalized least squares (PLS), which is equivalent to penalized maximum
likelihood, helps to deal with the issue of multicollinearity by putting constraints on the values of
the estimated parameters. A wonderful consequence is that the entries of the variance-covariance
matrices are reduced significantly.

Suppose multicollinearity is detected and the predictor variables that cause
multicollinearity are identified. As discussed by (Ryan 2009) multicollinearity may not be a
problem if the goal is to use the linear regression model for prediction. However
multicollinearity is a problem if we use the linear regression model for description or
control.Multicollinearity implies that predictor variables form some groups. Within each group,
predictor variables are highly correlated. One solution to multicollinearity is to remove one or
more of the predictor variables within the same group, but deciding which ones to eliminate

1



tends to be a difficulttechnical task. A major consequence of multicollinearity is that the
parameter estimators and their variances tend to be large. Therefore the inference on the response
is highly variable.

To deal with the challenges mentioned above, penalized regression approaches, also
called shrinkage or regularization methods, have been developed. Although shrinking some of
the regression coefficients toward zero may result in biased estimates, these regression
coefficient estimates will have smaller variance. This can result in enhanced prediction accuracy
because of a smaller mean squared error (Hastie et al., 2009). Regression coefficients are shrunk
by imposing a penalty on their size, which is done by adding a penalty function to the least-
squares model. Moreover, some of these procedures e.g. the Least Absolute Shrinkage Selection
Operator (LASSO) enable variable selection such that only the important predictor variables stay

in the model(Szymczak, et al. 2009).

1.2 Statement of the Problem

When perfect multicollinearity or near-perfect multicollinearity exists in a model,
parameter estimates of the multiple linear regression models are not unique. In practice, perfect
collinearity occurs rarely, what we often have is nearly-perfect collinearity. However quite often
we face the issue of multicollinearity when there are strong linear relationships among two or
more predictor variables. This happens when two or more predictor variables contribute more or
less to a same characteristic of the subjects.In recent years, alternative methods have been
introduced to deal with multicollinearity. In particular, methods of penalization become popular
and useful. This is also known as simultaneous shrinkage and variable selection. The purpose of
this study is to assess thestatistical performances of LASSO, Elastic Net and the newly

introduced Correlation Adjusted Elastic-Net (CAEN) regression methods.



1.3 Research Motivation

The motivation for using penalized regression is that in the presence of nearly-perfect
multicollinearity, the ordinary least squares estimates are not unique. However, with penalized
least squares, these estimates become unique especially when appropriate tuning parameters are
chosen. Similarly, without penalization, the ordinary least squares estimators are subject to high
variability when multicollinearity exists. With penalization, the variances of the estimators are
controlled. Most of the comparisons done by other researchers werebetween LASSO and elastic
net.This research attempts to compare LASSO, elastic net and the newly introducedcorrelation
adjusted elastic net.And also assess the advantages of using these methods over the classical least
squarestechnique. This research attempts to accentuate some of these differences by using

numerical results.

1.4 Aim and objectives of the study
The main aim of this research is to assess the performance and advantages of using LASSO,
Elastic Net and CAEN methods over the classical regression methods. We hope to achieve this
aim through the following objectives:

i Application ofpenalized regression methods of eliminating multicollinearity.

ii. Identifying the variables that possess the characteristics of multicollinearity using the

Variance Inflation Factor, and
iii. Identifying the number of variables selected by each of the penalized regression

methodand the classical least squares method.

1.5 Significance of the study
The significance of this study is geared toward detecting variables with the qualities of

multicollinearity in a regression model. Also to show why penalized methods are preferred,
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over classical least squares technique when faced with the problem of multicollinearity. In
achieving this, we explored and compared three penalized methods used in eliminating
multicollinearity. This work is also aimed at providing assistance to researchers to ease their
decision making as to which technique to be used when encountered with the problem of

multicollinearity.

1.6 Scope and limitations of the study

This research is circumscribed by the use of Leave One-Out Cross Validation (LOOCV)
criterion to determine the number of variables selected by each of these methods under study,
also by the used of mean square error, to assess the predictive accuracy of the methods. The
research also gives an overview of each of the procedures in an attempt to highlight the
similarities as well as the differences existing among these three penalized methods with respect

to variable selection.

1.7 Multicollinearity
Multicollinearity is another important issue in multiple regression. Collinearity means a linear
relationship exists between two or more predictor variables, while multicollinearity refers to a
situation in which two or more predictor variables are highly linearly correlated. The most
extreme case is perfect collinearity (or multicollinearity) where the linear correlation between
two predictor variables is either -1 or 1. This happens, for example, when two predictor variables
X, and X,satisfy

X, = a+bX, (1.1)
for two real numbers a and b.
In the presence of perfect multicollinearity, parameter estimates of the population multiple linear
regression model are not unique. In practice, perfect collinearity occurs rarely. However quite

4



often we face the issue of multicollinearity when there are strong linear relationships among two
or more predictor variables. This happens when two or more predictor variables contribute more
or less to the same characteristic of the subjects. For a matrix A, let AT be its transpose and A~1

be its inverse matrix, if it exists. When predictor variables are highly linearly correlated, the most

significant consequence is that entries of (X" X )_ltend to be large, so the predictor variables
contribute overlapping and redundant information. Other consequences of multicollinearity are
that some predictor variables may not be statistically significant but the model may overall be
significant, and that the usual interpretation of coefficient estimates fails in the presence of
multicollinearity.Furthermore there is high variability of parameter estimators, because the
estimated variance-covariance matrix has large diagonal entries.

Several methods for detecting multicollinearity exist. These include checking for
significant change in the parameter estimate when its corresponding predictor variable is added
to or removed from the model, checking for insignificance of individual estimators while the
model is overall significant, calculating the Variance Inflation Factor (VIF) and carrying out
formal multicollinearity tests.

There are several remedies for dealing with multicollinearity. One method is to select a
collection of predictor variables that are minimally correlated with each other. This avoids over
fitting the regression model and can be normally done with statistical software. However
information from other predictor variables is often lost. Furthermore, there is no clear way of
selecting a collection of predictor variables that forms the best subset.

Since omitting predictor variables may result in potential loss of information, another method is
to include interaction terms into the model to account for high linear correlation among the

predictor variables. There are several problems with this approach. One of such is that the form



of interaction is not unique and must be carefully determined. Another problem is that ,the model
is much more complex and has too many terms which reduce the degrees of freedom of the
inference of the response, and hence reduces the power for predicting and estimating the
response.In recent years, alternative methods have been introduced to deal with multicollinearity.
In particular, some methods of penalization become popular and useful. This is also known as

simultaneous shrinkage and variable selection.



CHAPTER TWO
LITERATURE REVIEW
2.1 Introduction
This chapter seeks to review related literatures on the works of different scholars regarding the
classical regression, penalized regression and their applications. Many authors have proposed
several penalized regression methods to beat the defects of ordinary least squares with regards to

prediction accuracy.

2.2 Classical Regression Analysis

Regression analysis is a statistical technique used to relate variables. Its basic aim is to
build a mathematical model to relate dependent variables to independent variables. The method
of least squares was firstdiscovered around 1805 (Stigler, 1986). There was a disagreement about
who first discoveredthe method of least squares. It appears that, it was discovered independently
by CarlFriedrich Gauss (1777-1855) and Adrien Marie Legendre (1752-1833), that Gauss
startedusing it before 1803 (he claimed in about 1795, but there is no corroboration of this
earlierdate), and that the first account was published by Legendre in 1805, as indicated in
(Draper and Smith, 1981). Stigler (1986) noted that, Sir Francis Galton discovered regression
around 1885 in his studies related to heredity. Any contemporary course in regression analysis
today starts with themethods of least squares and its variations.
Multiple Linear Regression (MLR) is one of the most commonly used data miningtechniques,
and can provide insight information in cases where the rigid assumptionsassociated with MLR
are met.MLR is a very versatile tool and can be applied to almost any process,system, or area of

study. Much has been published regarding this subject, and we refer an interested reader to



Kutner et al. (2004), as well as Myers (1990) which provided thorough accounts of MLR and
will be indispensable for most readers.
A key step in developing an appropriate MLR model is selecting a method of modelbuilding and
a set of best model criteria. Efromyson (1960) introduced Stepwise regression which
iscommonly used for model building. Stepwise regressionwas intended to be an automated
procedure that selects the most statistically significant variables from a finite pool of independent
variables. There are three separate stepwiseregression procedures: forward selection, backward
selection and mixedselection. Mixed selection is the most statistically defendable type of
stepwise regression,and is a mixture of the forward and backward procedures as indicated in
Kutner et al. (2004), Neter et al. (1996) as well as Draper and Smith (1981).
As noted by Kutner et al. (2004); model validation is the final step in the regressionmodeling-
building process. Furthermore it was highlighted therein that, there are three main methods
associated withmodel validation, as follows:
1. Collection of new data to validate the current model and its predictability.
2. Comparison of current results with other theoretical values, empirical and simulation
results.
3. Use of a cross-validation sample to validate and assess the predictive power of the current
model.

The cross-validation approach is used to assess the validity andpredictability of the
regression models constructed, i.e., a certain amount of the data are removed from the model-
building process say twentyrecords, and then use the constructed model to estimatetheir
computed values. A general rule of thumb in regression model building is to use 80percent of the

data set for the development of the training model and the remaining 20percent for validation of



the model as noted by (Kutner et al. 2004). Validation records can be selectedat random from the
entire data set, or in the case of time series data, the validationset can be the most current 20
percent (Kutner et al. 2004). Adequate regression models areexpected to yield estimates
reasonably close to the actual data values. There are lots of statistics available to aid in assessing
the predictive power ofregression models. A popular statistic for assessing this predictability is
the Root MeanSquared Error of the Prediction (RMSEP) statistic (André et al. 2006). This
statistic iscomputed by calculating the square root of the Sum Squared Errors (SSE) for the
withheldrecords divided by the corresponding degrees of freedom. Lower RMSEP values
indicatebetter model predictability. Another common model validation statistic is the classical
coefficient of determination, orR? , statistic. This value is also computed for the withheldsample,
and provides some insight into the predictability of the model. By definition, higherR?values are
preferred, i.e., theR? statistic indicates the amount of variation explained bythe regressors in the
regression model.

Breiman and Friedman (1997) observed that, when considering multiple regression models, it is
of great importance for the predictors to share strength among different models.(Turlach et al.
2005)also observed that, it is of particular interest, when there are large number of covariates,to
find a common set of variables that can be used for all models under investigation. In the context
ofmean regression, Turlach et al. (2005) considered the problem of selecting a subset of 770
wavelengths that are suitable aspredictors for 14 different but correlated infra-red spectrometry
measurements, and they proposed a novel regularizationmethod to perform simultaneous
variable selection.Because classical regression approaches require thenumber of samples to
exceed the number of variables,they are not applicable in case of genome wide association

(GWA) data. Additionally,least-squares estimates of regression coefficients may behighly



unstable, especially in cases of correlated predictorvariables, which lead to low prediction
accuracy.

In genomic settings, where collinear predictors typically outnumbered available samples (p>n),
an examplebeing the prediction of cancer patient survival from tumor geneexpression data (Beer
et al., 2002; Shedden et al., 2008; Seorlieet al., 2001; van de Vijver et al., 2002; Wigle et al.,
2002). In thissetting, ordinary regression is subject to overfitting and instabilityof coefficients
(Harrell et al., 1996), and stepwise variable selectionmethods do not scale well as observed by
(Yuan and Lin, 2006). Regression has beensuccessfully adapted to high-dimensional situations
by penalization methods (see for instance, Hesterberg 2008), and penalized regressionhas been
shown to outperform univariate and other multivariateregression methods in multiple genomic
datasets (Bgvelstad et al., 2007).

Many simulation studieshave been carried out and it was suggested that, least-squares
estimates can be quite poor, see for instance Roecker (1991), Adams (1990) as well as Hurvich
and Tsai (1990). Thesestudies show that often prediction errors using OLS are too small and that
the usual 95% confidence intervals will only include the true value of the parameterin roughly
50% of cases. When predictor variables are strongly correlated, theprediction errors were shown

to become too large.

2.3 Penalized Regression

It is a well-knownfact that, OLS often does poorly in both prediction and interpretation
especially when some of the predictor variables are collinear. Penalization techniques have been
proposed to improve on the prediction flaws inherent in ordinary least squares. Hoerl and
Kennard (1970) introduced the ridge regression which estimates the regression coefficients

through an 1,-norm penalized least-squares criterion. Friedman et al.,(2007) observed that ridge
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regression shrinks the coefficients of correlated predictor variables toward each other, allowing
them to borrow strength from each other. However, this behavior is not without its problems. For
example, in the case of the k identical predictor variables mentioned above, they each get
identical coefficients with size 1/k that,which any single one would get if, fit alone. The ridge
penalty is ideal if there are many predictor variables, and all have non-zero coefficients (from a
Bayesian perspective only if these are drawn from a Gaussian prior distribution).Best subset
selectionon the other hand produces a sparse model, but it is extremely variable because of
itsinherent discreteness, as addressed by Breiman (1996).Frank andFriedman (1993) introduced
bridge regression which minimizes the Residual Sum of Squares (RSS). The estimator from
bridge regression is not explicit; however Frankand Friedman (1993) argued that the optimal
choice of the parameteryyields reasonable predictors. This is because, it controls the degree of
preference for the true coefficienttoalign with the original variable axis directions in the predictor
space.Also Tibshirani (1996)introduce LASSO regression,which minimizes the RSS subject to a
bound on the L;-normof the coefficients. The Elastic net was proposed by Zou and Hastie
(2005a) which is the combination of both L,;and L, norms. The Dantzig selector which was
introduced by (Candes and Tao, 2007), a slightly modified versionof the LASSO.Li and Lin
(2010) proposed a related Bayesian Elastic Net method with a slightly different specification of
the prior where the two penalty parameters were chosen by the empirical Bayes method. Tan
(2012) introduced what is known as Correlation Adjusted Elastic Net regression which is an
extension of Elastic Net regression. Tan (2012) also introduced correlation adjusted regression
which is an extension of ridge regression.Bondell and Reich (2008) introduced the OSCAR

(Octagonal Shrinkage and Clustering Algorithm for Regression). There are so many penalized
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regression methods proposed in recent years but this thesis focuses on LASSO, Elastic Net and

Correlation Adjusted Elastic Net methods because of their performance.

2.31 LASSO Regression

Tibshirani (1996) proposed the LASSO estimator which estimates the regression coefficients
through an ;-norm penalized least-squares criterion. This is equivalent to minimizing the sums
of squares of residuals plus an [, penalty on the regression coefficients. Due to the nature of the
[, penalty, LASSO performscontinuous shrinkage and variable selection simultaneously. In
addition LASSO possesses the properties of both the [, (ridge) penalization and best-subset
selection. It was argued that, the automatic feature selection property makes the LASSO a better
choicethan the [, penalization in high dimensional problems, especially when there are lots of
redundant noise features (Friedman et al.,2007). Although the [,regularization has been widely
used in various learning problems such as smoothing splines(Wahba, 1990), the support vector
machine (Vapnik, 1995) and neural networks where the [,regularization is called weight decay
(Hastie et.al, 2009). An [, methodcalled basis pursuit was also used in signal processing (Chenet
al., 2007).There are many theoretical works to prove the superiority of the [, penalization in
sparsesettings. The LASSO estimator has two desirable properties. Firstly, the nature of
regularization used in the LASSO leads to sparse solutions. Secondly, it is also computationally
feasible as it was seen in the works of (Efron et al., 2004) and (Friedman et al., 2007). The
sparse solutions obtained by using LASSO automatically leads to model selection. In the finite
dimensional case, many authors have studied the model-consistency properties of the LASSO
and investigated conditions under which the Lasso can recover the true sparsity pattern as in the
case of Zhao and Yu (2006). Yuan and Lin (2006) have studied the neighborhood selection

properties of the LASSO in graphical models.
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Donohoand Johnson (1994) prove the near minimax optimalityof soft-thresholding (I, shrinkage
with orthogonal predictors). Donoho et.al.(2004) also shown thatthe [, approach is able to
discover the "right" sparse representation of the model undercertain conditions.

Knight and Fu (2000) have shown consistency for LASSO type estimators (generally bridge
estimators) with fixed p under some regularity conditions on the design. They obtainedthe
asymptotic normal distribution with a fixed true parameterf and local asymptotic,that is, when
the true parameter is small but nonzero in finite samples. Also, theyderived asymptotic properties
of LASSO type estimators under nearly singular designmatrices.

Osborne et al.,(2000a) proposed two algorithms for the computation of the lasso, acompact
descent algorithm was derived to solve the selection problem for a particularvalue of the tuning
parameter, and then a homotopy method for the tuning parameter was developed to completely
describe the possible selection.

Efron et al.,(2004)later proposed Least Angle Regression Selection (LARS) for a model selection
algorithm.They showed that with a simple modification, the LARS algorithm implements the
LASSO. Efron et al.,(2004) also studied an efficient way of selecting the optimal fit and the
effective degrees of freedom of the LASSO, where it was discovered that, the size of the active
set(the indices corresponding to covariates to be chosen) can be used as a measure of thedegrees
of freedom, which changes, not necessarily monotonically, along the solutionpaths of LARS.Zou
et al.,(2007) improved on the work of (Efron et al.,2004) and showed that the number of nonzero
coefficients is an unbiased estimate for degrees of freedom of the LASSO. In addition,Zou et
al.,(2007) showed that the unbiased estimator is asymptotically consistent, thusvarious model

selection criteria can be used with the LARS algorithm for the optimal LASSO fit.
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However, as variable selection becomesincreasingly important in modern data analysis, the

LASSO is much more appealing due toits sparse representation.Although the LASSO has shown

success in many situations, it has some limitations as shown in Zou and Hastie (2005b). For

instance considerthe following three scenarios:

1.

In the unsual p > n case, the LASSO selects at most n variables before it becomes
saturated, because of the nature of the convex optimization problem. This seems to be a
limiting feature for a variable selection method. Moreover, the LASSO is not well
defined unless the bound on the [; norm of the coefficients is smaller than a certain value.
If there is a group of variables among which the pairwise correlations are very high, then
the LASSO tends to select only one variable from the group and does not care which one
is selected.

For usual n > p situations, if there exist high correlations among predictors, it has been
empirically established that the prediction performance of the LASSO is dominated by
ridge regression (Tibshirani, 1996). Scenarios (1) and (2) make the LASSO an
inappropriate variable selection method in some situations. Zou and Hastie (2005a)
illustrate their points by considering the gene-selection problem in microarray data
analysis. A typical microarray data set has several thousand predictors (genes) and often
less than (in most cases) 100 samples. For those genes sharing the same biological
pathway, the correlations among them can be high. They think of those genes as forming
a group. The ideal gene selection method should be able to do two things: eliminate the
trivial genes, and automatically include whole groups into the model once one gene
among them is selected (grouped selection). For this kind of p > n and grouped

variables situation, the LASSO is not the ideal method, because it can only select at most
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n variables out of p candidates (Efron et al., 2004), and it lacks the ability to reveal the
grouping information. As for prediction performance, scenario (3) is not rare in
regression problems. So it is possible to further strengthen the prediction power of the
LASSO.
Kyung et al., (2010) observed from a Bayesian point of view, that the LASSO penalty
corresponds to a Laplace (double exponential) prior over the regression coefficients, which
expects many coefficients to be close to zero, and a small subset to be larger and non-zero.
Kyung et al., (2010) also showed that the two tuning parameters could be estimated within the
Gibbs sampler by assigning hyper priors to them. Hans(2010) argued that, the Bayesian LASSO
doesn’t set any variables to exactly zero and therefore needs to be combined with some other
form of variable selection.To compensate the ordering limitations of the LASSO, Tibshirani et
al.,(2005) introduced the fused LASSO. The fused LASSO penalizes the L;-norm of both the

coefficients and their differences:

One important difference between the LASSO and ridge regression occurs for the predictor
variables with the highest regression coefficients. Whereas the [, penalty pushes the regression
coefficients towards zero with a force proportional to the value of the coefficient, the [, penalty
exerts the same force on all non-zero coefficients. Hence for the variables that are most valuable
(i.e., that clearly should be in the model and where shrinkage toward zero is less desirable) an [,
penalty shrinks less (Hesterberg et al., 2008). The extent of shrinkage in ridge regression is also

dependent on the sample size (Gianola, 2013).

2.32 Elastic Net Regression
Zou and Hastie (2005) proposed the Elastic Net penalty which is based on combined penalties of

LASSO and ridge regression. The penalty parameter o determines how much weight should be
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given to either the LASSO or ridge regression. The Elastic Net with a set to 0 is equivalent to
ridge regression. The Elastic Net with a close to 1 performs much like the LASSO, but removes
any degeneracies and odd behavior caused by high correlations.

Zou and Hastie (2005) highlighted two aspects that are important when evaluating the
quality of a model:

(a) Accuracy of prediction on future data—it is difficult to defend a model that predicts poorly;
(b) Interpretation of the model—scientists prefer a simpler model because it puts more light on
the relationship between the response and covariates. Parsimony is especially an important issue
when the number of predictors is large.

Buhlmann and vandeGeer (2011)have shown that analysis with the Elastic Net can result
in lower mean squared errors than the LASSO and ridge regression when predictor variables are
correlated.(Tutz and Ulbricht, 2009) also shown that, theElastic Net produces higher number of
correctly identified influential variables than the LASSO, and has much lower false positive rate
than ridge regression. Later Zou and Zhang (2009) proposed theAdaptive Elastic Net. Li and Lin
(2010) introduced the Bayesian Elastic Net.

Fan and Li (2001)proposed the Smoothly Clipped Absolute Deviation (SCAD) penalty for
penalized leastsquares to reduce bias and satisfy certain conditions to yield continuous solutions.
Also, they derived the fixed tuning parameter asymptotic distribution of the estimator and
showed that the estimator satisfies the oracle property (consistent model selection).Large sample

properties of SCAD estimators are studied in Kwon and Yongdai(2012).

2.33 Correlation Adjusted Elastic Net (CAEN) Regression
Tan(2012) introduces CAEN (correlation adjusted elastic net) which is an extension of

elastic net regression. The behavior of the CAEN regression is similar to that of Elastic Net
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regression. The sample correlation is also included in the penalty term. After applying

argumentation to the data set, the CAEN can be reduced to the LASSO regression.

2.4 Applications of Penalized Regression

To achieve better prediction ability in the face of multicollinearity; penalized regression methods
have been proposed for variable selection in high dimensional studies which focuses on human
genetic data as in the case of Sung et al.(2009) and as well as Cho et al., (2010). Fu (1998)
compared LASSO, Ridge regression and Bridge regression methods using a prediction
performance criteria. He argued that, because of the nonlinearity of the Bridge operator, the
Bridge model does not always perform well in estimationand prediction compared to the other

shrinkage methods: the LASSO and Ridge regression.

Efron et al.,(2004) compared LARS with Ridge and LASSO using a diabetes dataset where it
wasfound out that, one of the advantages of LARS is the short computation time compared to the
other two methods.Usai et al.,(2009) tested the least angle regression version of the LASSO on
the Quantitative Trait Loci Marker Assisted Selection (QTLMAS 2008) data and found that 169
Single Nucleotide Polymorphism (SNPs) were needed to explain the variation of the 48
simulated Quantitative Trait Loci (QTLs). Yet, they used a rather adhoc cross-validation
approach where the highest correlation between genomic breeding values (sum of the regression
coefficients of the SNPs) and true simulated breeding values was used as stopping criterion. This
approach is difficult to generalize to real data because it relies on the fact that the breeding
values are known or estimated without error.

Kooperberg et al. (2010) compared the performance of Elastic Net and LASSO using
uncorrelated predictor variables.Ayers and Cordell (2010) compared the statistical properties of

the LASSO, Ridge regression and Elastic Net regression methods on simulated data.Ayers and
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Cordell (2010) considered the effects from groups of highly correlated variables as a single
signal to prevent inflated false positive rates, which is more appropriate for prediction of future
phenotypes. They also used a permutation approach aimed at controlling Type | error.

Motyer et al. (2011) considered a penalized regression using the LASSO procedure for a
genome-wide association study (GWAS17) data set and show that post-processing of the
penalized-regression results with subsequent stepwise selection may lead to improved
identification of causal single-nucleotide polymorphisms.The GWAL7 data set contains 24,487
SNPs from 697 individuals. After applying LASSO to the dataset only 6,321 SNPs were left to
be considered in the model.

Waldronn et al.(2011) compared the LASSO, Ridge and Elastic Net penalties for
prediction and variable selection through simulation of contrasting scenarios of correlated high-
dimensional survival data. The study found that, a 2D tuning of the Elastic Net penalties was
necessary to avoid mimicking the performance of LASSO or Ridge regression. Furthermore, it
was also found out that, in a simulated scenario favoring the LASSO penalty, a univariate pre-
filter made the Elastic Net behave more like Ridge regression, which was detrimental to
prediction performance. This study once more demonstrated the real-life application of these
methods to predicting the survival of cancer patients from microarray data, and to classification
of obese and lean individuals from meta-genomic data. They used a crossvalidationstrategy for
assessment of model prediction (Molinaroet al., 2005; Simon et al., 2011), with an additional
inner level ofcross-validation for model tuning in training data (Goeman, 2011).Both examples
proved favorable to the L, penalty, and modelstrained by Ridge regression and Elastic Net
showed independentpredictive ability, whereas models trained by the LASSO did not. They

emphasize evidence of overfitting in both simulatedand real experimental data, and summarize
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methods for realisticassessment of prediction accuracy with limited sample size. Basedon results
from this study and best practices for high-dimensional model validation, they concluded with an
end-to-end methodology foreffective application of penalized regression to diverse genomic

datafor prediction and variable selection.

Doreswamyand Chanabasayya(2013) considered the performance analysis of regularized linear
regression models for oxazolines and oxazoles derivatives descriptor dataset where it was found
that, regularized regression models were able to produce feasible and efficient models capable of
capturing the linearity in the data than the ordinary least squares model. It was shown that, the
Elastic Net and LARS had similar accuracies as well as LASSO and relaxed LASSO had similar
accuracies but outperformed ridge regression in terms of the Root Mean Square Error (RMSE)
and R square metrics.Waldmann et al.(2013) compared the statistical performance of LASSO
and Elastic Net methods on a real data set from a 50K genome-wide Single Nucleotide
Polymorphism (SNP) panel of 5570 Fleckvieh bulls. It was concluded that, it is important to
analyze GWAS data with both LASSO and the Elastic Net where by an alternative tuning

criterion for minimizing MSE is needed for variable selection.
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CHAPTER THREE

METHODOLOGY

3.1 Regression Analysis

Regression analysis is one of the most important tools for analyzing relationships between one
response variable and one or more explanatory variables. It is widely used in our day-to-day
endeavors, ranging in diverse areas of human life including social and biological sciences,
economics and so on. Regression analysis has become one of the most important tool in data
analysis.

The use of regression analysis has significant applications in medical and countless other
research areas, and is an important component of modern data analysis. The central objective is
to understand the relationship between a response (or dependent) variable and a set of predictor
variables (also known as explanatory variables, regressors, covariates, or independent variables)
and to apply the relationship for the purpose of estimating and/or predicting future responses.
There are many important theoretical, practical and computational issues related to regression
modeling and inference, including specification of the link function that relates the response
variable and predictor variables, estimation of regression parameters in the link function,
measure of model performance, diagnostic statistics to assess the modeling assumptions and
goodness-of-fit, as well as remedial methods in the cases of violation of assumptions.

The response variable can be continuous or categorical. Although some philosophical ideas may
be similar for different types of response variables, methodologies are different, in particular on
the choice of the link function and assessment of the model’s goodness-of-fit.Effective model
building is a significant issue. Essentially, we search for the best fitting and most parsimonious

model that is practically meaningful and reasonable to describe the relationship between the
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response and the set of predictor variables. The fit of the model to the data set is determined by
measures of goodness-of-fit, and being most parsimonious requires effective methods of model

selection.

For instance, in the multiple linear regression models, let Y denote the response variable
(also called the endogenous variable or the dependent variable) and X;,X; , ..., X,denote the
explanatory variables (also called exogenous variables or independent variables). The
relationship between Y andX;,X, , ..., X, can be expressed as

Y =00+ f1X1+ 52Xy ++BpX, +¢ (3.1

The parameters fy, 81, B2, ..., B, are called regression coefficients and ¢ is the random error
term.
Given a data set {yi, Xi1, Xi2y eue) xip}?zl of n statistical units, each statistical unit can be expressed
as
Vi = Bo+ BiXix + BoXip + -+ Bpxip + &1 =1,2,...,1n (3.2)
where y;is the it" response observation, B, 1,2, -, p, are the unknown parameters and

g;~N(0,07) . Often those n equations can be rewritten invector form as

Y=XB+ ¢ (3.3)
or
E(Y) =XpB (3.4)
Where
Vi x{ 1 X1 " Xip Bo &
T x cee x
Y= y:z , X = x.z = 1 ?1 ?p B = '8:1 , ande = 8:2
In x.}{ 1 xp 77 A By én
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e Xis called design matrix.
e Yis called response vector.
e fisthe parameter vector.

e gisthe error vector.

we plug each individual statistical unit in equation 3.1 to obtain the matrix form as
Vi = Bo+ Prxis + Baxiz + -+ Bpxip + & = X[ B + &1, (3.5)

wherex! = (1 x;; ..x1p)andi = 1,2,...,n

3.21 Assumptions of Multiple Linear Regression
1. Linearity: The relationship between the explanatory variables and the response variable is
linear. This is the only restriction on the parameters (not explanatory variables), since the

explanatory variables are regarded as fixed values. That is,

o E(yi|xi1,%0p, - X1p) = Bo + BrXis + BaXiz + -+ Bpxiy + & = xT B

aE(yi|xl.)

o= P
2. Independence: There are two types of independence.
e Each combination of explanatory variable and error is independent.
e The error terms are independent. Therefore, Cor(e,e)=0 or
equivalentlyCov(y;, y;) = 0 foralli # j.
3. Normality: The error terms follow normal distribution.

e £~N(0,07)

e Y~N(XB,0?%)
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where

o? 0
o2 =0 022 0
0 0 o2

4. Equal Variance: error terms are assume to have equal variances.
o Var(g) = Var(ej) =g foralli # j

o Var(y;) =Var(y;) = o*foralli # j

3.22 Ordinary Least Squares
The ordinary least squares (OLS) is a classic technique to estimate the parameters of the multiple
linear regression model. It should be noted at this point that, there are two principles establishing
the OLS regression model:

9: =By + Byxin + Byxip + -+ ﬁpxl-p =xIB, i=1.2,..,n

Firstly, X1y e; = XL, (i—9:) =0,

where
e =y =9, iscalledthe it"'residual .
1
&7 = (ey 5, ..., €p)andj = 1
1 nx1

Secondly,éTé = ¥ e? =Y, (y; — 9;)isminimized.

Here, y; is an estimator of E(y;) and there is no distribution assumption required for OLS.Now,
in vector form we have,
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n
AN 2
= (= +7B)

i=1

=Y .(y; - xiTB)Z; which we can write in matrix form as;
ANT ~
=(Y-XB) (Y-XB)
=Y"Y - 2Y"XB + BTX" XB

Note that Y” Xp = BTX" Ysincetheyarebothscalars.
To find § = (Bo, A1, ...,Bp)T that minimizes  (£7&)we take the derivatives of  (¢7&)with

respect to 8 and let the derivative equal to zero to obtain 8 = (B, B4, ...,Bp)T

Hence,
€T ¢ - o
—=0-2X"Y + 2X" X
ap
Finally, the OLS estimator is
A -1
Bos=(X"X ) XY (3.6)

where B,,sis the best linear unbiased estimator(BLUE). Specifically,

. -1 . . :
e Best Means Var(foLs) = *(X" X )  has the minimum variance among all linear

unbiased estimators.

o The fyys is a linear function of Y. Thatis [(X" X )_1XT Tv.

e The fy.s is an unbiased estimator for g .That is,
E(BOLS) = (X" X )_1XT E(Y) = (X"X )_1XT XB = B.

Based on S, , We can derive an unbiased estimatorg? fora?, given b
OLS

n
1 AN 2
AZ:—E . — T
o n—-(p+1) izl(yl xih)
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1 AT R
=m(Y—Xﬁ) (Y - XB)

_ _SSE_ ..
- n—(p+1)( )

Where (p + 1) is equal to the number of g*

3.23 Maximum Likelihood Estimation
Maximum likelihood estimator (MLE) is another classical method to estimate the multiple,
linear regression model. Under the assumptions of multiple regression, the likelihood function is

given by

L(B,GZ)zﬁ 1 exp<_(yi—xiTB)2)

2
i=1 /27102 20

__ 1 (_ (Y-%B)" (v - XB))

= = exp
(2na?)? 20"

And the log likelihood function is given by

#(B,0%) = In L(B,0?)

1 ~ ~
= —gln(Zn) —gln(az —?(Y_ X.B)T(Y_XB)

To find fand&?which maximizes the log-likelihood function, let

o2(p.0*) _ . (Pu=(x'x )'x'y
g

26(p,0%) _ o | 1(Y - Xp)" (Y - XB)
do? 0 ML =
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As we see, 3, is an unbiased estimator which equals to 8,5 but 62,,, is a biased estimator of

.

3.3 Penalized Regression

Substantialamount of efforts hasbeen put in the development of penalized regression
methods for simultaneous variable selection and coefficient estimation (Hoerl and Kennard,
1970; Tibshirani, 1996; Fred and Friedman, 1993; Zou and Hastie 2005; Tan, 2012). In practice,
even if the sample size is small, a large number of predictors are typically included to mitigate
modeling biases. With such a large number of predictors, there might exist some problems
among explanatory variables, in particular, there could be a problem with multicollinearity. Also,
with a large number of predictors there is often a desire to select a smaller subset that not only
fits as well as the full set of variables, but also contains more important predictors. Such
concerns have led to prominent development of least squares (LS) regression methods with
various penalties to discover relevant explanatory factors and to get higher prediction accuracy in
linear regression.
We consider a linear regression model with n observations on a dependent variable Y having p
predictors:

y=Xp +¢ (3.8)

Penalized regression approaches havebeen used in cases where p < n, and in the ever-more-
common case withp = n. Inthe former case, penalized regression, and its accompanying variable
selection features, can lead to finding smaller groups of variables with good prediction accuracy.

Ifp = n,ordinary least-squares regression (OLS), which minimizes the residual sum of squares

RSS =(Y — XB)" (Y - XB) (3.9)
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yields an estimator that is not unique since Xis not of full rank. Moreover, the variances will be
artificially large. Here, again, penalized regression approaches can guide us to good subsets of
predictors.
In general, the Penalized Least Squares (PLS) is aimed at minimizing Sum of Squares due to
Error (SSE),

nef=gTe=(Y - XB)T (Y — Xp) subject to Pen(B) < t,
Where Pen(B)(specific penalty) is a function of g = (B, B4, ...,B,,)Tandtis a tuning parameter.
This constrained optimization problem can be solved with the equivalent Lagrangian formulation
which minimizes

PLS = OLS + Penalty =(Y — XB)T (Y — XB) + APen(p) (3.10)

where A is a tuning parameter and controls the strength of shrinkage. For example, when A = 0,
no penalty is applied and we have the ordinary least squares regression. When A gets larger, more
weight is given to the penalty term.

Desirable properties of penalization include variable selection and grouping effect. That is, by
penalization, it is hoped that the variables that are truly statistically significant are selected into
the model, and highly correlated predictor variables should be selected all together or excluded

all together.

3.4 LASSO Regression

The Least Absolute Shrinkage and Selection Operator (LASSO) regression method was
introduced by Tibshirani (1996)as an estimation and variable selection method. It is also called
L, penalized regression. The LASSO is a penalized least squares procedure that minimizes RSS

subject to the non-differentiable constraint expressed in terms of the L, norm of the coefficients.
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The penalty function is given by

Pen(B) = 2 X;_,|B:1(3.11)

The objectives is to minimize

Brasso = arg mingepr (Y — XB)T (Y — XB) + AX}_,18:1(3.12)

where A is a non-negative regularization parameter.
Since the LASSO penalty term is no longer quadratic, there is no explicit formula for the mean
squared error of the LASSO estimator. Generally,the Bias(f4ss0)als0 increases as the tuning

parameter A increases. While the variance, Var(B.4ss0) decreases.
For instance,

when 1 =10
MSE (BLasso) = trace(Var(Brasso)) + Bias™ (BLasso) Bias(BLasso)
= trace(Var(BLasso)) + 0
= MSE(BoLs),(3.13)
And when 4 — oo

MSE (3LASSO) = trace (Var(.éLASSO)) + Bias T(BLASSO) Bias (BLASSO)

50+ (=) (B) = 78 (3.14)

Since Bias” (Brasso) Bias(BLasso) and trace(Var(BLasso))Move to opposite directions as the
tuning parameter Aincreases, thus, we can choose an optimal value of the parameter Athat

minimizes MSE (BLss0)-
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3.5 Elastic Net Regression

Zou and Hastie (2005) proposed the Elastic Net penalty which is based on a combined penalties
of LASSO and Ridge regression penalties to improve the prediction performance of the naive
elasticnet by correcting this double-shrinkage. Suppose that,a data set has n observations with p
predictors. Let y = (¥4, ¥z, ..., yn) " be theresponse and X = [X; |, ..., | X,,] be the model matrix,
where X; = (Xq1,..,%n,)" , for j=1,..,p are predictors. After a location and scale
transformation, it can be assumedthat the responseis centered and the predictors are standardized,

such that:

n

n n
Zyl' = O;inj = Orzxijz =1,for j=1,..,p
i=1 i=1

. =

=1

For any fixed non-negative 4, and A, , we define the Elastic Net criterion as

LA, 25,8 = 1ly=XB124+ L, 1812+ 2,181, (3.15)

where

p p
|ﬁ|2=2ﬁj2and |ﬁ|1=z 1B |
Jj=1 j=1

The naive elastic net estimator is the minimizer of (3.14)

B = argming L(14,1,, B) (3.16)
The above procedure can be viewed as a penalized least-squares method. Leta = /11'12/12, then
solving for 8 in (3.14) is equivalent to solving the optimization problem:
B = argming ly —XB 1%, subjectto(1—a) I B1{+alBl?
<t for some constant, t (3.17)
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where the function (1 —a) 181, + al B2 is called the elastic net penalty.Which is a convex
combinationof the LASSO and Ridge penalty. When a = 1, the naive elastic net becomes

simpleridge regression.The elastic net estimator be defined in matrix form as

4 b
ex = arg min (Y~ XB)T (¥ =XB) + 2; ) |81+ 22 ) B (3.18)
=1 =1
Ben = argmingcpp(Y = XB)T (Y = XB) + 4, X118 + 2,878 (3.19)

where A; and 4, are non-negative regularization parameters.

According to the Ridge and LASSO regression procedures, the amount of shrinkage increases as
A increases. This implies that when either A; — 0orA, — 0, we have fzy—0. Since the LASSO
penalty term is included in Bgythere is no explicit formula of the mean squared error for the

Elastic Net estimator except wheni, = 0.

3.6 Correlation Adjusted Elastic Net Regression
Tan (2012) introduced the Correlation Adjusted Elastic Net (CAEN)regression procedure which
is @ combination of L,penalized regression and Correlation Adjusted Regression(CAR). It's also

an extension of ElasticNet regression. The Correlation Adjusted Elastic Net Regression can be

defined as:
p
Beapw = arg min (¥ — XB)T (¥ = XB) + 4y ) |5l + 1.5™W (3.20)

her i=1

14
= arg min (¥ = XB)7 (Y = XB) + Zlﬁil +1,87DTD B 3.21)
€
i=1
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where A, and A, are non-negative regularization parameters.TheWiseitherW,orW,and W, =

DEDy for K = 1,2.

And
1 -r, O 0
0 1 23 0
D, = : ;
0 S (R
0 -0 1

1 -r, O 0 0 0

1 0 n, O 0 0
1 1 0 0 0 Mo

1 -r, O 0 0

D,=|0 1 0 (P 0 0
0 1 0 0 0 P
0 0 0 0 - 1 -r,

0 0 0 o - 0 1

The r; ; is the sample correlation between the predictor variables x; and x;

The procedure of correlation adjusted elastic net regression when A, # 0 andA, # 0is, we fixed
A, first, and then do the CAEN regression to determine the optimal A,. Finally, we choose the
optimal combination of A;and A,based on the smallest MSE (Bcaey ). Due to quadratic
regularization, the solution paths of CAEN aremore stable than the solution paths of LASSO

regression. So CAEN can also beregarded as a stabilized case of the LASSO regression.
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Given the Cholesky's decomposition W = CCT and for any A,,4, > 0, define

. 1 X . (Y . _ A
o) =) e VTR = e
Tan (2012) proved that minimizing
14
LASSO* = (Y* = X*'B)T(Y* = X*B*) + y2|ﬁ*i|
i=1
Is equivalent to minimizing
14
(Y — XB)T(Y — XB) +Alz|ﬁi| +,8™W B = CAEN (3.22)
i=1
Proof:
OLS = (Y = X"B)T (Y — X'B")
= [(Y) = (B) (X) (Y = X'B")
Now,

(B (x)Y = (6'x" J7,p"C) () = B'X"Yg

\T* p* 1 X T
(V) X' =" o)ﬁ<mcr>,/1+azﬁ_v XB

* ¥\ wr* ok Xﬁ
(XB) X6 = (g"X" J2,8'C) (\/A_ZCTB>
= BTXTXB + A,BTCCTp
= BTXTXB + 2,B"W B
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Finally,

p p p
A
v D 1Bl = = [T+ LB = 2 ) 1
i=1 i=1 i=1

J1+2,
Therefore,

4
OLS = Y'Y = YIXB = fTXTY + fTXTXE + 1L5™W f+2, ) Ifi

=1
= (Y =XB)"(Y = XB) + LB™W B+ A1 37_,15:1(3.23)
The CAEN regression is an extension of Elastic Netregression. The behavior of the CAEN
regression is similar to Elastic Net regression. The sample correlation is also included in the
penaltyterm. After applying argumentation to the data set, the CAEN regression can be reduced

to the LASSO regression.

3.7 Mean square error of an estimator

The mean square error (MSE) of an estimator Sof a parameter g is defined as
MSE(R) = E[(8 - B)’]
= Var(ﬁ) + [bias(ﬁ)z] (3.24)
where the bias(f) is given as E(f — B)Z .

As we see, Var(f) measures the variability of the estimator and bias(f)measures the bias.

Therefore, to find a good estimator we need to find the estimator with the smallest mean square

error. There is of course a trade-off between Var(g) and [bias(£)”].This implies that, we can
increase a little bias of the estimator in exchange of a large decrease in the variance. After

adjustment, the model may be biased a little bit but is more stable, having less variability.
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3.8 Choice of tuning parameters

We now discuss how to choose the type and value of the tuning parameter in the Elastic Net.
Although we defined the Elastic Net by using (4,,4,), it is not the only choice as the tuning
parameter. In the LASSO, the conventional tuning parameter is the L;-norm of the coefficients
(t) or the fraction of the L;-norm. We can also use o to parameterize the Elastic Net. The
advantage of usinga is that it is always valued within [0, 1]. In algorithm LARS, the LASSO is
described as a forward stagewise additive fitting procedure and shown to be (almost) identical to
"-L, boosting (Efron et al., 2004). This new view adopts the number of steps k of algorithm
LARS as a tuning parameter for the LASSO. For each fixedA,, the Elastic Net is solved by the
algorithm LARS-EN; hence similarly we can use the number of the LARS-EN steps (k) as the
second tuning parameter besidesA,.

There are well-established methods for choosing such tuning parameters as explained by Hastie
et al. (2001). If only training data are available, ten-fold cross-validation (CV) is a popular
method for estimating the prediction error and comparing different models, and we use it here.
Note that there are two tuning parameters in the Elastic Net and CAEN, so we need to cross-
validate on a two-dimensional surface. Typically we first pick a (relatively small) grid of values
ford,, say (0, 0.01, 0.1, 1, 10, and 100). Then, for eachA,, algorithm LARS-EN produces the
entire solution path of the Elastic Net and CAEN. The other tuning parameter (4,) is selected by
ten-fold cross validation. The chosen A,is the one giving the smallest cross validation error. For

eachA,, the computational cost of tenfold cross validation is the same as 10 OLS fits.
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3.9 Source of data

The data used in this research comes from a study conducted by (Efron et al., 2004) “Least
Angle Regression.”. 442 diabetic patients were measured on 10 baseline variables. A full
description of the dataset is given in appendix A. Prediction model was desired for the response
variable-a measure of disease progression one year after baseline. The data on ten baseline
variables including age, sex, Body Mass Index (BMI), Blood Pressure (BP), and six blood serum
measurements were obtained for each of the n = 442 diabetic patients, as well as the response of
interest, a quantitative measure of disease progression one year after baseline.The statisticians
were asked to construct a model that will predict the response y from the covariatesX;, X, . . .,
X1o.- Two hopes were evident here, that the model would produce accurate baseline predictions
of response for future patients, and also that the form of the model would suggest which

covariates were important factors in disease progression.

3.10 Methods of data analysis

We have discussed that there is no explicit formula for the Mean Square Error whenever the
LASSO penalty term is included in Pen(f). In this thesis, we used the leave one out cross
validation criterion.Cross-validation can be used to assess the predictive quality of the
penalizedprediction model or to compare the predictive ability of different values of thetuning
parameter.The cross-validation approach is used to assess the validity andpredictability of the
regression models constructed, i.e., a certain amount of the data are removed from the model-
building process say twentyrecords, and then use the constructed model to estimatetheir
computed values. A general rule of thumb in regression model building is to use 80percent of the
data set for the development of the training model and the remaining 20percent for validation of

the model as noted by (Kutner et al. 2004). Validation records can be selectedat random from the
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entire data set, or in the case of time series data, the validationset can be the most current 20
percent (Kutner et al. 2004). Adequate regression models areexpected to yield estimates
reasonably close to the actual data values.R software was used for all the analysis with the aids
of glmnet,
lars,glmpath,glmnet,survival,splines,penalized,covTest, MASS,Matrix,psych,DAAG,rgl,scatterplot
3d,lasso2,elasticnet,pls,hydroGOF xtablepackages which are extremely efficient procedures for
fitting the entire lasso or elastic-net regularization path for linear regression.

In order to reduce the magnitude of the error by the ordinary least squares (OLS), we
standardized the original data. For each observation we subtract its column mean and divide by

its column standard deviation.
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CHAPTER FOUR
RESULTS AND DISCUSSION
4.1 Introduction
This chapter seeks to compare the performances of LASSO, Elastic Net and CAEN

penalized methods using numerical results.

4.2 Ordinary least squares regression

Table 4.1: Results of Ordinary Least Squares

Variables Estimate Std.Error t—Value |Pr(>|t]) VIF

INTERCEPT —0.0000 0.0334 —0.0000 1.0000 0.0000
AGE —0.0062 0.0369 —0.1700 0.8670 1.2170
SEX —0.1481 0.0378 —3.9200 0.0001 1.2780
BMI 0.3211 0.0411 7.8100 0.0000 1.5090
BP 0.2004 0.0404 4.9600 0.0000 1.4590

TC —0.4893 0.2574 —1.9000 0.0579 59.2030
LDL 0.2945 0.2094 1.4100 0.1604 39.1930
HDL 0.0624 0.1313 0.4800 0.6347 15.4020
TCH 0.1094 0.0990 1.1000 0.2735 8.8910
LTG 0.4641 0.1062 4.3700 0.0000 10.0760
GLU 0.0418 0.0408 1.0200 0.3060 1.4850

Residual standard error: 0.7025 on 431 degrees of freedom

Multiple R-squared: 0.5177, Adjusted R-squared: 0.5066

F-statistic: 46.27 on 10 and 431 DF, p-value :< 2.2e-16.

From table 4.2 above, variables TC,LDL, HDLTCH and LTG all have Variance Inflation

Factors (VIF) greater than 5. This tells us that there is a problem of multicollinearity in the data.
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We therefore, do the penalized regression on the data which is one of the best methods for

remedying multicollinearity problem.

We calculate the Correlation among independent variables and obtain D, and D,which will be

used for the calculation of Correlation Adjusted Elastic Net.

1.000 0.174 0.18 033 0.260 0.219 -0.080 0.200 0.271  0.302
0.174 1.000 0.088 0241 0.035 0.143 -0.380 0.332 0.150 0.208
0.185 0.088 1000 0395 0250 0.260 -0.370 0.414 0446  0.389
033 0241 039 1000 0.242 0.18 -0.180 0.258 0.393  0.390
0260 0035 0250 0.242 1000 0.89% 0.052 0542 0516 0.326
0219 0143 0260 0.186 089 1.000 -0.190 0.660 0.318 0.291
-0.080 -0.380 -0.370 -0.180 0.052 -0.190 1.000 -0.740 -0.390 -0.270
0.200 0332 0414 0.258 0542 0660 -0.740 1.000 0.618 0.417
0271 0150 0446 0393 0516 0318 -039 0.618 1.000 0.464
0302 0208 038 0390 0326 0.291 -0.270 0417 0.464 1.000

1.00 -017 0.00 000 000 000 0.0 000 0.0 0.0
-017 100 -009 0.0 000 000 000 000 000 0.00
000 -009 100 -039 000 000 0.0 000 0.0 0.0
000 000 -039 100 -024 000 0.0 000 0.0 0.00
000 000 000 -024 100 -0.89 0.00 0.00 0.00 0.00
000 000 000 000 -08 100 019 000 0.00 0.00
000 000 000 000 000 019 1.00 0.74 0.00 0.00
000 000 000 000 000 000 074 100 -0.62 0.0
000 000 000 000 000 000 000 -062 1.00 -0.46
000 000 000 000 000 000 000 000 -046 1.00
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100 -017 000 0.00 --- 0.00 0.00

1.00 000 -019 000 --- 0.00 0.00
1.00 000 000 000 --- 0.00 -0.30
0.00 100 -0.09 0.00 --- 0.00 0.00

D,=/000 100 000 -0.24 --- 0.00 0.00

0.00 100 000 0.00 - 000 -0.21
0.00 000 000 000 --- 1.00 -0.46
0.00 000 000 0.00 --- 0.00 1.00

The R package defines the penalized term as

Py (B) = 2P, (B)

=Ai[§(1—a}ﬁ5+ 5]

e o =1- lasso method

e 0 < a<1- elastic net method

4.3 LASSO regression
The figure below gives the relationship betweenlog(lambda)A and MSE. The integer numbers

at the top of the graph shows the number of non-zero estimators in the model. The left line gives
the smallest MSE with 7 variables in the model and the right line gives the smallest standard
deviation with only 4 variables in the model. We can therefore choose the model with 7 variables

and minimum MSE.
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Fig. 4.1: MSE plot and the number of Variables in the model as a function of log (A) for the
10-fold cross validation for the LASSO Regression.

Table 4.2: LASSO numerical results

A MSE Standard Error | variables selected
0.05857 1.003 0.0504 0
0.10000 0.538 0.0303 4
0.01292 0.504 0.0309 7
0.00614 0.504 0.0312 8
0.00096 0.504 0.0314 9
0.00038 0.505 0.0315 10
0.00018 0.505 0.0315 10

The table above gives the different values of MSE and their respective standard errors at
different values of lambda(A). When lambda(A) = 0.58579 the value of MSE is 1.003 ,its
standard error is 0.0504 and the number of non-zero variables in the model is 0.When

lambda(A) = 0.1000 the value of MSE is 0.538, its standard error is 0.0303 and the number of
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non-zero variables in the model is 4.When lambda(A) = 0.01292the value of MSE is 0.504, its
standard error is 0.0309 and the number of non-zero variables in the model is 7.When
lambda(2) = 0.00614the value of MSE is 0.504, its standard error is 0.0312 and the number of
non-zero variables in the model is 8. When lambda(1) = 0.00096the value of MSE is 0.504, its
standard error is 0.0314 and the number of non-zero variables in the model is 9.And When
lambda(A) = 0.00018the value of MSE is 0.505, its standard error is 0.0315 and the number of
non-zero variables in the model is 9. We could see that it is only at When lambda(1) =
0.01292 that we have both MSE and Standard error are at minimum with 7 non-zero variables
included in the model. We shall now use the value of lambda(A) = 0.01292 to calculate the
penalized regression for LASSO. The LASSO penalized regression based on lambda(l) =

0.01292 is given below.

Table 4.3: Coefficient Estimates of LASSO regression

Variable Coefficients
AGE 0.0000
SEX —-0.1211
BMI 0.3225
BP 0.1830
TC —0.0630
LDL 0.0000
HDL —0.1379
TCH 0.0000
LTG 0.3173
GLU 0.0333
MSE 0.5040
Standard Error 0.0309
variables selected 7
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4.4 Elastic net regression

The elastic net is define by,

p

R =Y [0~ a7 + alg]

i=1

eai=;—. Sfori=1,2,..., .That is a; =0, a, = 0.01, @30.02, a, = 0.03, as =
Let 1;0 0.01 1,2 101. That 0 0.01 0.02 0.03

004’, Ag = 005, a, = 006, ag = 007, ag = 008, a9 = 009, a1 = 01, a1 = 011, a3 =
0.12, ;4 = 0.13, @45 = 0.14, a4 = 0.15, ;7 = 0.16, ..., @19, = 1. For each value of the a; we
calculate the elastic net regression and keep the smallest MSE.And finally, we use the value of

the minimum MSE among the 101 MSE’s to determine the value of a.

Table 4.4: shows the values of MSE’s using different values of alpha(a)

a; fori=1,2,..,101 MSE's

a, =0 0.505135
a, =0.01 0.504859
as = 0.02 0.504707
a, = 0.03 0.504863
ag = 0.05 0.504918
a; = 0.06 0.504132
ay = 0.08 0.503872
e = 0.09 0.503756
ay; = 0.10 0.503636
@, = 0.11 0.503473
a5 = 0.12 0.503501
@y, = 0.13 0.503469
a5 = 0.14 0.503446
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ay = 0.15 0.503410
ay; =0.16 0.503400
as = 0.17 0.503420
a0 = 0.18 0.504322

Qyoy = 1 0.503750

From the above table it could be observed that the minimum value of MSE is at alpha(a;,).We
will now use the minimum value of MSE = 0.503400 at alpha(ax = 0.16) to obtain the

numerical results for elastic net regression.”

10 10 9 10 10 86 6 9 9 8 7 6 6 6 2

09

Mean-Sguared Error
07
|

0.5
|

log({Lambda)

Fig. 4.2: MSE plot and the number of Variables in the model as a function of log (A) for the
10-fold cross validation for the Elastic Net Regression.
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The figure above gives the relationship betweenlogd and MSE. The integer numbers at the top
of the graph shows the number of non-zero estimators in the model. The left line gives the
smallest MSE with 8 variables in the model and the right line gives the smallest standard
deviation with only 7 variables in the model. We can therefore choose the model with 8 variables

and minimum MSE.

Table 4.5: Numerical results of elastic net

A MSE Standard Error | variables selected
3.6611 1.0024 0.0504 0
1.5848 10.7482 0.0383 6
0.6251 0.5803 0.0313 6
0.0264 0.5034 0.0310 8
0.0037 0.5051 0.0314 10
0.0004 0.5050 0.0315 10

The table above gives the different values of MSE and their respective standard error at different
values of lambda(A). When lambda(A) = 3.6611 the value of MSE is 1.0024 ,its standard
error is 0.0504 and the number of non-zero variables in the model is 0.When lambda(1) =
1.5848 the value of MSEis 10.7482, its standard error is 0.0383 and the number of non-zero
variables in the model is 6.When lambda(A) = 0.6251 the value of MSE is 0.5803, its standard
error is 0.0313 and the number of non-zero variables in the model is 6.When lambda() =
0.0264 the value of MSE is 0.5034, its standard error is 0.0310 and the number of non-zero
variables in the model is 8. When lambda(A) = 0.0037 the value of MSE is 0.5051, its standard
error is 0.0314 and the number of non-zero variables in the model is 10.And When

lambda(2) = 0.0004 the value of MSE is 0.5050, its standard error is 0.0315 and the number
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of non-zero variables in the model is 10. We could see that its only at When lambda(A) =
0.0264 that we have both MSE and Standard error are at minimum with 8 non-zero variables

included in the model.

We shall now use the value of lambda(41) = 0.0264 to calculate the penalized regression
for elastic net. The elastic net penalized regression based on lambda(1) = 0.0264 is given

below.

Table 4.6: Numerical results forELASTIC NET regression

Variable Coefficients
AGE 0.0000
SEX —0.1342
BMI 0.3189
BP 0.1907
TC —0.1010
LDL 0.0000
HDL —0.1078
TCH 0.0513
LTG 0.3151
GLU 0.0423
MSE 0.5034
Standard Error 0.0310
variables selected 8

4.5 Correlation adjusted elastic net regression

Since minimizing

p
LASSO* = (Y* = X*B9)T(Y* — X*B*) + VZ B,
i=1
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Is equivalent to minimizing

4
(¥ = XB)T (¥ = XB) + &y ) |Bil + Af™W f = CAEN

=1

We can now apply LASSO regression to obtain the numerical results of CAEN using the updated

data set.
Let /12’,: = $_ 0.01 fOTi = 1,2, ,101That islz'l = 0,12]2 = 0.01,12,3 = 0.02 .../12,101 =

1.For each 1, ;, we update the data set and do the lasso regression to find the optimal MSE and

corresponding standard error. SinceCAEN does the variable selection.

Table 4.7: shows the values of MSE's using different values of 1;and4,

Ay fori=12..101 A MSE
A1 =0 0.0129177 0.50372

Az = 0.01 0.0141542 0.533673

dyz = 0.02 0.014174 0.50340
Ayior =1 0.0140633 0.50684

From the above table we could see that when A, = 0.02 gives the minimum value of MSEas
0.50340. We will now use the value of 1; = 0.014174 and A, = 0.02 to plot the MSE and

obtain the numerical results for correlation adjusted elastic net regression.
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Fig. 4.3: MSE plot and the number of Variables in the model as a function of log (A) for the
10-fold cross validation for CAEN Regression.

The figure above gives the relationship between logA and MSE. The integer numbers at the top
of the graph shows the number of non-zero estimators in the model. The left line gives the
smallest MSE with 7 variables in the model and the right line gives the smallest standard
deviation with only 4 variables in the model. We can therefore choose any value of
lambda(A)between the left line and the right line to obtain the numerical results for correlation

adjusted elastic net regression.

47



Table 4.8:CAEN numerical results

Ayi fori A MSE Std.Error | variables selected
=12..,101

A1 =0 0.0129177 0.50372 0.031090 8
Ao =0.01 0.0141542 0.533673 0.031046 7
Az3=10.02 0.014174 0.50340 0.03104 7

Ap101 =1 0.0140633 0.50684 0.03090 7

Table 4.9: Numerical results for CORRELATIONADJUSTEDELASTICNET regression

Variable Coefficients
AGE 0.0000
SEX —0.8404
BMI 2.2779
BP 1.2857
TC —0.4265
LDL 0.0000
HDL —-0.9701
TCH 0.0000
LTG 2.2322
GLU 0.2282
MSE 0.50340
Standard Error 0.03104
variables selected 7
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Table 4.10: Coefficient Comparison of OLS, LASSO, Elastic Net and CAEN Regression

Variable OLS LASSO ELASTIC NET CAEN
AGE —0.0062 0.0000 0.0000 0.0000
SEX —0.1481 —-0.1211 —0.1342 —0.8404

BMI 0.3211 0.3225 0.3189 2.2779

BP 0.2004 0.1830 0.1907 1.2857
TC —0.4893 —0.0630 —0.1010 —0.4265

LDL 0.2945 0.0000 0.0000 0.0000
HDL 0.0624 —0.1379 —0.1078 —0.9701

TCH 0.1094 0.0000 0.0513 0.0000

LTG 0.4641 0.3173 0.3151 2.2322

GLU 0.0418 0.0333 0.0423 0.2282

MSE 0.5050 0.5040 0.5034 0.5034
Standard Error 0.03152 0.0309 0.0310 0.03104

variable selected 10 7 8 7
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CHAPTER FIVE
SUMMARY, CONCLUSION AND RECOMMENDATION

5.1 Introduction

In this chapter, we present the summary, conclusion and recommendation based on the
results obtained from this research work.
5.2 Summary

This research work was aimed at comparing the performances of LASSO, Elastic Net and
CAEN regression methods using numerical results. We have applied LASSO, Elastic Net and
CAEN methods to the diabetes dataset.From table 4.10 in chapter four it can be seen that the
characteristics of each of the methods were observed carefully. The LASSO regression does both
the shrinkage and variable selection and there are 7non-zero variables in the final model. The
Elastic Net regression also does both the shrinkage and variable selection and there are 8 nonzero
variables in the final model. CAEN selects 7 nonzero variables in the final model. According to
numerical results, the Elastic Net regression gives a smaller MSE but a larger Std. Error, the
LASSO regression gives a larger MSE and a smaller Std. Error. Also the CAEN gives a smaller
MSE but a larger Std. Error. According to the dataset CAEN outperforms LASSO and Elastic
Net regressions in terms of mean square error and it produced a less complex model than the
other two methods.
5.3 Conclusion
To establish an accurate model, one needs to collect numerous variables.Unfortunately, those
variables are often highly correlated. As we have discussedin this thesis, those variables that are

correlated makes the model less predictive and difficult to interpret. Therefore a penalized
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regression method provides a better way of selecting the appropriate variables to establish an

effective model as observed in this thesis.

5.4 Recommendations and suggestion for further study

Penalized regression techniques for linear regression have been created in the last few decades to

reduce the flaws of ordinary least squares regression with regard to prediction accuracy.

Multicollinearity is a problem seldom considered in elementary statistics texts, because it is not

really a mathematical-statistical problem, but it is rather a problem in the interpretation of the

coefficients. While not extensively considered, however, it is a problem that confronts

researchers in actual data analytic situations. Therefore researchers should always be sensitive to

the possibility of the problem. And since the multicollinearity diagnostics are so easily obtained,

no one should ever report results of regressions with multicollinearity problems. Based on the

diabetes dataset The CAEN performs better compared to the other two methods. CAEN can also

be applied to survival data, since there are lots of variables in many survival data analysis

problems.

5.5 Contribution to Knowledge

1. This research work was able to compare the newly introduced Correlation Adjusted
Elastic Net with the existing LASSO and Elastic net regressions. Where CAEN
regression outperforms the other two methods in terms of mean square error (MSE) based
on thediabetes dataset used.
2. This research has further deepened the discrepancies among the penalized regression

methods considered, thereby providing assistance to researchers to ease their decision
making as to which technique to be usedwhen encountered with the problem of

multicollinearity.
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APPENDIX A
Diabetes data set of 442 diabetic patients was measured on 10 baseline variables. The response

variable Y is a quantitative measure of disease progression one year after baseline.

S/INO | AGE | SEX |BMI | BP TC LDL |HDL |TCH |LTG |GLU |Y
1 59 2 321 |101.00 | 157 |93.2 |38.0 |4.00 |4.8598 |87 151
2 48 1 216 |87.00 |183 |103.2 |70.0 |3.00 |3.8918 |69 75
3 72 2 305 |93.00 | 156 |93.6 |[410 |4.00 |4.6728 |85 141
4 24 1 253 |84.00 |198 |131.4 |40.0 |[5.00 |4.8903 |89 206
5 50 1 23.0 |101.00|192 |1254 |52.0 |4.00 |4.2905 80 135
6 23 1 226 |89.00 |139 |648 |61.0 |2.00 |4.1897 |68 97
7 36 2 22.0 |90.00 [160 |99.6 |50.0 |3.00 |3.9512 |82 138
8 66 2 26.2 |114.00 | 255 | 185.0 |56.0 |[4.55 |4.2485 |92 63
9 60 2 321 |83.00 |179 |1194 |420 |4.00 |4.4773 |94 110
10 29 1 30.0 |85.00 |180 |93.4 |43.0 |4.00 |5.3845 |88 310
11 22 1 186 |97.00 |114 |57.6 |46.0 |2.00 |3.9512 |83 101
12 56 2 28.0 |8500 |184 |1448 |320 |[6.00 |3.5835 |77 69
13 53 1 23.7 |92.00 |186 |109.2 |62.0 |3.00 |4.3041 |81 179
14 50 2 26.2 |97.00 |186 |1054 |49.0 [4.00 |5.0626 |88 185
15 61 1 240 |91.00 |202 |1154 |720 |3.00 |4.2905 |73 118
16 34 2 24.7 |118.00 | 254 |184.2 |39.0 |[7.00 |5.0370 |81 171
17 47 1 30.3 |109.00 | 207 |100.2 | 70.0 |3.00 |5.2149 |98 166
18 68 2 275 |111.00 | 214 | 147.0 | 39.0 [5.00 |4.9416 |91 144
19 38 1 254 |84.00 |162 |103.0 |42.0 |4.00 |4.4427 |87 97
20 41 1 24,7 |83.00 |187 |108.2 |60.0 [3.00 |4.5433 |78 168
21 35 1 211 | 8200 |156 |87.8 |50.0 |3.00 |4.5109 95 68
22 25 2 243 9500 |162 |98.6 |54.0 |[3.00 |3.8501 |87 49
23 25 1 26.0 |92.00 |187 |1204 |56.0 |3.00 |3.9703 |88 68
24 61 2 32.0 |103.67|210 |852 |350 |6.00 |6.1070|124 |245
25 31 1 29.7 |88.00 |167 |103.4 |48.0 |4.00 |4.3567 |78 184
26 30 2 252 |83.00 |178 |1184 |340 |5.00 |4.8520 |83 202
27 19 1 19.2 |87.00 |124 |54.0 |57.0 |2.00 |4.1744 |90 137
28 42 1 319 | 8300 |[158 |87.6 |53.0 |3.00 |4.4659|101 |85
29 63 1 244 | 73.00 [160 |[91.4 |48.0 |3.00 |4.6347 |78 131
30 67 2 258 |[113.00 158 |542 |64.0 |2.00 |5.2933|104 |283
31 32 1 30.5 |89.00 | 182 |110.6 |56.0 |3.00 |4.3438 |89 129
32 42 1 203 | 7100 |161 |81.2 |66.0 [2.00 |4.2341 |81 59
33 58 2 38.0 |103.00 | 150 |107.2 220 |7.00 |4.6444 |98 341
34 57 1 21.7 |94.00 |157 |58.0 |82.0 |[2.00 |4.4427 |92 87
35 53 1 205 | 78.00 |147 |84.2 |52.0 |3.00 |3.9890 75 65
36 62 2 235 [80.33 |225 |1128 |86.0 |2.62 |4.8752 |96 102
37 52 1 28,5 |110.00 {195 |97.2 |60.0 |3.00 |5.2417 85 265
38 46 1 274 |78.00 |171 |88.0 |58.0 |3.00 |4.8283 |90 276
39 48 2 33.0 |123.00| 253 |163.6 |440 |6.00 |5.4250 |97 252
40 48 2 27.7 |73.00 |191 [119.4 |46.0 |4.00 |4.8520 |92 90
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49.0
49.0
53.0
46.0
49.0
46.0
51.0
39.0
49.0
48.0
77.0
63.0
46.0
40.0
34.0
37.0
66.0
45.0
45.0
47.0
39.0
52.0
52.0
33.0

4.00
3.00
3.00
5.10
2.00
4.00
4.00
4.00
4.00
7.60
4.00
3.00
6.00
3.00
5.00
4.76
4.00
6.00
4.00
3.00
7.00
4.00
4.00
5.00
3.00
4.61
3.88
4.00
3.00
7.00
4.00
4.00
3.00
3.00
3.00
5.13
7.00
6.00
3.00
3.00
5.00
3.00
3.00
3.00
4.00
6.24

4.4998
3.8501
4.3438
5.1985
3.9120
4.8283
4.9488
5.2417
4.2767
5.1358
5.1417
4.1897
4.7095
4.4659
4.8040
49273
4.3041
5.3132
4.4308
45433
4.9345
4.2627
4.7362
5.0562
4.4067
4.7536
4.3041
5.1059
4.2485
5.4723
4.3041
4.3820
4.8363
4.0254
3.7842
5.4931
5.3982
6.1070
3.5835
4.0775
5.4467
4.4427
4.8283
4.3438
4.6052
5.4337

97
84
80
105
86
88
109
90
95
123
91
81
93
79
93
101
91
82
89
88
109
94
92
103
83
98
79
87
80
112
91
106
88
88
66
117
122
96
87
80
112
78
93
92
96
99

107
83
103
272
85
280
336
281
118
317
235
60
174
259
178
128
96
126
288
88
292
71
197
186
25
84
96
195
53
217
172
131
214
59
70
220
268
152
47
74
295
101
151
127
237
225

62




179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224

60
42
38
62
61
61
53
28
26
30
50
48
51
47
64
51
30
56
42
62
34
60
64
39
71
48
79
40
49
51
57
59
51
74
67
49
57
56
52
69
37
24
55
36
42
21

PNNERPNRPRPRPNNRPRPERPRERENRERENRPNNNNERRERENRNENNNRRPRRNNNRNNRNRER

25.6
24.9
26.8
22.4
26.9
23.1
28.6
24.7
30.3
21.3
26.1
20.2
25.2
22.5
23.5
25.9
20.9
28.7
22.1
26.7
31.4
22.2
21.0
21.2
26.5
29.2
27.0
30.7
28.8
30.6
30.1
24.7
27.7
29.8
26.7
19.8
23.3
35.1
29.7
29.3
20.3
22.5
22.7
22.8
24.0
24.2

87.00
91.00
105.00
79.00
111.00
113.00
88.00
97.00
89.00
87.00
109.00
95.00
103.00
82.00
97.00
76.00
104.00
99.00
85.00
115.00
87.00
104.67
92.33
90.00
105.00
110.00
103.00
99.00
92.00
103.00
117.00
114.00
99.00
101.00
105.00
88.00
88.00
123.00
109.00
124.00
83.00
89.00
93.00
87.00
107.00
76.00

207
204
181
222
236
186
171
175
218
134
243
187
176
131
203
240
152
208
213
183
149
221
227
182
281
218
169
177
207
198
202
152
229
171
225
188
155
164
228
223
185
141
154
178
150
147

125.8
141.8
119.2
147.4
172.4
114.4
98.8

99.6

152.2
63.0

160.6
117.4
112.2
66.8

129.0
169.0
83.8

146.4
138.6
124.0
93.8

105.4
146.8
110.4
173.6
151.6
110.8
85.4

140.0
106.6
139.6
104.8
145.6
104.8
135.4
114.8
63.6

95.0

162.8
139.0
124.6
68.0

94.2

116.0
85.0

77.0

69.0
38.0
37.0
59.0
39.0
47.0
41.0
32.0
31.0
63.0
62.0
53.0
37.0
41.0
59.0
39.0
47.0
39.0
60.0
35.0
46.0
60.0
65.0
60.0
55.0
39.0
37.0
50.0
44.0
57.0
42.0
29.0
69.0
50.0
69.0
57.0
78.0
38.0
31.0
54.0
38.0
52.0
53.0
41.0
44.0
53.0

3.00
5.00
5.00
4.00
6.00
4.00
4.00
5.00
7.00
2.00
4.00
4.00
5.00
3.00
3.00
6.00
3.00
5.00
4.00
5.00
3.00
3.68
3.49
3.00
5.00
6.00
5.00
4.00
5.00
3.00
5.00
5.00
3.00
3.00
3.00
3.00
2.00
4.00
8.00
4.00
5.00
3.00
3.00
4.00
3.00
3.00

4.1109
4.7958
4.8203
4.3567
4.8122
4.8122
5.0499
5.3799
5.1591
3.6889
4.6250
4.4188
4.8978
4.7536
4.3175
5.0752
4.6634
47274
4.2767
47875
3.8286
5.6276
4.3307
4.0604
5.5683
4.9200
4.6634
5.3375
4.7449
5.1475
4.6250
4.5109
4.2767
4.3944
4.6347
4.3944
4.2047
5.0434
5.1417
5.0106
4.7185
4.6540
3.5264
4.6540
4.6540
4.4427

84
89
91
76
89
105
99
87
82
66
89
85
90
89
77
96
97
97
94
100
77
93
102
98
84
98
110
85
92
100
120
88
77
86
96
93
78
117
103
102
88
84
75
82
96
79

81
151
107
64
138
185
265
101
137
143
141
79
292
178
91
116
86
122
72
129
142
90
158
39
196
222
277
99
196
202
155
77
191
70
73
49
65
263
248
296
214
185
78
93
252
150

63




225
226
227
228
229
230
231
232
233
234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270

41
57
20
67
34
41
38
o1
52
67
61
67
56
64
58
55
62
57
20
53
32
41
60
26
37
45
67
34
50
71
57
49
35
41
70
52
60
62
44
28
58
39
34
65
66
51

P NNEFEPDNNMNNNNREFPERPERPENNNERPERERPDNEPRERPDNERPERPRPRERPERPENNPDNNNNNENEERNEFEPEERENENNNNENDNNNDNNE

20.2
29.4
22.1
23.6
25.2
24.9
33.0
23.5
26.4
29.8
30.0
25.0
27.0
20.0
255
28.2
33.3
25.6
24.2
22.1
31.4
23.1
23.4
18.8
30.8
32.0
31.6
35.5
31.9
29.5
31.6
20.3
41.3
21.2
24.1
23.0
25.6
22.5
38.2
19.2
29.0
24.0
20.6
26.3
34.6
23.4

62.00
109.00
87.00
111.33
77.00
86.00
78.00
101.00
91.33
80.00
108.00
111.67
105.00
74.67
112.00
91.00
114.00
96.00
88.00
98.00
89.00
86.00
76.67
83.00
112.00
110.00
116.00
120.00
78.33
97.00
117.00
93.00
81.00
102.00
82.33
107.00
78.00
125.00
123.00
81.00
85.00
89.67
98.00
70.00
115.00
87.00

153
160
171
189
189
192
301
195
218
172
194
146
247
189
163
250
182
200
126
165
153
148
247
191
282
224
179
233
207
227
225
184
168
184
194
179
195
215
201
155
156
190
183
244
204
220

89.0

87.6

99.6

105.4
120.6
115.0
215.0
121.0
152.0
93.4

100.0
93.4

160.6
114.8
110.6
140.2
114.0
133.0
72.2

105.2
84.2

78.0

148.0
103.6
197.2
134.2
90.4

146.6
149.2
151.6
107.6
103.0
102.8
100.4
149.2
123.7
954

99.0

126.6
94.6

109.2
113.6
92.0

166.2
139.4
108.8

50.0
31.0
58.0
70.0
53.0
61.0
50.0
51.0
39.0
63.0
52.0
33.0
54.0
62.0
29.0
67.0
38.0
52.0
45.0
47.0
56.0
58.0
65.0
69.0
43.0
45.0
41.0
34.0
38.0
45.0
40.0
61.0
37.0
64.0
31.0
42.5
91.0
98.0
44.0
51.0
36.0
52.0
83.0
51.0
36.0
93.0

3.00
5.00
3.00
2.70
4.00
3.00
6.02
4.00
5.59
3.00
3.73
4.42
5.00
3.05
6.00
4.00
5.00
3.85
3.00
4.00
3.00
3.00
3.80
3.00
7.00
5.00
4.00
7.00
5.45
5.00
6.00
3.00
5.00
3.00
6.26
4.21
2.00
2.00
5.00
3.00
4.00
3.65
2.00
5.00
6.00
2.00

4.2485
5.3327
4.2047
4.2195
4.3438
4.3820
5.1930
4.7449
4.9053
4.3567
5.3471
4.5850
5.0876
4.1109
4.7622
5.3660
5.0106
43175
3.7842
4.1589
4.1589
4.0943
5.1358
45218
5.3423
5.4116
5.4723
5.5683
4.5951
5.0239
5.9584
4.6052
4.9488
4.5850
4.2341
4.1589
3.7612
4.4998
5.0239
3.8501
3.9890
4.8040
3.6889
4.8978
4.9628
4.5109

89
92
78
93
79
94
108
94
99
82
105
103
94
91
86
103
96
105
74
81
90
60
77
69
101
93
100
101
84
108
113
93
94
79
105
93
87
95
92
87
86
101
92
98
109
82

77
208
77
108
160
53
220
154
259
90
246
124
67
72
257
262
275
177
71
47
187
125
78
o1
258
215
303
243
91
150
310
153
346
63
89
50
39
103
308
116
145
74
45
115
264
87

64




271
272
273
274
275
276
277
2178
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316

50
59
52
69
53
47
52
39
67
59
51
23
68
44
60
52
38
61
68
28
65
69
51
29
55
34
67
49
55
59
53
48
52
69
60
46
51
67
49
46
47
75
28
65
42
51

P FPNEFRPEFPEFEPNENNNDNNNEERPNMNENNNREFRPENNNERERENNDNNRFPRERERENEERNNNDNNNDNNRERPENEDNEDNDDN

29.2
27.2
27.0
24.5
24.1
25.3
28.8
20.9
23.0
24.1
28.1
18.0
25.9
21.5
24.3
24.5
21.3
25.8
24.8
31.5
335
28.1
24.3
35.0
23.5
30.0
20.7
25.6
22.9
25.1
33.2
24.1
29.5
29.6
22.8
22.7
26.2
23.5
22.1
26.5
324
30.1
24.2
31.3
30.1
24.5

119.00
107.00
78.33
108.00
105.00
98.00
113.00
95.00
70.00
96.00
106.00
78.00
93.00
85.00
103.00
90.00
72.00
90.00
101.00
83.00
102.00
113.00
85.33
98.33
93.00
83.00
83.00
76.00
81.00
90.00
82.67
110.00
104.33
122.00
110.00
83.00
101.00
96.00
85.00
94.00
105.00
78.00
93.00
110.00
91.00
79.00

162
158
134
243
184
173
280
150
184
170
202
171
253
157
141
198
165
280
221
228
190
234
153
204
177
185
170
161
123
163
186
209
211
231
245
183
161
207
136
247
188
222
174
213
182
212

85.2
102.0
73.0
136.4
113.4
105.6
174.0
65.6
128.0
98.6
122.2
96.0
181.2
92.2
86.6
129.0
60.2
195.4
151.4
149.4
126.2
142.8
71.6
142.6
126.8
107.2
99.8
99.8
67.2
101.4
106.8
134.6
132.8
128.4
189.8
125.8
99.6
138.2
63.4
160.2
125.0
154.2
106.4
128.0
114.8
128.6

54.0
39.0
44.0
40.0
46.0
44.0
67.0
68.0
35.0
54.0
55.0
48.0
53.0
55.0
33.0
29.0
88.0
55.0
60.0
38.0
35.0
52.0
71.0
50.0
41.0
53.0
59.0
51.0
41.0
46.0
46.0
58.0
49.0
56.0
39.0
32.0
48.0
42.0
62.0
59.0
46.0
44.0
54.0
47.0
49.0
65.0

3.00
4.00
3.05
6.00
4.00
4.00
4.00
2.00
5.00
3.00
4.00
4.00
5.00
3.00
4.00
7.00
2.00
5.00
4.00
6.00
5.00
4.00
2.15
4.08
4.00
3.00
3.00
3.00
3.00
4.00
4.04
4.00
4.31
4.00
6.00
6.00
3.00
5.00
2.19
4.00
4.09
5.05
3.00
5.00
4.00
3.00

4.7362
4.4427
4.4427
5.8081
4.8122
47622
5.2730
4.4067
4.6540
4.4659
4.8203
4.9053
4.5433
3.8918
4.6728
5.2983
4.4308
49972
3.8712
5.3132
4.9698
5.2781
3.9512
4.0431
3.8286
4.8203
4.0254
3.9318
4.3041
4.3567
5.1120
4.4067
4.9836
5.4510
4.3944
4.8363
4.2047
4.8978
3.9703
4.9345
4.4427
47791
4.2195
5.2470
4.5109
45218

95
93
69
100
95
108
86
95
99
85
87
92
98
84
78
86
90
90
87
83
102
77
82
91
83
92
77
78
88
91
102
100
98
86
88
75
88
111
72
111
99
97
84
91
82
91

202
127
182
241
66
94
283
64
102
200
265
94
230
181
156
233
60
219
80
68
332
248
84
200
55
85
89
31
129
83
275
65
198
236
253
124
44
172
114
142
109
180
144
163
147
97

65




317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
344
345
346
347
348
349
350
351
352
353
354
355
356
357
358
359
360
361
362

53
54
73
54
42
75
55
68
57
48
61
69
38
45
51
71
57
56
32
50
43
54
31
56
44
57
64
43
19
71
50
59
57
49
41
25
52
34
42
28
47
32
43
59
53
60
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27.7
23.2
27.0
26.8
29.2
31.2
321
25.7
26.9
31.4
25.6
37.0
32.6
21.2
29.2
24.0
36.1
25.8
22.0
21.9
34.3
25.2
23.3
25.7
25.1
31.9
28.4
28.1
25.3
26.1
28.0
23.6
245
21.0
32.0
22.6
19.7
21.2
30.6
25.5
23.3
31.0
18.5
26.9
28.3
25.7

95.00
110.67
102.00
108.00
93.00
117.67
112.67
109.00
98.00
75.33
85.00
103.00
77.00
94.00
107.00
84.00
117.00
103.00
88.00
91.00
84.00
115.00
85.00
80.00
133.00
111.00
111.00
121.00
83.00
85.00
104.00
73.00
93.00
82.00
126.00
85.00
81.00
84.00
101.00
99.00
90.00
100.00
87.00
104.00
101.00
103.00

190
238
211
176
249
229
207
233
246
242
184
207
168
169
187
138
181
177
137
190
256
181
190
244
182
173
184
192
225
220
282
180
186
119
198
130
152
254
269
162
195
177
163
194
179
158

101.8
162.8
121.0
80.6

174.2
138.8
924

112.6
165.2
151.6
116.2
131.4
100.6
96.8

139.0
85.8

108.2
114.4
78.6

111.2
172.6
120.0
130.8
151.6
113.0
116.2
127.0
121.0
156.6
152.4
196.8
107.4
96.6

85.4

104.2
71.0

534

113.4
172.2
101.6
125.8
96.2

93.6

126.6
107.0
84.6

41.0
48.0
67.0
67.0
45.0
29.0
25.0
35.0
38.0
38.0
39.0
55.0
47.0
55.0
32.0
39.0
34.0
34.0
48.0
67.0
33.0
39.0
43.0
59.0
55.0
41.0
41.0
60.0
46.0
47.0
44.0
51.0
710
23.0
49.0
48.0
82.0
52.0
50.0
46.0
54.0
45.0
61.0
43.0
48.0
64.0

5.00
4.96
3.00
3.00
6.00
7.90
8.28
7.00
7.00
6.37
5.00
4.00
4.00
3.00
6.00
4.00
5.00
5.00
3.00
3.00
8.00
5.00
4.00
4.00
3.00
4.00
4.00
3.00
5.00
5.00
6.00
4.00
3.00
5.00
4.00
3.00
2.00
5.00
5.00
4.00
4.00
4.00
2.67
5.00
4.00
2.00

5.4638
49127
4.7449
4.9558
5.0039
5.7236
6.1048
6.0568
5.3660
5.5683
4.9698
4.6347
4.6250
4.4543
4.3820
4.1897
5.2679
4.9628
3.9512
4.0775
5.5294
4.7005
4.3944
5.1180
4.2485
4.3694
4.3820
4.0073
4.7185
4.6347
5.3279
4.6821
4.5218
3.9703
5.4116
4.0073
4.4188
6.0936
5.4553
4.2767
4.3307
5.1874
3.7377
4.8040
4.7875
3.8501

101
108
99
106
92
106
111
105
96
103
98
90
96
102
95
90
100
99
78
77
104
92
77
95
84
87
97
93
84
91
95
84
91
74
124
81
82
92
106
94
73
77
80
106
101
97

220
190
109
191
122
230
242
248
249
192
131
237
78

135
244
199
270
164
72

96

306
91

214
95

216
263
178
113
200
139
139
88

148
88

243
71

77

109
272
60

54

221
90

311
281
182
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363
364
365
366
367
368
369
370
371
372
373
374
375
376
377
378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408

54
35
49
58
36
46
44
46
54
63
41
28
19
61
48
54
53
48
53
29
62
50
58
55
54
36
63
47
51
42
37
28
58
32
25
63
52
65
42
53
79
43
44
62
33
56

P FPNNFRPEPNEFPRERPNEPEPRERPNEPERPENENNNNEREPERERNNNNENERERNDNNNENERERENMNNNERERERNDNNNNEDNDNDDND

36.1
24.1
25.8
22.8
39.1
42.2
26.6
29.9
21.0
25.5
24.2
25.4
23.2
26.1
32.7
27.3
26.6
22.8
28.8
18.1
32.0
23.7
23.6
24.6
22.6
27.8
24.1
26.5
32.8
19.9
23.6
22.1
28.1
26.5
23.5
26.0
27.8
28.5
30.6
22.2
23.3
354
31.4
37.8
18.9
35.0

115.00
94.67
89.00
91.00
90.00
99.00
99.00
83.00
78.00
109.00
90.00
93.00
75.00
126.00
93.00
100.00
93.00
101.00
111.67
73.00
88.00
92.00
96.00
109.00
90.00
73.00
111.00
70.00
112.00
76.00
94.00
82.00
111.00
86.00
88.00
85.67
85.00
109.00
121.00
78.00
88.00
93.00
115.00
119.00
70.00
79.33

163
155
182
196
219
211
205
171
188
226
199
141
143
215
276
200
185
110
145
158
172
166
257
143
183
153
184
181
202
146
205
168
198
184
143
155
219
201
176
164
186
185
165
113
162
195

98.4
97.4
118.6
118.8
135.8
137.0
109.0
113.0
107.4
103.2
123.6
79.0
70.4
129.8
198.6
144.0
122.4
41.6
87.2
99.0
69.0
97.0
171.0
76.4
104.2
104.4
112.2
104.8
100.6
83.2
138.8
100.6
80.6
101.6
80.8
78.2
136.0
123.0
92.8
81.0
128.4
100.2
97.6
51.0
91.8
140.8

43.0
32.0
39.0
48.0
38.0
44.0
43.0
38.0
70.0
46.0
57.0
49.0
52.0
57.0
43.0
33.0
36.0
56.0
46.0
41.0
38.0
52.0
59.0
51.0
64.0
42.0
44.0
63.0
37.0
55.0
53.0
54.0
31.0
53.0
55.0
46.0
49.0
46.0
69.0
70.0
33.0
44.0
52.0
31.0
59.0
42.0

4.00
4.84
5.00
4.00
6.00
5.00
5.00
4.50
3.00
5.00
4.00
3.00
3.00
4.00
6.42
6.00
5.00
2.00
3.15
4.00
4.00
3.00
4.00
3.00
3.00
4.00
4.00
3.00
5.00
3.00
4.00
3.00
6.00
4.00
3.00
3.37
4.00
4.00
3.00
2.00
6.00
4.00
3.00
4.00
3.00
4.64

4.6821
4.8520
4.8040
4.9836
5.4205
5.0106
5.5797
4.5850
3.9703
5.9506
4.5218
41744
4.6347
4.9488
5.1475
4.7449
4.8903
41271
4.0775
4.4998
5.7838
4.4427
4.9053
4.3567
4.3041
3.4965
4.9345
4.1897
5.7746
3.6636
4.1897
4.2047
6.0684
4.9904
3.5835
5.0370
5.1358
5.0752
4.2627
41744
4.8122
5.3181
4.3438
5.0434
4.0254
4.1109

101
94
115
115
103
99
111
98
73
87
86
91
72
96
91
76
82
97
85
78
100
93
82
88
92
73
82
70
109
79
107
86
93
78
83
97
75
96
89
101
102
101
89
84
58
96

321
58
262
206
233
242
123
167
63
197
71
168
140
217
121
235
245
40
52
104
132
88
69
219
72
201
110
51
277
63
118
69
273
258
43
198
242
232
175
93
168
275
293
281
72
140
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409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442

66
34
46
50
69
34
71
47
41
34
51
43
55
59
27
51
49
27
57
39
62
37
46
68
51
41
53
45
33
60
47
60
36
36

RPRPNNNRPRRPRPRNERERNNNNENNNNRRPRRRPRNRERRNNER

21.7
25.3
23.8
31.8
34.3
26.3
27.0
27.2
33.8
33.0
24.1
21.3
23.0
27.9
33.6
22.7
27.4
22.6
23.2
26.9
34.6
23.3
21.1
23.5
315
20.8
26.5
24.2
19.5
28.2
24.9
24.9
30.0
19.6

126.00
111.00
97.00
82.00
113.00
87.00
93.33
80.00
123.33
73.00
87.00
79.00
94.67
101.00
110.00
103.00
89.00
71.00
107.33
93.00
120.00
88.00
80.00
101.00
93.00
86.00
97.00
83.00
80.00
112.00
75.00
99.67
95.00
71.00

212
230
224
136
200
197
269
208
187
178
261
141
190
218
246
217
177
116
231
136
215
223
205
162
231
223
193
177
171
185
225
162
201
250

127.8
162.0
139.2
69.2

123.8
120.0
190.2
145.6
127.0
114.6
175.6
78.8

137.6
144.2
156.6
162.4
113.0
43.4

159.4
75.4

129.2
142.0
144.4
85.4

144.0
128.2
122.4
118.4
85.4

113.8
166.0
106.6
125.2
133.2

45.0
39.0
42.0
55.0
54.0
63.0
41.0
38.0
45.0
51.0
69.0
53.0
38.0
38.0
57.0
30.0
37.0
56.0
41.0
48.0
43.0
65.0
42.0
59.0
49.0
83.0
58.0
45.0
75.0
42.0
42.0
43.0
42.0
97.0

4.71
6.00
5.00
2.00
4.00
3.00
6.56
6.00
4.16
3.49
4.00
3.00
5.00
6.00
4.00
7.00
5.00
2.00
5.63
3.00
5.00
3.40
5.00
3.00
4.70
3.00
3.00
4.00
2.00
4.00
5.00
3.77
4.79
3.00

5.2781
4.9767
5.3660
4.0775
4.7095
4.2485
5.2417
4.8040
4.3175
41271
4.4067
3.8286
4.2767
5.1874
5.0876
4.8122
4.9053
4.4188
5.0304
41431
5.3660
4.3567
4.5326
44773
5.2523
4.0775
4.1431
4.2195
3.9703
4.9836
4.4427
41271
5.1299
4.5951

101
90
81
85
112
96
93
92
100
92
93
90
106
95
89
80
97
79
112
99
123
82
87
91
117
89
99
82
80
93
102
95
85
92

189
181
209
136
261
113
131
174
257
55
84
42
146
212
233
91
111
152
120
67
310
94
183
66
173
72
49
64
48
178
104
132
220
57
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