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\BSTRACT

Stratification is the division of a heterogeneous
popul ation into rel atively honogeneous sub-popul ati ons.
Wsing Stratification we can usually inprove the efficiency
of the estimate of nean of the population. Stratification
nmay be inevitable in terns of admnistrative convenience.

Stratification of Hospitals may be by bed capacity,
of schools by enrol nent, of business concern by vol une of
sales, of industrial plants by enpl oynent and of voluntary
organi sati on by nenber ship. te finite nopul ations
encount e in practice are all discontinuous. If the
popul ations are sufficiently large, they can very often
be approxi mated by sone standard continuous distributions.
Thus tables of strata boundaries for these standard
distributions can profitably be utilized for the strati-
fication of an. actual popul ation. Under Tchunrow Neynan
al l ocation, Dalenius (1950) derived equations for the
strata boundaries y,whi ch mnimze the variance of th
estimated popul ati on nmean. But these equations are
t roubl esone to sol ve.

A nunber of approximate nethods that could quickly
sol ve the Dal eni us equations have been proposed by
several aut hors.

These approxi nate net hods are:

(i) Qum/f Method

(it) Durbin's Mthod

(i 1 1) Eknman's Met hod

(iv) Egqual Range Met hod
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(v) Equal S zed Strata Method
(vi) FEqualization of Strata Total Method.

The aut hor has devel oped conputational procedures for

Parens
the determination of strata boundaries for Beta and Gamm

Dstributions with various values of the paraneters using
the above net hods except (iii).

The net hods are conpared using the variance of the
stratified sanple nean. The best boundaries are those
that give the least variance of the stratified sanple nean.
Al'l the nethods construct strata boundaries quickly fox-

Beta Distribution. For Gamma Distribution, only the cum gal
net hod constructs strata boundaries quickly. For ParetO
distribution with paraneter 0 all the nethods consider
lead to a very substantial reduction in variance of the
estinmate of the nmean of popul ati on except the equal ran
nmethod, and all the nmethod construct the strata boundaries
qui ckly.

V¢ concl ude t hat t he cumgamma of f net hodi st he best
net hod, of constructing strata boundaries anong those
considered in this study.

A critical examnation of the behavior of the variance
as a function of the paraneters p and a of the Beta distri-
bution and the nunber of strata k has shown that for Beta
distribution the variance decreases by about 10% for a
unit increase in awhen 1 < p.<4 and k are fixed; while
the variance increases and then decreases when p > 5. W

have the sane conclusion when p and q are interchanged.
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For the Gamma distribution with parameters beta and p it
is observed that for fixed k the variances increase as one
of the numbers v or 8 is increased while the other remains

constant.
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CHAPTER ONE

INTRODUCIION

One principal reaszon for stratification in the design
of sampie surveys is to reduce the variance of the sample
ectimates. Another reason is the administrative convinience.
‘- Btrata ray e formed so that different sampling methods
 and procedures may be employed within each stratum especially
when the zampling problems differ markedly in different
parts ¢f the population. A heterogeneous population may
be divided into sub-populations each of vhich is internally
homogeneous. The internal homogenelty of the groups miqgnt
lead to some improvement in the efficliency of the estimate
corparad with a simple random sample drawn from the whols
population. -
1.1 FACTORS AFWICTING PEDUCTION 1M VARIAICL OF THE

ESTIMATE o= BOPULATION MEAN IN STRATIFIELD RANDOM

LANPLING

The factors that influence the reduction of.éafiance
include:
{1} choice of che stratification variable
{iji} <choice ol number of strata
{iii) de=etermination of gstrata boundaries

{(iv} allcoccation of the sample.

t.1.1 CROICE OF TdE STRATIFICATION VARIABLE

Concerning the choice of stratification variable, we
may cooservae that generally more gains acrue from the use

of coars=zr division of scveral variables than from the



finer division of one variable. Stratifying variables
unrelated to each other {(but related to the survey variables)
should be prel«rred. But sometimes the stratification
variablc is the e¢stimation variable itseif ac a previous

survey or pilot survey.

1.1.2 CHOICE OF NUN3ER OF STRATA

T xgardinc the choice of the number K of Strata, Kish
(1965) suggested that between three and ten Strata will
suffice for any single variable. Cochran (1977) indicated
that little reduction in variance is to be expected beyond
k = €. fMess et al (1966) reported that little purpose is

served by taking more than six Strata.

1.1.3 DETERMINATION OF STRATA BOUNDARIES

We next consider the determination of stratum boundaries.
When the stratificacion variable and the estimation variable
are the samec and its probability density function is known
(from previous surveys; Dalenius(1957) has given a rule for
the determination of strat? bcundaries for optimum allocation.
Dalenius and gumey (1958) gave the rule for proprotional
11location. Cochran (1963) and Sethi (1963) gave the general
equation to be satisfied by stratification boundary points

for equal allocation.

Unfortunately the strata optimum boundaries satisfying
the equations are ill-adapted to practical computations.
Another disadvantage is that these systems of equations are

not easily solved. The thrust of much of the work in the
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area of optimum stratification has been towards the
development of relatively simple rules for the determination
of approximately optimum stratum boundaries.

1.1.4. ALLOCATION OF THE SAMPLE

In stratified sampling the valucs of the sample sizes
ny (sample size in hth stratum) in the respective strata
are chosen by the sampler. The sample sizes may be selectad
to minimize the variance of estimate of the population V(;st)
for specified cost of taking the sample or to minimize the
cost for specified Vtyst)_ﬂmen the cost function is in
particular linear the two rules lecad to the same solution. -
The sample size in hth stratum should be proportional to

I“h"h/"__ (ph is rvroportion of the units in the hth stratum

vC
h
and o, in the stancdard deviation of the hth stratum and
Ch is the cost of per unit in the hth stratum).
If the cost pe:r unit is the samc in all strata, this

allocation is sometimes called Neyman allocation or optimum

allocation. But if the samplc is allocated such that n,
is proportional to size of the stratum, this is called

proportional allocation. JTf equal sample sizecs are taken

in cach stratum, this is referred to as equal allocation.-

Cochran {12773 has suggested the following rules of conduct.:
(i) One should not resort to optimum allocation

unless there arce subgtantial differences among

e,

(ii) If scveral values of o are goughly equal
h/-/Eh

the factors ¢

one can use proportional allocation.



1.2, SOME USFS OF BETA AND GAMMA DISTRIRUTIONS

In secinal sciences in which we have nrorortions,
the nrovnortior may he reparded as a variable and this follows
Beta Distribution, - (Jolayemi, 1982), Most industrial
activities feature nractical constraints, thus a given
activity c2anot be comnleted in less than a rminimum time
or longer thep a maximum times, The comnletion time is
commonly assumed to bhe a Beta voriable (Bury, 1975).

Gamm: models featuvre a wide variety of shnaes,
Therefore the model is capable of renpresenting many diverse
nphenomena, For examnle, the 1life smar of commonents
follows the Gamma model, Similarly in Medicine the 1life
exrectancy in respect of ailment follows the Camma Model.,
The nositive pature of Gamma variable makes the Gamme Dise-
tribution an attractive model in applied Scientific work.

In Inventory and Queeinp analysis Gamma model is widely
used, (Johnson and Kotz, 1970), (Johnson and Elnadt-Johnson
,1980), Pareto Model is widely used as mondels for income
distribution,

The main nurpose of this study is to comnare nrecisions
arising out of the application of various rules as 2ppro-
ximations to the solutions of sets of Nalenius equations.
Strata arc constructed for beta and pamma distributions
usineg thesc apnroximate rules. The rules arc recast in

forms suitable for computation.
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Chaptzer two reviews the methods that are vsed for the
determination of stratificatior boundary points. Chapter
threc deals with the actual determination of boundary
points and evaluation of relative efficiencies taking Beta
distribution as the target populaticn, while Chapter four
deals with the Gamma distribution,awd CLmHer J:’uc deals with

Pavetodisdvibuiou.
In Chapter $1». we present tables showing efficiencies

of the methecds. Summary and conclusions are presented in

Chapter seyeq.



CHAPTER  TWO

REVIEW OF THE LITERATURE ON THE DETER/IINATION
OF OPTIMUM 2OINTS OF STRATIFICATION

One of the major factors that affect reduction of the
variance is the choice of the boundary points of the
strata. This is why the problem of the determination of
optimum stratification points is very important.

The problem has been studied theoretically by Daleniys
(1950, 1953, 1957). We give a brief account of the
develcpment of the thecry. Thecugh the actual distributions
encountered in practice are discontinuous, if the popu-
laticn sizes are sufficiently large, they can e approxi-
mated by some standard distributions.

Let us suppose that the population under study can
be represented by the probability density function

fly) , a <y <h
and it is divided into K strata by points
i,/ h=1,2,3,... k-1, where
& ® ¥ S Wy £ ¥p KWy s Py & Ty

¥s and Y being the natural limits of the variable Y.

Let P . ouy and qﬁ stand for the proportion of units

“hz rnean value of the units and the variance of the units

nth

in the stratum.



Then

7.
yh
% = J f(y)dy 20,1
Yh-1
(Y
T J " vEvay 2.0.2
Pho vy
y
2.1 [? 2 2 o
o i y £ dy - up 2,03
e W
Further, .
z
po= J yE(y)dy, o = J Yzf(y)dy - u? 2. (%4
a a

are the mean and the variance respectively of the

porulation under study. Suppose n, units are selected

hth

at random f{ror the stratum, Ther an unhiased estimator

of the mean u of the pronulation is

[ Rer B

— - - r

h=]

where ;h is the samnle mean of Ny, units in the hth

stratun, The variance of the estimator ;st is

kK 2 2
V(yg,) =1 “h %h 2.0.6
h=1 n

When strata sizes are large compared to samnle size,
Clearly the variance V(Bjst) is a function of the
stratum boundaries (VI’VZ’yﬁ""’Yk-l}
Next we consider different types of allocations.

Three cases can arise.



CASE 1

FROPCRTICHAL ILLOCATION

if the units av. allocated to the strata in proportion

to Py’ S i.e. n, = 6Py, where n =L§1nh is the total sample
size, the variance (2.0.6) becomes

v, (Fgy) = %§=1phuﬁ 2.1.1
The optimur. peints of stratification of strata in the
case of proportional allocation can be obtained by winimi-
zing (2.1.1) with respect to Yn (th = 1,2,3,...,k=1) ané
the stratification points are aiven by Daleniits and
Curncy {(1558) by the set of equations.

By T W
y, = b the

“

]

1'2’3;---'k"1- z 10

Daleniys and Hodges (1958) applied the above rule to the

following distributicns.

(1) £(y) = e ¥, 0 <y <m 2.1.3

(i1i) f(y) =ye 7, 0 <y ¢™ 2+ 4

(iii) f{y) = 2(1~y), 0 <y < 1 248
2 _~y*/

(iv) Eiy) =% ¥ 2y >0 2.1.6

It may be noted that distribution (2.1.3) and (2.1.4) are
prarticular cascs of Gamma distribution with parameters

$ =1, P=1and g =1, P = 2 respectively, while (2.1.5)

is a particular case of Beta distribution of the first

kind with parameterc p = 1, q = 2. Moreover (2.1.6) is

the rieht half of the standard normal distribution. The
number of strata considered by thc m was between 2 and 5.

The possible reason for this limitation is the computational

difficulty.



CASE 2

. EQUAL__ ALLOCATION

For egual allocation i.e. when n, =

= 2 the variance
h k
of the estimator y

st
K
to - " - k 2 2 . .
Voqst) = & h§19h0h 22
¥
where n = z,nh
h=1

The optimum points of stratification may be cobtained

by minimizing (2.2.1) with respect to yh(h = 1,2,3,...,k=%}),
The points are given by Cochran (19263) and alsc by Sethi
egquations.

2 V2 2 -
Pplapn * Oy —ugi = Pryg Doy * lyy — o0

(1963) by the sat of

12 ]

h+1
h = 1;2;—3‘0005;1{'“‘}

: : : - 2.2.2
We note that when Ph = 1/k i.e when we have constructed

equal sized strata (2.1.1) and (2.2.1) are egqual and each
is equal to

1 k 2 :
FRLE a 2.2.
V(ysa_ nk E:-i h 2.3
CBSE 3
QPTINMUM ALLOCATION C e
In the case of optimum allocation
: n | on:Jgf_.:ﬁkr~- ST D T
n, = B L 243
Y Pnn S o o
N, h=1 - . . T R S
The Variance of y_  is given by:~ ' o
k

v Gy =211 pogt
opt Yst N et h™ h TR
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This allocation namely ?,3,1 is called Tchuprow - Neyman
allocation after Tchuprow (1923) and Neyman (1934) who
discovered the rule indenendently. The ontimur noints

of stratification can as in the nrevious cases, he optained
by minimizing 2.3.7 with resvect to yh(h = 1,7,%,...,k=1).
These stratification voints are given by Dalenius (1957} hy

. |
the set of cguations.

2

2 2 2
o * Oy W) kg Oy " M)

h Th+1
h o= 1,2,%, .0 ,k=10 _
We remarked that the variance of the estimator depends
- on the method of allocation and the choice nf houndary
points of stratification. A theoretical comnarison between
simple random and stratified random samnlinpg with pronor-

tional allocation and optimum allocation shows (Cochran
(1°77)) that | |

Vv < Vv < v . - -t W
Vont(Yst) - Vn(ys'r.) - vran(YJ SRR - Z.3.4
when finite nonulation correction is neeligpible.
We therefore restrict our consideration to ontimum

allocation only.

We will now review methads developed for solving 2.3.3

2.4, EQUALIZATION OF STRATUM TOTAL METHOD

Mahalanobis (1952) proposed the equalization of
stratum aggrepate of the stratification variable i.e.

Dy Yy T constant, in each stratum, The set of equations



v

Yn " - ..'.. :
] ) f dy - .
" s Wie o e

-
h o= 1,2,.3,0.0,k

whorae £ is the probahility density function of the

stratification variable and k is th: number of strata are

bascd on the method proposed by Mabalaresis. The roots

y1,y2;y3;‘,~,ykm1 cf equations 2.4.1 are approximately

the optimum strascification points.

2.5. EQUALIZ/TION QF CUMMULATIVE OF THE SQUIKE ROOQY
OF THE FREQUENCIES METHOD. (CUM YE METHOD)

Dalenias and FHodoes (1358, 1959)
proposed constructing equal intervals on
the cummulative of thoe square root of the froegquencies of

the stratiflicas . ion variable, The set of eguations

¥, . [T
I ieay = £ ) vepay - S
gy . . o e

h = 1,2,3,...:k
where fly) &z before is the probability density function
of the stintification variable and k the numsber of strata
are based on Dalenius rule 2.3.3. The roots

Y1,Y2FY3'*"vYK,1 of cquations 2.5.1 are aprnroximately the

coptinum stratification points.
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2.6. LQURLTZATION O CUMMULATIVE OF [ f(y) + r(y) ] METHOD

{DURBI'S METHOD)

Durkin ,1%59) i s ) proposed that the
optimum stratum boundarics may be obtained by taking eqgual

intervals on the cummulative of [ f{y) + r{v)] where

F{yk) - F{?o)

r(y) = — 2.6.1
yk Yo
(Y
Fly) : J £{t)dat 2.6.2
The set of eguations
fyh b o«
J { riy}? + f{y)ldy = gl [ r(y) + £(y) ldy 2.6.3

h=1,4,3,...,k are based on Durbin’'s Method.
The roots Var¥ o¥qoee iy g of the equations £.6.3 are

approximatcly optimum stratification points.

2.7. ZKMiN'S HETHOD

Exman {(19%7) proposed that

)

WYy ?h-1] = constant

h= 1,2,3,:5:% 2.7.1
This rule gives approximately the optimum stratification
points. Dalenies and Gurney (1957) suggested making

P, = constant in zach stratum. But this is exactly the
same as the Lkaan's Method in the case of 2 uniform

distribution.
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2.8. IQULL RANGES METHOD

If the probability density function has a finite
range say a ¢ v 4 b wherc a<b are finite the range {b-al
iz divided into equal intervals. Thus to take equal
irtervals on the range amounts tc determining
Yqr ¥5- ;.., yk_1 suceh that

y. = a +-E‘~-(b-—a} - 2.8

h=11,2,3....,k.

But whon the range of f£{y) is infinite the density function
can be truncated so that a finite range which practically
includes the whole of the population is obtained. Thus we
may ¢xrlude at the extremes a small proportion of the
frequency.

L:t [a,bl be the fihite intervél which includes almost
the wh.le of the populatioii. The boundary points can be

obtainsd by usiag 2.¢.1.

2.5. ZQUML SILED STRETA METHOD
In this wethod the stratum woelahts are made equal in

all the strata i.e, Ph = gonstant for h = 1,2,3,...,k.

The ser of eqguations

J flyldy = % o | S 2,949

-

h =1,2,5,...,k are based on thce method of equal
sized strata. The roots Yyr¥gre- Vg of the equations

2.3.1 are the boundary points.



14,

Kish (1565) arrued thzt the equal ranges method and

equal sized strata method can be dismissed on intuitive
grounds. He argucc that if the range of the distribution
is divided into equa! intervals so that the ranges

(yh - "h-1} of tne strata are equal for all h, the relative
sizes of P}, of =ztr~ta becomes toc unequal, those on the
extreme toail becoming too swall, on the other hand, if

the areza of the population is divided into equal relative
sizes i.e. P, T constant in all strata, then the ranges

on the extreues become too great.

Degpite thise assertions it is necessary to examine
their nerformances rceclative to other methods because of
their grreat: convenience.

Kokan (19¢3) applicd the equal Ranges Mcthod ana

cgual sized strata method to the following distributions

(i) £y =e ¥ ,y>9
R
(1i) £{v) = J’§ a A ‘2, y £ 0
(1ii) £(y) = 2{1~y), 0 <y <1
(iv)  (y) =J2-]-;—J’;2 , mvey i

The number of strata considered was between Z2 and 5. Kokan
reported that FEqual Ranges Method is inferior to Equal sized

strata for optimum allocation for all the distributions,
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ow \ L}

Rej (1964) apnlied the equalization of stratum total
method to the following distributions
Wt =vZieV /50
(i1) £fO) =7,y > 0
(1i1) €(y) =ye?, y > 0
(iv) £(y)

?(I‘Y)’ n<y< 1.
Also Dalenius and Hodpes (1959} anpnlied the Cum V/f methor

i

to the same set of above distributions (i) - (iv),

Dallas, et al (1975) applied the Cum ¥f method and
cum @T method to the standard normal distribution, They
reported that cum vf method oerforms better than cum #§
method, The number of strata considered was between 7
and 10, :

Sethi (1963) develoned an iterative method for con-
structing stratum bhoundaries. The proccdure nroduces 2
ncar optimum noints of stratification when vomnared with
the cum +f method., Tt was pointed out that the nrocedure
is considerably more difficult to use,

Cochran (1961}, tokan {1965) and Hess; et al (1964)
have examined some of thc anproximate methods on obtaining
optimun siratification through fairly c¢xtensive emnirical
studies, Hess, et al (1966) obsarved in their study of the
empirical population that beyond two strata, Fkman's
method excelled as compared with other methods using
nroportional and ontimum allocations of allocation, and
Sethi's method, the cum Vf method, and equalization of
stratum toials method followed in that order of

performance,
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Kokan {1965} _ applied four approxi-
mate methods to distribution of the number of animals in
214 villages of Uttar Pradash and 183 villages of Bombay,
India. He reported that the "Ekman’s method"is the
least efficient and “Cum vf method" is most cfficient in
most of the cases. The number of strata he considered

was between 2 and 4.
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CHAPTER THREE

EQUBTIObJS FOR THE STRATIFICATION POINTS FCR
BETHA DISTRIBUTIONS

In this Chapter we consider the determination of the
cstratification pecints and the variance of the estimeotor
for optimum allocition for Beta distribution with parameters
p and g and we obtain:
(i) cquations for the determination of approximately
optimum stratification points using various methods

reviewed in Chaoter Two.

{ii) egquations for proportion Py Mean u and variance
o; of the h'™" stratum
RS 1,2,3¢4s,k,

(iii} computationnl procedure for (i) and {ii)
. - ) 2
(1v) nx Vo (y,) - (Ipo) -

Suppoic f{y) is the probability density function of

2 random variable y whosc mean is unde) study. The mean

4 anag the viariarnce ¢ are respectively

b= J yE(y)dy 3.0.1

ot = J (y=u) % £(y)ay 3.0.2

Now consider the probability density function f£(y) of Y of

Ecta daistributicon of the first kind

yPT -p 9T

f+ e
S Y (o) I




. _
where B(p,q) = J y¥ 1(1"qu 1dY
a ! o | _

From 3.0.7, 3.6. . 3.,0.3
(! P
= f a =
B }Oy (y)dy B7q
2 ! 2 Pg
o = J (y~u)"E(yldy = 5 g
Q vy (prg+1)

Y g -
Let BY(P:Q) = I tp 1(1-t)q 1ﬂt
(&) : _
0<y<i,

B (p,q)

Tyterd) = 5lEq

1 Y p-1 q-1
1-
(5,4 Jot t-e)= de

18.

3.0.6

3.0.8

This is called the incomplete Beta function. By using

egquations 2.0.1 and 3.0.8

P

n

Y

h
h I f(y)dy
Yh-1

1 'n p=1 g-1

= ——— t {1-t) dt
8{p,q) y

h-1

H

I { ’ - I
Yh p.q) yh_1(PrQ)

n
L=
=

(p.q)
Yh-1 _

By using eguations 2.0.2 and 3.0.8

S DR L4 S - RN
Yh-1

y .
b yPr1-y 9 tay
B{p+1 q)

. B{p+1,q)
"~B(p,q} J

Yh-1

3.0.9

3.0.10

3.0.11

3.0.12

3.0.13



But Blp,q) - SELTHL ripy < e-1irp-1)
”p » 1
Henco . . Lo o
2 = R‘—_ T ] ~ I 1!
hfh p+q{ yh(P+1.q}_ Yh~1(pf _Q?f
i .
: g;a{ nth_1(p+1pq)}_.

By using equaticons

2 2
Phtckl + lih)

4

2.0.3 and 3.0.8
Yh )
¥y E{y)dy

-1
y

h -

YP+1(1—y)q !
Bi{p,q)

dy

Yhe1t

B{p+z,q) _1

Bi{p,q} B {

_ B{p+2,q)
- B(p,qf {Iy

P{p+1)

{p+q) (p+g+1

P{p+1)

(p+a) {p+g+1

Ph's are dete

7, 's

-1
(p+2,q1 - I (p+2,9)}
h o o
,{thtpézfqi -1, (ee2a)
}{aly 1(p+2,q1}

h-

rmined ffbﬁJequations 3.0.10,

e ¥y . SRE
S +1 —1
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3.0.14

3.0.15

3.0.16

3.0.17

3.0.18

3.0.19

3.0.20

3.0.21

3.0.22

When

h arc known, uhfs are further calculated from eguations

3.0.15. WwWith values of Py and B thus known, values of

cﬁ's are now obtai

ned from 3.0.27.
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We ncte that Pps By oﬁ arc all functions cf Yy, 4 and Yp,

Wwe next consider the determination of Yy by cach method.

3.1. LEQUALIZATION OF STRATUM TOTAL METHOD

By m2king Py, Wy constant ir each stratum we havc

Ppbp = €2 © is a constant.

k
% Py = b 2%
TR ETE = ke 3:1.2
21
S ) sl
2 h
§;1pi“1 = he = phor 9
h ¥h
o
But § p.u, = P(1-y)9
i___.lii Y—B—(-ET%)————GY [Py [

(9

Yh
g:'*1fi’ J P19 9" 3.1.6
RIS e

P
I +1,9) ~ I_(p+1,q)} 3.1.7
o Yhtp 4 c{Pt1.q)

1

L]

Iy(prl,q) =0

From 3.1.5 and 3.1.7

R-— 7 - h

p+q{1yh(9+1,q)} E%EIET 3.1.8
I (p+1,q9) = b 3.1.9
¥ k

B = 1,2,3,.60,Ks
Yqe¥or¥greses¥y satisfying 3.1.9 are the approximatcly
cptimum stratification boundary points based on Equaliza-
tion of stratum total method. These values are used in

3:6,10, 3.0.15, 3.0.21 to obtain Ppr MHps cﬁ respectively.
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2.1.17 COMPUTATIOL/.. PROCEDURE

(1) h/K is computed fcr h = 1,2,3,...,k
(ii) Incomplete Beta function with parameters
p+i1, q is obtained by a computer programme
algorithm such that

| ~ o 3:.1.10

—

o

1T (p+1,q) -
4N

where o is a positive number not greater than 0.01. The
process is repeated for all values cof h. The set cf
values of ¥h satisfying 3.1.10 are then pluaged into
3.0.10, 3.0.15, 3.0.21 and then (} phoh)2 is computed for

the over-all variance multiplied by n.

3.2 CUM ¥Yf METHOD

VE(y) = s (1"Y)9%; 329

YBp,qa)

B e S 32,2
Y B(pJQ)

+1 +1

- 30y g}{)- yB3=l (1-y) S5 3.2.3

Yh
Let z(yh} = J Yf(y)dy 3.2.4

0

We note in 3.2.3 that

Y a.
R G-y S lay

' B 1 1
Jo SET - 1, (B3, 45 3.2.5
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LRl gt
RTINS s e w2 W -2 3.2.6
/B(pr) Yh
1 (B, £ =g 3.2.8
Yy
+1 9+1
Zly,) = (B, 33 3.2.9
VB lp,q)
From 2.5.1
h

From 3.2.6 and 3.2.9

‘h

i, BH, L o B ns1,2,3,0.0. 0k 3.2.1C

k r

Yqr¥9r¥3reeae¥y satisfying 3.2.10 are the approximately

optimum stratification boundary points based on Cum V§

nethod.

And thesz values are used in 3.0.10, 3.0.15,

3.0.27 to cbtain Py Wy and oﬁ respectively.

3.2.1 COMPUTLTIONAL PROCEDURE

(1)

(ii)

E is computed for h = 1,2,3,...,k
Inccumplete beta function with parameters
E%l; 9%1 is obtained by 2 computer programme
algorithm such that
! thﬁ%l, Lh -2 <o 3.2.11
where ¢ is a positive number which is not greater
than 0.01. The process is repezted for 2ll valucy

of h., The set of values of N satisfying 3.2.11

are then plugged intc equations 3.0.17, 3.0,15
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and 3.0.21 and then (E Ph %h 2 is computed for the

cverall variance multiplied by n.

DURBIV'S METHOD

Define r{y) = 3.3.1
Y ~ Y,

F{yk) = 1, F{yc) =0

And for Beta distribution of the first kind

Let Q(yh)

Qly,)

From

yO =0, Yk =1

L

() 1 0 -y <1 b B8 -

cum (r(y) + £(y))
. [*n
JO (1 + f£(y)dy

_ (¥n Yh
} 1.ay ¢ ), £ly)ay
G

y y
M dy + lT——- hyp'1(1-y)q"1dy
0 : E pfq’ 0

" I
- g
-3
+
o -
=
b,
L0
S

2,6.3

)
-
+
-
el
-
!
‘-
L

3.3

.
Fe S

<
+
=
T
2
I
-
]
—
(¥]
w
-
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Yqr¥gr¥yreeos¥y 2.3.1 are the approximately optimum

stratification boundary points based on Durbin's Method.

3.3.17 COMPUTATIONAL PROCEDURE

(i) %E is computed for h = 1,2,3,.,,k
(ii) Incomplete Bets function with parameter p and ¢

is obtained by a computer algorithm such that

2
'th(p!Q) + Yh - k_h' | i g 3:3.5

where o is a positive number not greater than 0,01,
The set of values of Yh satisfying 3.3.5 are then put
in equations 3.0.10, 3.0.15, 3.0.21, and then {Z phch)“

computed for the over-all variance multiplied by n.

3.4. EQUAL RANGES METHOD

From 2.8.1

— - n _
Yh - yO + (Yk YO’]‘? ’ h = 1r213r--~;k tC - O

. ® 0, ¥i; ® 1 for Beta distribution of the first
kind, Hence

Yp "R o h = 12,0000k 3.4,2
Y ¥prlqreees¥y satisfying 3.4.2 are the approximately
optimum stratification points bascd on the Egual Ranges

Methor:.

3.4.17 COMPUTATIONAL PROCEDURE

(1) P is computed for h = 1,2,3,...k
(ii) Yh is set eqgual to h/k'
v, = b/ 3.4.1

The set of values satisfying 3.4.1 are put in 3.0.10,
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-

3.0.1%; 3.0.21 and then () o chlz is completed for the

overall variance multiplied by n.

3.5. EQUALILIZZD STRATA ('ETHOD

Lr arc made equal in each stratum

i.e Ph = gconstant = ¢
X
L Py = kc
h=1
1 = ke
Q 1/}~
ol Ph = 1’k
1
I. fp,q3 = T (p,gq) = 3.5.1
¥ Th-1 k
B % 1;:2,3 0000k
Hence
"
I ‘Jr‘-ﬁu " 3-5-2
5“1 r e

Yqe¥ordgewe:Ty satisfying 3.5.2 are the apuroximately

optimum stratification bounaary points based on equal sized

strat: method.

3.5.2. COuPUTATIONAL: PROCEDURE

(1) hfk iz computed for h = 1,2,3...,k.
i1} Incomplete Beta function with parameters p and g
iz obtained by a computer algorithm such that:

. h
| I D,4) ~ = < o 3535
thp 3y - gl 2

where o is positive number not greater than 0.01. The
set of values of y, satisfying 3.5.3 are used in 3.0.10,

3.0.15, 3.0.27 and then (}p, eh)2 is computed.
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3.6. BETA DISTRIEBUVION OF THE SECOND KIND

Dutermination of the stratification points and the
variaice of the estimator for the mean of the population
for Beta Distribution of the second kind with parameters
p and q.

The probability density function of a random variable

¥ whoie mean is under study is given by

p-1
EY) = {{par (1ay)Pra 2y

3.6.1
p>0,9>0
Y _p~1
1 tP™' at
Let J _(p,q) = 3.6.2
: B(p,q) {0(1*t)P+q
In 3...2. make the substitutions
u t du
t = —-—— or u = — and dt s —— k I IR
1-u 1+¢ !1-u)2
After some simplifications we will have
ry/1+y
J (p.q) = | £'1(1-ujq'1du 3.6.4
' Jg B{p,q)
ilus
I
T {p.q) =.fL__ (p.q)
.;-Yh . s 0<y‘u 3-5-5

Clear.y the Beta distribution of the second kind is
transormed to Beta distribution of the first kind as shown
above

I}/‘+ {(p.g) is the incomplete Beta function of the

first kind, and *:; can be replaced by z where 0<z<l.



7.

Now
¥ e
{ b P g

o, = 3.6.6
b Bip.a) (1+0) P
Yh1
=J_ (p,q) -~ J (p.q)
Yy Yh-1
_ 1 (p.q) - I (p,q) 3.6.0
= ¥y Yh-1
¥, ¥
[
Phin = e . 3.6.8
B{p,q)t1kt19 9
Yho1
In 3.6.8 make the substitutions
u . _ du
t = —_—1"11 or u = T+E and dt = m 3.6.9
After some simplifications we will have
E(p+1.9-1) |. ) N
Py, = ——%h—li———,?. {p+1,5~1) - 3 (p+1,9-1)
h™h Bip,q) | Yy Yh-1 J
5 .
= —— I +1,q=1) ~ I +1,q-1
=7 Yy {(pr1,9-1) % (p+1,q-1)
*¥p T+¥h-1
g > 1 3.6.10
Next
(Yh _p+1
POy + Wp) = =_dt 3.6.11
y Btp:q)(1+t)
h-1
In 3.6 11 make the substitutions
ou i - _ du
L gl S and dt = S— 3.6.12

{1-u)
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After some simplifications we will have

—

2 2, _ Bl(p+2,9-2) —3Y. =0
ph(uh uh) B‘p;q) aEyh(}?-"zlq 2) 3yh-1{p+2lq ,]

nlp+1)
= 4 — . 2 L1 2 o I { 2; 2]
m‘é} th (p+2,9-2) Yh P :

-1
¥y, Yoy
3.6.13
3.6.1 CUM /f METHOD
i ol
yve = Y7 D<y< 3.6.14°
Blp,q) (1-y)Bd
(¥n
Let Q(yh) = | /E(t)de
)
ry
“h
o YB(piaY.(1+e) B4
by puttinag t = %—:*2 = .dt = t—i-z—'*-——é
(1-2)
Qiyy) - TE::;:"1+Yh Wk WM
'Blpfq’ J 2 az
(7o
1 1 1+y o
- o - h + '.1 -1.1
/B(ET—JJ ZEE— (1=2) dz
O
Yh
Bz, 920 |Toyy
sl P 4¢1-2)951-4
/it j z z
Prq dz
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pr1 g-1 . .
cty,) = 203 T3 g ol 3.6.15
S —— Y1,
VB(p,q) Toyo
' h g > 1
ooy - B 35 21 ge1y
) —- 11(E§“p gﬁ") . 3.6.1¢
' VB (p,q) T
iRl S
T = e g > 1 S 3.6.17
VBip.q) '
From 2.5.1, 3.6.6, and 3.6.9
1 el gl L hL -
o = D) = o b= 1,230k . 3.€.13

1+yh
y13y2,;a°;yk satisfying 3.6.13 are approximately optimum
strati’ication boundary points based on cum Yf method.
#e reme.ck Lthat the computational procedure ig similar

to 3.2 1 except that ¢ 2.

3n'~'}w

| )

EQUALIZATION OF CTRATUM TOTAL METHOD

Bv making Prbpy constant in each stratum, we have

Ppby & C¢ where ¢ is a constant.

\ k.

O ) L th (pel,g=1)~ thwia : {p+1,q~1) 1}
- et S A
h l+yh_1
3.6,1%3
qg > 1
}f pou v op o= 2iprlednl)
h"h B(p,q!}
h=1

1 Bi{p+1, g-1)
k * Blp,q)
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1. [p-'—‘l.‘ q-1} = E‘ ’ h - 1'2;oo"k 3-5-20

y1,y2,§3,...iak‘1 are obtained and they are anproximately
optimum boundaries based on the equalization of stratum

toral method. Cimilerly g must be greater than 2.

3.0.3. EQUAL STZED STRATA METHOD

We wake P, constant in each stratum and from 3.6.5

we have the set of equations

I, (P = Eoho= 1,2,k 3.6.21
nh

7?;;
Yqr¥gpre o¥y satisfying 3.6.16 are approximately optimum

stratification boundary points based on equal sized slrata

method. In this case also g must be greater than 2.

3.¢.4 DURBIN'S METHOD

Deiine rly) = F(Yk) - F1“"(::,
x T Y

Since the range of Beta of the second kind is infinite
we truncate the density function.

Lec P{Yk} = 1 =-a, 0 <2ac< ., 001
where

F(yk)

]

h
jull

&

B(p,q}{1+ylp+q

J.‘(P'Q)

I>'k (p,q)
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1
H - = 1 . 3-6-22
ence riy) y (p,q) r

‘yk

Let cun (r(y) + f(y))) = S{y)

h
s Styh) = | [r{y) + £(y)]éy
Jo
I I
=Yy, (. Yh, Ty, (p9) )
1+yk Yi -1-:?1; 3+0,23
Sly,) = 2 1 (p.q)
k Yx 3.6.24
1+yP
From 2.6.3, 3.6.17, 3.6.18, we have
’n « 1 (psq) + I, (p,g) = 2 g (p:9q) ., 3.6.25
“h Yy Yh " Yk

The set Yqe¥yr¥qee-a¥y satisfying 2.6.28 are approxima-

tely opcimum bcoundary points based on Durbin‘s Method.



CHAPTER FOUK

EQUATIONS FOR THE STRATIFICATION POINTS OF
CAMMMN. DISTRIBUTION

In this Chanter we discuss the determination of the
stratification boundary pointeg and the variance of the
estimator of the mean of the population taking Gamma model
with parameters p and B as the taraet population. We
obtain:

{i) eqguations for the approxinate determination.of
optimum stratification points using various
methods reviewed in Chapter Two.

(ii) equations for proportion Py, mean u, and variance

oi of the hth stratum
B= 5,2,3,c000K

(1ii) computational procedure for (1) and (ii), and

. - < ¢t & Z
(iv) n Vopt(yst) - “h Uh)

Suppose the provability density function of a random

variable ¥ is f(v) where

rip) eP 4.0.1
B2>0p >0
B is the scalec parameter and p is the shape »arameter.

(Y o -
] tt.) 1 e t/a dt

Jo r(p) 8P

Let G {p,8) = , ¥y > 0 4.0.2

This is called the Incomplete Camma function, with

parameters o and §.



By putting t/B = u => dt = gdu
Y/ g
G, (p,B) = J u[J"1 .F;udu
+ o T{p)

33

4.0.

The mean and variance of y are respectively

b= ( yE(y)dy = pB
X
c2 = Jo yzf(y)dy - u2 - p(p+1)82 - p
= pBZG
From 2.0.1
Y Y
h [*h . p-1
p, = | ftylay=| et o
J P
Yh_‘] yh—1 r(p)g

In 4.0.6 make the substitutions

t/. = z, dt = pdz

»

we have
y :
h/g N s
. [ e Z(Bz)p 1de
h ri{p) &P
Yh-1/8
(Yn/e
] -2 _p-1
?TET e z dz
Yh-1/8

G - G ]
yhtpaﬁ) yh—‘[(p’ )

From 2.0,2

Yh/e
1

pP_ -2z
Pyl S se— (3z)%e “gdz
LT Y

Yh-1/8

4,0.

232

4.0'?

4.0.8

4.0.10

4.0.11

-

3

4
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P .~Y/B
_ I(p+1) =) dy
r (p) 6° T{p+1)

Yh/e
« Ziptt) (lepe‘zsdz

r(p)ef
Yh-1/8

Yhy/g
@ T{p+1) J 2P 7% az

* TP TTip+N)
Yh-1/8
= gp { C_(P+1,8) -~ G {p+1,8)} 4.0.12
y Yh-1
From 2.0.3
h
phloﬁ + ug) . SO yPHle~¥/8g, 4.0.13

e
rip)s® lyp 4

(Yn/g
N P 7% Ge
: h-1/8

(Yth ;
. i P+t -2
_B Ir{p+2) z e
{p) J rip+1idz
yh*lfB
= B(p+1)82(G, (p+2,8) - G, (p+2,8)} 400,14
Yh Yh-1
When # = 2 we have chi-square distribution with 2p

- i i 2
degrees of freedom To determine p_, K, o, , we use
h h "h

equations 4.0.2, 4.0.10, 4.0.11,4.0.14.
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4,1. CUM vf METHOD

“¥/ 55 yRZ1
7 _ e 28 ¥
YIty) = 2 4.1.1
" 1 (p) 8P
Let T(y,.) = [Yh —
. h J Y£(y) dy 4,1.2
0
Y, e
_ 71"‘"—“— j yEil.e /2de
rip)s?  Jo
put Y20 = z.dy = 28 dz
3 Yh/2e
Tlyy) = y = (zaz}Egl.e‘z.zsdz 4.
r(p)sP 0
ST R
= 7 zE%l.e-zdx
r(plsp 0
P < 4
. [ZQ)Ef*- r(p;1) [2951 1a7% 4z
‘I (p) 8P Jr(g+1)
p)
Rl r(pt+1
pt1)
Sk RN
: v
I(p).&p h/2!3
Himi » (2 yBrl mBLh
_ 1 4
r(p) 8P

e
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From 2.5.1, 4.1.4, 4.1.5

+1 n

G { N =g .h=123,...,k 4.1.6

*n/,.

Y9:¥pe¥3reooa¥y satisfying 4.1.6 are approximately
»timum stratification points based on the cum ¥f method.

These values are used in 4.0.10, 4.0.12, and 4.0.14.

4.1.1. COMPUTATIONAL PROCEDURE

i} E is computed for h = 1,2,3,...,k
(11) T(21) is obtained.

{iii) Incomplete CGamma functiorn with parameters
P%l, 1 is obtained by a computer algorithm

: +1 h
such that !Gth‘ai_'”'ﬁ | <o 1101

where o is a positive number which is not

greater than 0,02, The process is repeated
for various values of h. The set of values
Yy, = 2Bth where th‘s satisfy 2.1.1 are used
in 3.0.11, 4.0.12, 4.0.14 to determine Py

uh and O

(iv) n x (pruh)z is computed.

4.2 EQUALIZATION OF STRATUM TOTAL METHOD

By making pyu, constant we have
Pply = C 4.2.1
)
P, i = ke
h=1 P P
n = k¢
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But u = Bp

e %Bp 4.2.2

e

Let H(y,) o YE(y)dy 4.2.3

n
1 _ J yPe Y/ gy
rip) s ‘o

{yh;' 8

8p } z2Pa"? gz
0 r({p+1)

Bp { G, (p+1,8)1} 4.2.4
¥h

H{=) = fp % 1

Using 2.4.1 and 4.2.4

1]
=

Ps{ C_ (p+1,8)
h

Bp
- B .
=> G {p+1'3 L h - 1’2'3’--1;}{ 4.2.5
Yh k
Yye¥or¥yreoea¥y satisfying 4.2.5 are approximately
optimum stratification boundary points based on the
equalization of stratum total method. Thesc values are

used in 4.0.1, 4.0,12, 4.0.14.

4.2.17 COMPUTATIONAL PROCEDURE

(i) h/k is computed for h = 1,2,3,...,k
(ii) Tr(p+1) is obtained
(iii) Incomplete Gamma function with parameters
p+1,3 is obtained by a computer algorithm such
that

h
| G +1,8) - < o 4.2.1
| yh(p ) K ]
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where ¢ is positive and is not gréater than 0.007. The
process is repeated for various values of h. The set

of valves of Yy, are used in 4.0.11, 4.0.12, 4.0.14.

4.3. EQUAL RANGES METHOD

The range of f(y) is infinite, therefore the density

function is truncated, and the value of Y is such that

G, (p,R) = 1=a, 0 < a < 0.01 4.3.1
yk Y

_h ~
Yh "% Yk +h=1,2,3,...,k 4.3.2

The set of values ¥ satisfying 4.3.1 are approxi-
mately stratification boundary points based on the Equal

ranges method.

i.2.1 COMPUTATIONAL PROCEDURE

(i) Tr{p) 1is obtained

{ii) Incomplete Gamma function with parameters
p and 8 is obtained by a computer algorithm
such that |1 - Gy(p,s)\ < o 4:3:1%
winerc o is positive not grcater than 0.01.
The valuec of y which satisfy <.3.71 is the
upper boundary of Y and is denoted by Y r k
is the nurber of strata.

(1ii) y, = % Y, b= 1,2,3,....k 3.3.2

{iv) Thc sct of values of y satisfying 4.3.2 are

used in 4.0.10, 4.0.12, 4.0.14

k
(vi n x () phohlz is computed for k = 2,3,...,10,
h=1
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4.4. EQUAL SIZED STRATA METHOD

Py is constant in ecach stratum.

k
Note that |}
h

el = 1 d.4.1
=1 h

.. ke =1 => ¢ = % .

From 4.0.10, we have

Py = Gy (08) = Gy (R.8) = o 1.4.2
h (Yh»
§:191 T, Sty
= Gyh(p,al
S G ipB) =B, hs 1,2,3,..0,k. 1.4.3
Yh K

Comparing -.2.5 and 1.1.3 we note that the equations

arc similar except that the parameters are not the same.
The set of values {y,} satisfying 4.4.3 are approximately
optimum stratification boundary points bascd on equal

sized strata method.

4.0.1 CONPUTATIONAL PRCCEDURE

The procedure is thc same as that of equalization
of stratum total method except that step (ii) is
rcplaced by I'(p) and step (iii) paramcters p and 8

are uscd instcad of parametcrs p+1 and B.
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4.5, DURBIN'S METHOD

rly) 4.5.1
Yk - yo e I
v .
* _=tfB .p=1
Fly) = " e L at = G_(p.?) 4.5.2
J o T {p) gP Y

Since the interyal is infinite,the density function
has to be truncated so that a finite range which practi-
cally includes the whole of the population.

Lot F(yk) = 1=-a where a is the portion that is delcted.

G, (p,8) = 1=a 0 <a < 0.01 4.5.3
Yk o=
(yh
Let Qly,) = J (ry) + £(y)ldy 4.5.4
0
(Y1
B3 (p,8) p=1 _-y/8 ]
= | Yi ¥ s at 2.5.5
Jo LT vy r(p)eP J iy
c. (p,B)
K
e .+ G 8 4.5.6
Yk )h Yh(p! ) 5
Cly,) = G (p,B) + G (p.8)
K Yk Yk
=2 G._ (p,8) 1.5.7
Yy
By vsing 2.6.3, 4.5.6, 4.5.7
G. (p,8) g (p,8) = 2o (p,p) 4.5.8
?k d Yk Yh ’ k Yk g -

h=1,2,3,...,k.
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Yqr¥yr¥gesne¥) satisfying 4.5.8 are approximately
optimum stratification boundary points based on Durbin's

‘Method. ' i.

4.5.1 COMPUTATIOMNAL PROCEDURE

{i) T(p) is obtained
(i1} Incomplete Gamma function with parametersD:
and f is obtainaed by.a computer algorithm
such that B
| 1 - Gy(p,B)l < gy, 0 <o) 0.0 o 4.5.1
The values of y which satisfiés 1.5.1 is the
upper boundary of finite range desired and
that valuc is denoted by ¥ » kK is the munber
of strata.
{(iii) Gy(p”e)/1-02‘ 0 < qui\cl is computed L
(iv) %E is computed for various valucs of h
(v) The set of values of y which satisfy the
ineguality .‘ |
- 2h
k

IGyh(p,B)/1_02 + ¥p < ¢ where

0 <o < 0.1 are useds

(vi}) n x {} phoh)2 is computed.

.t
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CHAPTER T©IVE

ECUATIONS FOR THE STRATIFICATION PHINTS OF
PARETO DISTRIBUTIOM

I~ this Chanter we discuss the determination of the
stratification boundary points and the variance of the
estimator of thc mean of the =eopulation taking Pareto model
with parametzr O as the targctc oovnulation, We obtain
(1) eouations for the apnrorimat: determination of

ontirum stratification voints using various methods

revieved in Chapter Two,
(ii) Taunations for nronortion Dip Mean uy and variance

9
cﬁ of the hth stratum.

Supnose the probability density function of a randon
Y is £(y) where

n - -
f(y) = €Yo ¥ 8 1, Y>Y, » 0> 2 5.0.7

Yo is called the subsistence wage when used as modol

for income distribution and © is the shavne parameter.,

L =] . 0 o )
A = - LN
Jy £(y)dy = oy JY y=0-1,, 5+0.2

0 0
-l
- oy?] ]
oy try,
30 yE
- yan YOJJ
0 wl
= - yot- v 5.0.3
= 1,

The mean p ~nd variance 02 of y are respectively
h

no= fﬂ yf(y)dy 5.0.4
Yo
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From 2.0,1

Py, = OV y dy

i

1
o ®
="
=

D
<
e
1 D
H|
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50,12

5.C.13

-Q- Gol‘q

5.0,15



From 2,0,3.

2

>
Py oy *+ 1)

5.1,

45

041,

y 540,16

Yh-1

o]

T -0+2 |Yn
Yy

-0+7

L]

e

|”
hal

-0+2
h- 1_}

J

[ -0+7

n

0 1
r)..§

Yn 1

$.0,17

o

Cum v~ Method

1/2
f

qllld



.o . o
. 2[0 0 ‘1/2’ }’0__1:_-2

-0

X |

O
2 1/2 7
- gy © Yo

: 1/2
B=T" (@yo)

1
i
7o

from 2,5.1 and 5.1:5

46,

§.1.6

§41a7

5.1.10

S5.1.11

56112

5.1.13

5.1.14

5115

5.1.16
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Yis YoseeesVsy satisfyine - 5,1,16 are ancroximately
I
optimum points base?! on the Cum /f method., These values

are used in £, 0,17, 5,0,15, 5.0.17,

5.2, EOUAL SIZED Z1RATA METHOD

U8 is constant in each stratum, Note that

K
n. =1
g=1 h

Then we have

" '
fly)dy = - 5
¥, (y)dy 3 Y |
- -0. }’
of y h _ h
0)’0[-—-0-_ -Jv - §.2.2
0
-} -
'V[-_"h"yoﬁ”g 5.2.3.
- "0l & B =0 .
ypo =y 0 - g y2® 5.2.5
= Y;9(1 - g) 5.2.6
1. 1- 1
-—6 —T— 5 2 7
Yi yO
0 h,..0
yU (1 - 'E)Vh BeZ:8
)
Yo . 5.2,0
a-pH
YO
Yh T 1B 1/0h =1,2,3,0..,k 5.2.10

Y12Y 25V« satisf{ying 5.2.10 are annroximately

ontimum stratification boundary points,



Se3

ENUALIZATIOM OF STRATUM TOTAL METHOD

By making RINT constant in each stratum we have
1.

PpMy = € => i DpHp =W < ke

h=1
-1
o @ w2 %o
ot - E a—T‘_
Y o
. h Y
i [ yf(y)dy =+ & 5:%
YO '
'Y
O)S ) v Tdy = % G:%
Yo
T 1 -
o0 yo+1] h g Oy,
Yo L7T-5- Yo F O-1
e y
y -0+1 _ —9+f] h 7o
Tgﬁ_fh Ve B k -1
r.) = Y 'l--
_XP y-0+1 “(* _h VO
g=1'-© "% o1
-0+1 -0+] h 1«0
Yo A *% Yo
-0+1 h 1-6 _ =0+1
yo "% Y = Th
1 _h _0-1 _ 1
=T " % Yo o |
Yo yh
(a - h) 1 _ 1
' o1 D=1
Yo vy,
fH=1
o=1 _ Y0
Yy R
(I"E)

, h =1,2,3,..., k.

48.

903010

5.3.11
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YysYpsYgseees? setisfyineg 5,2.12 are anosroximately
optimum stratification noints based on the eaqualization of

stratum total methed,

5.4, DURBINS METHOC

From 2.6,73,

y o
h
h .
[ (x(y) + £(y))dy = - J ply) + £(y)cy 5.4,1
Yo Yo
. F(=) - F(y))
ly) = — 2. =, S for Pareto Distribution.
.'0

wence 5.,4,1 becones

Yh . I“
f(y)dy = t r f(y)dy. S+4,7?
. ) "0
= _'i-—. .

But 5.4,2 is the samc as 5,2,1 i.e Equal sizecd C%rata Method,

5.5. EQUAL PANGE METHOD

The range of “(y) is infinite, therefore the density

function is truncated, and the value of Yy is such that

Yx
I f(y)dy = l=gg, 0 < a < , 001 5541
Yo -
h -
y‘l-l = yo * F(y‘l - /O) goq-
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TABLE &.1.1

n x (Variance of estimates of population mean) for Beta distribution

with parameters p = 1, g = 2. MV (Minimum Variance)

cuM ¥¥ DITRBIL 'S wsta = EQUAL EQUAL EQUAL EQUAL MY
RANGE | SIZED SIZED RANGE C
STRATA
6.06150 | 6.6151 0.0182 0.0182 | .0158 .0174 0187 .0152
0.006¢ | 0.0068 0.0094 0087 .0074 0087 .0087 .0069
0.0039 ."040 .0058 ,0050 L0043 0053 .0050 ,0039
0.0025 026 .0040 .0032 .0028 ,0035 .0033 .0023

“"The last three

colums show Kokan's result'.




TABLE 6 1.2

51.

n x (Variance of estimates of population mcan} for Beta

distribution with parameters p = 3. g = 2.

ey P [T R P T

:;;;§3?~\4 oF ;ggggym \DURBIN | RANGE gééigh

OF STRATA
1 .040€000 | .0400000 .0400000 | .0400000 | 04000060
2 01225064 | 01394879 | 0124858 .0137147 | 01232437
3 .00585103 | .00726864 | .00606586|.00731614| ,0059619%
i .003 11252 { 00453200 | .00359115(,00447717{ .00352732
; .00223181 | .00312412 | .00238044].00299¢16 | .00233499
6 .00157221 | .00229784  |.00170415.00213950 | .00166340
7 _00116697 |.00177116  |.00127261].00159994 | .00124427
8 L00090059 |.00140681  |.00098673 |.00123296 | 00096912
9 00071969 |.00115026  |.00079131|.00096497 | .00077526

10 .00058270 |.00095917  |.0006 1480 |.00080585 | .00063463




T¢BLE 6.1.3

n » (Variance of estimates of population mean) for Beta

sS4,

distribution with parameters p =4 ¢ =3
N 1~:E‘I'rx:b cm_—ff ' EQUILIZATION N FOUAL BOUAL 1
NUB OF STRATUM | DURBIN RINGE S1ZED
OF STRATRN._ TOTAL STRIT
1 .03061224 | .0306122% .03061224 | 03061224 |.0306122.
2 .0098:511 | .01073875 .00998136 | .01065823 |.00986355
3 .00178809 | .00558876 ,00796236 | .00661504 |.00486110
q .00281581 | .00346904 .00299244 | 00428067 |.0029095.
5 .00184893 | .00238631 .00201600 | .00292855 |.00233:59
6 .00130717 | .00175549 .001:33888 | .00211167 |.00139288
7 .00097196 | .D0134915 .00108360 | .00158799 |.00103891
P Aeaeeincpne” S :
8 L00075124% | .00107100 00085078 | 00123471 |.000820.9
< 00059802 | 00087330 LO00067334 | 00098610 |.00066003
16 00048705 | 00072763 L00055530 | .00080496 {.0005422.
p=4 q=3 p =4 qg=3
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6.1.4

n x (Variance ot estimates of pooulation mean) for Beta

distribution with parameters p =5, g =4,

53 .

-

MOTHOD | CUM /f | BOUALIZATION BQUL POUAL
oeER el
B J|

1 02469136 | 02469136 02469136 | .02469136 | .02165136
2 _U0B15829 | .00869997 .00825913 | .00867351 | .00816270
3 0030020 | 00452031 .00417181 | .00632744 | .00406989
3 .00236.66 | .00280714 .00255096 | .00418539 | .00245280
5 .00155774 | 00192862 00172303 | 00288979 | .00164797
6 00110221 | 00141612 00127688 | .00209302 | .00113870
7 00082090 | .00108726 .00094772 | .00157798 | 0008971
8 00063507 | 00086338 00074165 | ,00122889 | .0007037&
3 .00050555 | .0007C .08 00059537 | .00098252 | 00056743
10 0001207 ] 00056670 00048596 | 00080256 | .00046765

p=>5 a =4 p=>5 g =4
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ToBLE 6.1.5

n x {(Variomce of estimates of population mean) for Beta
distribution with parometers p =6, g =5 .

c vr [ E&JIMZATI@J B/ , “ru-f' ) i
OF STRATUM DURE I[N RiNCF STZET
TOTAL STRITE.
| 02066116 | .02066116 .02066116 | 02066116 .020661TEJ
2 0069432301 .00731077 .00701408 | .00730009 .0069462&1
3 06312607 | ,00379661 00361815 | 00616513 | 003,877 .
00202858 | .00235905 .00222266 | .GUI09799 | .U0211° 48
5 L0013.016 [ .00162080 .00152251 | .0028:271 | .00142656
6 000920501 .00118675 .00110759 | 06206693 | .0010311%.
7 LO00T0TIE ) 00091260 00081501 | 00156277 | .00078071
& 00054693 | .00072410 00065966 | 00121956 | .00061228
9 000 35761 .00058956 000523417 | 00097653 | 0005535
10 00355211 00049058 .00043600 | 00079866 | .000<085%2
p~6 g=>5 p =6 1= 5




2RIy 6.1.6

n x (Variance of estimates of population mean) for Beta
distribution with parameters p =7 , q =6,

55

'I,ARIA.NIG',M.-\ o

f ny

—— r I
METHOD | CUM VE | mlﬂﬂ'ldl EQUI L ] EQUNL |
OF STRATUM DURDIN RINGE | SIZED
HUMHER TOTAL STRATA
OF STRATZ.
1 (017751461 .01775148 L01775148] .01775148] 01775148
2 .00603767, .00630111 00609824 .00629781] .00603004
3 .00289195| .00327422 .00314803| .00607042| .0030439%
% .00177517| .00203195 .00197333] .00399219| .00185240
-.1I.-—
5 .00117229] .00139531 .00135917| 00278567, .00125271
6 .00083152! .00102225 .00099453| .00203518| .000%0639
7 ,000620051| .00078513 .00077250| .00154479 nO‘JOriE?'}?p?!
i -
8 .00027960| .00062274 .00060081| .C0120867| .0005°201
9 .00038216| .00050775 .00048094| .00096959| 00013715
10 .00031176| 00042183 .00G32%607 .00079-405[ .0003¢i1.2
1
=17 Q=58 p=7 aq =6 q
| 1 MAR 1988



TEBLE 6.1.7

n x (Voriarce of cestimates of population mean) for Beta

distribution with parameters p =8, g = 7.

56 -

METHOD | CUkt /L ] EOUALIZATION BEQUAL BQUA,
OF STRATUM DURBIN RANGE SIZED |
NUMBER TOTAL STRATA
OF STRATZE
1 .0155556 | .0155556 .0155556 | .0155556 | .0155556
2 .0053375. | .G0553693 .00539999 | ,00553562 | 0533743
3 .00265276 | .00287315 | .00280954 .005032:; 00270268
4 L00157666 | .00178511 .00176804 | .00386507 | . ow1-507
- St dere e e e
5 00101216 | .00122487 .00123215 { 00272054 | Ou111612
6 ,00073863 | .00089828 .00092695 | .002uL250 o T
7 ,000551272 | .00068918 .00070645 { .00152511 | .00 61602
8 L,000:2679 | .00054689 .00054975 | .001197'1 UGd4AL 4ol
9 L00032458 | ,00044561 00044438 | 00056242 | LGLUG2
s ..i b
10 00027736 | .00037014 00036137 nﬁh:aﬁzui GU032: 14
- e e
P=8 q=7 p - v -




n x (Variance of estimites of population mean) for Ecta

IABLE € .1.8

distribution with varameters p = 9, g =8 .

8.

Ci € | DOUALIZATION | T oour . EQUAL |

OF STRATUM |DURBIN | wiuwr SIZED |

TOTIL STRATH t
1 L01264083 | .01384083 .01384083 | 01383083 | .0138.053
2 | -4176074 | 00193540 .00482075 | 00493706 | 00784 7
3 r.ub£38012 .60256.106 .00251313 | 0059118 | 0022735
i 00141691 | .00159049 .00159386 | 00372120 | 00143305
5 00093697 | 06109166 .00113633 | .0020556< | -0U10GEES

6 0000669 | .U0079922 -00085106 | 0019635 | .0007293. |
7 009572 | 00061349 -00065131 | .0U150760 | 0005567
8 0UU35389 | 00046672 .0051147 | .00118618 | 00013671
9 60630601 | 00039614 .0004080 | 00025523 | .0C035530

o Bevimaminloie: s | =
16 .0002:971 | .00033035 .00033491 | 00078447 | 00029330

B =3 g=8




TRBLE 6 .1.9

n x (Variance of cstimates of population mean) for beta
distribution with paramcters p =1Q g =9.

METHOD | COM /f EQUALIZATICN | BOUIT, DOURL, -
OF STRATUM DURBIN RALGE SIZED
NUMBER TOTAL ST T
OF STRATA
1 .01246537 | .01246537 .01246537 | 0124406537 | 01216537
2 ,00432860 | 00445103 00435397 | .uliisiac U.32022
3 L0U215904 | .00231012 .00230339 | 0037006 | Jubezl 2]
4 .uG128612 | 00143490 L00148940 | LCu3Be715 ) L00135185
5 L00uB512y | 00098604 .0010562¢C | .G0Z59550 | W91L43
6 LL0C603E7 | .00072122 0008027 | LuC1uhus J 6512
st 2 et Bttt ety
7 L0015057 | .00055336 00061078 o R DUHET 22
I —_— — .___.._.ll
8 0032895 1 L00043918 00027917 1117500 JLLRU0E R
9 L 2T739 1 Lu0035774 .0003620 51008 | JBUG32:17
10 LU022690 ¢ .00029768 L000315.2 |  wUUT77965 toCon 26161
. i e S ——————
P = 16 fl = 9




TABLE 6. 1.10

n x (vVariance of estimates of population mean) for Beta

distribution with parameters p =11, g =10.

59 .

METHOD | CUM V£ BQUALIZATION POUAL BQUAL
; OF STRATUM | DURBIN RANGE SIZED
NUMBER TUTAL STRATA
OF STRATA
1 01133787 | .01133787 ,01133787 | .01133787 { .01133787
2 ,60395387 | .00405646 .00399237 | 00405808 | .00395377
3 .00197533 | ,00210375 .00212618 | .00580800 | 00201752
4 00117663 | .00130431 .00136799 | 00340838 | .00123642
5 00077922 | 00085584 .00098168 | .00252920 | . 00064064
6 .00055269 | . 00065708 .00073508 | 00190776 | 0005110~
7 .00041278 | 00050373 00057519 | .00147169 | 00046655
8 .00031970 | .00039970 .00044807 | .00116403 [ .00036869
9 .00025481 | .00032615 .00036046 | .00094091 | .00029862
10 .(0020803 | 00027050 00029664 | .0GC77483 | .uC024738
p =1 q=10




TARLE 6 .1.11

n x (Variance of estimutes of population mean) for Beta
distribution with parameters p =12, q =11.

MIZTHOD [t,UM vE EOUALY 20T TON UL AT,
O VTUM i | RANCE ST4rD
NUMEER: o sgutth DUREBL RANCT sé;ﬁ"r:'
of STRATA ) o
i 01039698 | .010396%8 01039698 1 01039698 | 01039658
2 00363869 | .00372381 L00366713 | 00372606 | 00363855
3 00181571 | .00193561 LU0195302 1 .005729686 | L.C0185619
e — !
4 001038376 | .00119232 Lutzec22 | Lou321960 | LGU113850
5 LOGUT1787 | .C0082201 93196 u(2488080 | .C00775%1
6 L00u50997 | .C0u60311 LOGOT70275 | 00157845 | .0G056389
7 LOCU3065E | 00046206 LUCHI900 1 .C0T145415 | L0G043687
8 (022183 | L0UGG36691 SO0 2208 L115310 | L ul033968
9 LGUGC23495 |.0002085) ¢ | Luoudiled AUD3381 | . au027581
10 LOUG19182 | LLL23682 U020 TG00 00622793
S - s S SO R———
p=12 g=n
- .




TABLE 6 .1.12

n x (Variance of estimates of population mean)
distribution with parameters P =15, q =12.

for Beta

61

I ——" — =
METHOD | CM vV EQUALYLZATION BOUAT, BCUN,
OF STRATUM DURBIMN RENCE SIZED
NUMBEF. \\ TOTAL STRATA
OF STRATAN
% L0096000¢ | LCO960IuL 960000 | 06964000 | .CL96LLUs
2 Lu33760u2 | .00344055 00339126 | L3415 | L0G336962
3 Lu168776 | L oL175533 0182591 | LU0561366 § LUUTTEZS l
Il-—--—-- . —— — e S—
3 AUT0US5U | LU01108 T LOU1193%26 | .Cu3094:19 1 LoG1un 728
5 LUUuB6597 | LOUUT75915 U875 205428 | LRAGT2273
O LU047285 L00US5645 6757, 1 LLU0184969 O GE2665
7 335322 1 .I3C42701 LOUSIC4T7 | 0143681 | LCOI4005]
& Cuw2 353 ] Luul 33568 s 306245 114229 1 . 0031517
9 AN21812 1 Luini27652 ALu32037) -au09267611 LLLU2563]3
& [Y LLL17788 WoU23001 LLZELBES L uauT6527 ) LLLL21284 ]
p =13 g =12




T7BLE €.1.13

62" .

n x {(Variance of estimates of population mcan) for Deta
distribution with raramcters p =14, g = 1%

e

S\ METHOD | Cld v OUALIZATION EOUML I ECUAL
| \ OF STRYMUM PUPBIH RIVICGE SYZED
NUMBER ™ _ TOTAL STRATAH
AN
OF STHA:;\\
1 . u891632 | .6 891632 .00891632 | .00891632 | .00891€32
2 20313782 | .00319723 .D0315385 | . 00320182 | .0031375¢
S S -~
3 00157337 | 00166075 00170703 | L0G555016 | 00160582
i -L0093698 | 00102932 L0L113378 | 002941413 | 00098916
5 .u0062107 | .G0OGT0709 LOG0B3476 | 00210526 | .CLORT117
[ LOUGEI10 | L eC51863 LO0U64378 | .0u162109 | L0UG5902)
7 UOC329 00 | owuw39753 0L 28947 | .u0111968 | .U0C37411
8 J0G25511 | -0wu31961 LLAI38148 | .0U113159 | .63029529
9 AU203459 1 LLaU2BTU JCC3GTST7 | .Lo091978 | .L0u23992
15 LOUGTEEUS | Lo0L21337 29670 | 0076054 | L1981
p =14 q =13




TABLE €.1.14

n X (Variance of cstimates of population mcan) for Beta
distribution with parameters p =15, q = 14.

Cut Vi | EQUALIZATION | oo | Bount f
OF STRATUM | DURBIN | RE SIED
TOTAL | STRIV.
1 08322 | .0083242 .0083242 | .(483242 | .u0832:2
2 .(U293555 | .U0298663 | .00294759 | . 129913 | .L0293540
3 00147268 | .00155224 | .0C162955 | 1545015 | L b iz
; LUUBTTIC | L00096264 | LOOICTO2 8.179 | 00092839
5 LUUS8198 | L00066124 | 00079797 | L L23TIT | L6295
6 41041334 | 00048339 | .0CO60511 179239 | Lot 5902
7 .30835| 00037169 | .GOUA636: | ..o14.281 ) ..i38105
8 0Lu23012 | 100029448 | L0CC350.0 12105 | G002776L
9 19,69 ¢ ,u0023985 L0Cu271.21 11288 | . ,0L22188
. s e
1 LL015552 | ,00019982 ULLZ 4193 75585 | . LLu18721
p - 15 q= 14




TABLE 6.1.15

n x {(Varionce of cstimates of population mean) for Beta
distribution with porameters p =16, q ='5.

] K\I METHOD CT-;M_ VE PQUALIZATION [ Li,:; POUAL R
| OF STRATUM DURBTIM RNCE SILR
: NUMBER TOTAL STRISTL.
OF STRATA
1 765337 | 0780437 L078U437 | .. 780 237 | .0078LL37
2 215775 | .50280313 0027667 | .L280671 |.L0275763
3 L0138337 | L0U145577 00149279 | 8053575 1.0C12143
“ JAGUBZL0L 1 .u0090242 L00102025 | .UuZ2o6705 1.0008BT7297
D AU P02 | .L0061895 .00C76118 | .. 523:127 [.0u059237
6 LCuu28857 | .00C45446 .00C57966 | .. 176338 [.0800 13223
7 .00022012 | .00034851 00042191 | .00138€27 | 0003310
L w002257 . | .uD027628 00032506 | Juti11068 |.00026165
9 .L0U17930 | .00022501 00026142 | LcOuatels |.uul21258
I B
10 LUC014627 | .U0018719 00022269 | ,CLLTHT19 |.O0L01759
P =16 qg=15
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TABLEG6 .1.16

n % (Variance of c¢stimates of population mean) for Beta

distribution with parameters p =17, q =15

N mEmon| coM VE | BouaLTzzTION | | pour L Bur, |
OF STRATUM DURBIN RANGE SIZED
NUMBER TOTAL STINTA '
OF STRIATA
1 0075616 | 00754616 | 00751616 | 00754616 00753616
2 00266851 | .00271201 | 00269506 | .00285137| .C0266815
3 LJU1340617 | L00140711 LU1497286 ) 00509325 00137293
4 .C0C79981 | LuC0B7315 | .00100450 | 00268977 .00084493
5 LL0052933 | .OUCBLOLE LLUT7567: | LG0229493 1 L00057463
5 00037652 | .00043863 | .ccose6e | wo17s128 | Lov &
7 wh028097 | . JQU335619 LUGUAZ2C7 | LCLU137722 1 .OGU32057
8 LI0021768 | 20026742 LG033566 1 .uw110491 | LCOU252B4
9 LUUU17352 | L60021762 Loo027213 | .CLG%0225 | 00020642
10 0C013171 | 00018097 | .uco22766 |.00074860 | 00017076
p =17 q=15




n x (Variance of estimates of population mcan) for Beta

T¢BLE 6.1.17

distribution with parameters p =18, q = 15,

METHOD | CUM /F BEQUALIZATION *'}Sw{ mw;_ i
OF STRATUM | DUREIN RINCE SIZED |
NUMEER TOTAL STRRI7.
OF STRATA
i L0G729217 | 00729217 00729217} 00729217 | .u0719217
2 LUU258010 | L00262135 L0U262801] 00296274 | 00258073 |
3 uU1296U3 | .U0136333 00127352 .u0l76849 | .U0132665
1 GuC77345 | .u0083385 009887 | .6U275781 ] LGUUB1 162
5 LUu051217 | .Lau57999 LU00738131 .0Uz23230 | LuCu55713
]
6 .CU036377 | .uC0a2456 00054377 50174062 | C0ACS44
7 L Q027155 | ,uu032507 00045263 .u0136773 | .u0030983
8 u2Tuss | Lo0u25847 00031838] 50109883 | 02023504
9 0601679¢ | Loou21034 600264501 .oCUB9824 | Luub19902
16 L00613696 | 50017197 A0022711] 0072585 | L0C16466
D = 18 g =15




n x (Variancc of estimataes of population mean) for Beta
distribution with paramcters p =19, ¢ =

TrBLE ¢ 1.18

METHOD BEQUALIZATION SO T, !
OF STRITUM SIzil
NUMBER TOTAL SR ,
OF STRIIZ
1 SUTUL38S | LOUT704399 L07043%89 | .uGT70:399 | L uuTL 399
e T 25 =
2 LUL259408 | 00253420 0253098 | .LU312237 ouzl9229
3 ou131698 UG140671 | 60239273 | LOu128133
e e P vem— v s
AU74730 1 LLULB161 LUOU9756L | LG0285558 | LLUUT 11
5 LUUS6UEY 0216160 | Luuub3760
6 LGU4TL29 ~u052209 L3921
7 00631505 L00038550 | . 00135799 | .GLG29935
3 L0L320373] . 00024930 0030851 ¢ L2361
- e et ]
) .0001623: | .00020350 LU026222 | 000890 | 0001927
10 JLL132145] .o06016924 GEC15924
g =15




aELEG6 .1.19

n x (Variance of crtimates of population mean) for Beta
distribution with pararcters p =20, g =15,

68

<

METHOD

cut VE

EQUALIZNTION

BEQUAL

U rge
RSSO N

‘\\\\ OF STRATU | DURBIN ! RANGE SLAD
NUMBER ™ TOTAL T4G /7
OF STRATA™.
1 0063027z | (0680272 00680272 .uthbizT Lo 2l
2 L00221006 | 00244779 .00246079 | .UU331283 ) iU
3 0121160 | .00127077 L00138096 | .uuuutbt | 012,157
4 AWT£299 | LUUUT8832 L0C0981781 .002966:4 | LouuTs40 1
5 LBUGAT899 | .O0U55189 000722141 80209152 | JLOGSZ5IT
6 L00U3-4021 | .GU039658 L00050831| 00171706 | .uCU37967
7 LU00625411 | .o0030455 .00037978| 00131627 uucgoudz
3 L1068 | L00024088 00030221 00168590 | LLuCuz20
B) L00015705 | .00019656 .00025333] .000829267] .Jdu1vs11

LOUC 12537

LLUG16380

00021301

utiJ13515

g =15




TABLE 6.1.20

comparison oF ¥ Wgre K1) pop UaRIOUS METHODS FOR
Y N
PARAMETERS 1 = &, q = 2.
;l
K | (K=1)“/p2 | COSMULATIVE [p.u, =CONST | DURBIN®S | BQUFL RANGE | HQUAL 17D
& t METHOD WITIROD ) SRRVIA S
. BETYION
=2 10.25 0.31 0.75 a.31 0.34 0,31
3 0.24 0.47 0.52 0.49 0.53 0.48
310.56 0.5 0.62 0.60 0.61 Sy
51 0.64 0.63 0.69 0.66 0,47 0.56
610.69 U.70 0.74 0.72 0.7 0. 71
710.72 0.7 0.77 G.75 0.7: 0.75
§10.77 C.77 0.79 0.76 0,77 9,79
9 | 0.60 L .82 0.80 0,78 3 B0
10 10,81 0LL1 0,83 0.81 0.83 w i




TABLE 6.1.21

n x (Variance of estimates of population mean) for
Seta Distribution

70

———

X =6 |
q 1 2 3 !
L
ke 2 .01504747 | 01485274 |.01226085 | g = 2 | .009674% F
3 .01041785 | .01224053 | .01130703 3 | 0085510 f
4 00749578 | .00985082 | .00984442 4 | .o09090uc i
5 ,00561209 | .00797713 | .00844867 s | .ooers002 |
6 .00433566 | .00654540 | .00725008 6 | 00725453 |
7 100315628 | 00544749 | .00625157 7 | 0662375 |
£ .00281333 | 00459399 | .00542646 g | .on572276
9 .00233323 | .00392178 | .00474404 g | .c0510€04
10 .00196732 | .00338364 | .00417656 10 | o0s72ss |
25 00039275 - .00109306 20 | 6018760 |
30 00027963 25 | o016t
30 MiTI025
35 | .6067798

00002229




TAILE 6.1.22

71

n x {(variance of estimates of population mean) for Beta

Distribution.
p [ k = © k = 6 k = 2 K = 2
p= 15 p=20 ! p=20 p =25
S
2 L0007 .251 | 00015133 | .00114651 00078221
3 .00032773 | .00021252 | -00156815 ,00109551
; 1000385.7 | .0002583: | .00188049 .00134278
5 100012249 | .20029211 | .00211839 .00153748
6 j .0004°.36 | 00031637 | .00227307 08165820
7 00015693 | .00033332 | .00238618 00150395
5 ©001G069 | .00034332 | .00245863 .00169021
5 | 00005956 | .0003509C | .00250134 .00195326
10 .00045457 | .00035155 | .00252098 00159628
i1 00614611 00202385
12 | 90043616 .00203960
13 | ooosusen ; 100204397
4 - 5 00042757 | 650204397
15 .60040117 l 20202959
I




3
00585926
.00547047
.00478486

00412141
.00354318
.0030582%
.002G5777
00232475

00204774

b

00053688
00039559
. QUUJU iU.)

U u’;—"d.. 3054

-

o2 Ol

l -2k,

00157544
.00148643
2120744
112989

00097251

GO
0006065
00073117
00063977
.00056416

01224053
.01130703
.00985162
.00845940
.00726067
.00626071
.00543542
00475193
.00418497
.00109551
.00080721
.00061937
.G0049013

estimates of population mean)

un

L = ¢
M - {J

10

D=2

00104377
00113098

+0011024¢€

00163337

00044678
LULUS64AB7T
2628
5188
65538

539

1

59

e

£

a

(%

for Beta



n x (Veriance of ectimntes of population mean) for Gamina

distribation with

sl 6 .

varameters R =2 p =3

73.

N

MEAHOD | CUft v DOUALIZATION EQUAL EOUAL
O ETRATUM | DURBINM RINGE SIZE0

,JU‘V;BL;R ’IUI‘AL {)TW 1T£ i

OF STRATAN

k=1 VA 1EH0Z | 9.112E+C2 0.100E+02 |0.1108+u2 v lLCE+02
& 3.9394258 1 13.71335154 3.17501473] 6, 30508018 | 3.4235379%
3 1.92527035 | 1.87852821 1.5342835213.15755081 | 1.72173779
& 1.114368484 | 1.14575671 0.8999508811.025%5276 | 1.046.2199
5 Ua75742531 |0.77260455 |0,59007433]1.3. . 07599 TH563
6 C.53119967 | L.56556491 0.4158715410.92908099 PR
7 J,39736339 |0.12656533 10,30870754|0,7550.52C | 0.5 i3
o U.3075:51 12,33623095 |0.2380555110,582614 5 205560 19
0 024458721 1u.27375855 * 0.4755927. B0TES!
1% U.2013550n |10.22494894 10.1539411C 195651323

0.30550945

p=3
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Thile 6.2.2

n x (Variance of cstimates ©f population mean) for Gamma
distrilution with oaramcters @ = 2 p = 4

g e e —
CUM Vi | BOURLIZATION UL EQZL
|OF STRATUM 'DURBIN RANGE ST12°D

JOTIL STRNIT,

0.150E+02 | 0.149E+02 0.135E+02 {0.155E+02 | 0.71:55+02

— ———-

. 36589500 15.02552688 |4.39959081|7.80964144) . 505611

L5
(S

2.65500823 | 2.55514747 |2.13846434]3.9G47/9311| 2.3 622

. v S—n

Lo
N

: 1.57027850 | 1.55515207 ]1.25804586]2.51819522] 1. 41361531
5 1.040€1985 | 1.05425311 | 0.82684426]1.78629173| 0.9.6770%°
6 0.73.50537 | 0.76655577 | 0.58405705] 1.3260°058 ©.566.26 1652
7 0.54952357. | 0.57627003 |} 0,43351449]1.0172:542}) 0.51387960
8 0.:2237C40 | 0.151674%40 }0,33573443]0.801567% .1 . C220291
9 0.336C746G | 0.36858014 [ 0.26726696] 0.67620706) .72 Ihzil
10 0.27563:37 | 0,30574731 0.53116655| 6. 26470860

-

B =2 p =4




n x {(Varianc oi
distribuiion with paramcters 8 = 2 p = 9

TPELE 6 2.3

S

cetirates of population mean) for Gamma

75.

METHOD | CULi v | EQUALIZATION | BQUIT, EQUAL
OF STRATUM |DURBIN | RVNGE SIZFD
NUMBER MAL v STR’HTJ-L
OF STRMIR
K = 1 0.198E+02 |0.185E+02 0.191E-02 | 0.171E+02
2 6.80013100 |3.33147671 9.10917202( 5.89317455
3 3.36300802 |3.22079845 1.73748386] 2.96962675
e
4 2.01370933 |1.96442218 3.24¢:13950] 1.79605565
5 1.33272961 |1.32837571 2.3301171 ] 1.206109182
€ 0.93567195% {0.96603835 1.73613774| 0.566E547%
7 0.68755776 |0.73335889 1.32707051] 0.5525919
e e o e wreer e -
8 0.54285501 [5.57632453 1.0:202013] 0.51015021
B N avieiien liliaiisinnd |
9 0.723076820 |0.46559422 0.B3TIS6| 0.31027979
i0 0.35170820 {0.38153283 0.68699117| 0.3364943%
B = « n=25
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TABLE 6 ,2.4

n » (Variance of estimates of population mean) for

Gamma distribution with paramcters 8 =2 p = 6

Cum V¥ EQUALIZATION { . oo EQUAL EQUAL
OF STRATUM R IRANGE 5IZEL
TOTAL STRATA
1 0,238E+02 | 0.223E+02 0.234E+02
2 5,229465828| 7.53995150 0,1026+02
3 4,09550658| 3.88177035 5,73388880
4 2,43748166] 2.36738331 4,1N465081
5 1.6093375 | 1.50615308 2.96195235
6 1.14070064| 1.16451625 2.18370604
7 0.85377765| 0.88614519 1.66040353
8 0.65794308} N,59395678 1.29976393
9 D.52507909| 0,56219136 1,04297593
10 0,420917689| 0.45291955 0.85441717
g =2 p=6
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TABLE 5,245
n x (Variance of estimates of population mean) for
Gamna distributipn with parametere f = 2 p =7
. MeTHOD | cum v EQUALIZATION EQUAL EQUAL
o OF STRATUM DURBIN RANGE STZED
NUMEER ™\ TOTAL STRATA
OF STRAT/N
o —
| k=1 _10.277£+02 0,260E+02 0.273E+02 | 0,242E+02
2 9.66216330| 8,84574055 0,1123E+0D2 8.35771184
3 4,061337965| 4,53654843 6.914864331 4.214745206
! 2.873B3231] 2.77675881 5.07388832] 2.54951076
) 1.?39360324 1.B87485817 3.619805431 1,71503401
B 1,34512352| 1.36145700 2.654626651] 1.23017€637
1.00786289] 1,03105391 1.62881868] 0,93083348
o 0,778897551| 0D.81132595 1.18987910( 0.72778611
§ B.61720296] 0,55521680 0.58525277
10 0.50548203| 0.54153934 0.48014788
£ =2 p =7




TABLE 6.2,

5]

B
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n x (Variance of estimates of population mean) for
Gamna distribution with parameters =2 p =8
N METHOD | cuni v EQUALTZATTON EQUAL EQUAL
N OF STRATUM DURBIN RANGE SIZED
NUMBER TOTAL STRATA
OF STRATA
b -
ko= 1 043176402 [ 0,298E+02 0.2786+02 | 0.278 402
2 0.11CE+D2 0,1026+02 §9.37598638 ( 3.588032M
3 5.5320692 6,2181455%4 6.71274783 1 4.B4113855
4 3,31650318 | 3.18825175 4,35522985 | 2.928245%1
5 2.180B85055 | 2.15246880 2.94720088 ] 1.906883262
5} 1.5542185% | 1.52148026 2,11633828 | 1.4108703584
Fi 1.15461980 | 1.18951185 1.58859751 | 1.087028687
8 0,39774137 1 0.934988254 1.23553846 | 0,.83413552
0.71675956 | 0,75220814 0.98667546 | 0.67182348
T N,56411759 | 0,52202019 1,B0542485 ’

N.55260364 |

D =8

e



79

TABLE 6.2.7
n x (Variance of ecstimates of population mean) for
Gamaa distribution with parameters B =2 p =9
\\\\\ METHOD { CUM vF ENUALTZATION EQUAL EQUAL
- OF STRATUM DURBIN RANGL STZED
NU“Ega\\\\\\ TOTAL STRATA
DF STRATA
k=1 0.357C+02 C.335E+02 0.314E+02 D0.314E+D2
2 0.125E+02 | 0,115E+02 0.107E+02 | 0.108E+02
3 6.2555604 5.88061460 8.08521837 | 5.48169031
2 3.73044242 | 3,58418063 5.15172752 | 3.32782659
5 2.,17843759 | 2.42785072 3.,48061520 | 2.22883210
b 1.75715798 | 1.75805776 2.50354887 | 1.60581553
7 1.20804275 ) 1,33435897 1.88297461 | 1.2132017°6
B 1.016557€3 | 1.02073733 1.46446163 | 0.95043600
9 0,80902937 | 0,84803992 1,16987220 | 0,763255C4
10 N.E57131411 1 0.70086716 0,95515664 | 0.62613505




TRBLE 6..2.8

n ¢ (Variance or estimates of pcpulation mean) for
Gayma distribution with parameters 8 = 2 p =10
\ METHOD | CuM V¥ EQUALIZATION EQUAL EQUAL
OF STRATUM DURBIN RANGC SIZED
NUMEER TOTAL STRATA
OF ETRAP?\\
k = 1 0.397E+02 0.,371E+02 D,350E+02 0.350E+02
2 0.139E+02 0,12BE+0 0.123E+02 0.121E+02
3 6.096017732 | 5.53572878 8.,51807870 | 5.,126923855
1,178C5642 | 3,8951166889 5.95516111 | 3.59844502
5 2,76<20880 | 2,70637802 4,03134052 §2.,489734%3
U 1.95769342 | 1.95733414 2.90745714 | 1.79221617
7 1.18436042 | 1,48503846 2,18B75008 | 1.34871414
B 1,13005710 | 1,16654805 1.70307137 | 1.056540640
9 0,90:153509 | 0,94405015 1.36083262 | 0.85116540
10 0.73430445 ] 0,78057957 1411125583 | 0,6833650%

p = 10




TABLE 6.2.0

Comparison of Stratification Boundary Points

Gzmma Distribution3 = 2, p = 0,5
2
y (1)
nFrs 2oV W
= 2 GBETHI 2.0

BELLD 1,2 4.2

(54]

81.






