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PREFACE

Interest in discrete distributions has increased markedly
over the past two decades or so. These distributions are generally
studied in the context of the specific chance mechanisms in which
they take their genesis or in relation to classes defined by specific
mathematical or probabilistic structures. One of the major classes
of discrete distributions comprises generalized Poisson distributions
{GPDs).

It is well known that CGPDs are applicable tc diverse areas
e.g. in accident studies and in bacteriology and entomology. However,
relatively few discrete distributions are viewed as GPDs. It is
desirable to know which of the other numerous distributions presented
in the literature are GPDs. A clearer picture of the functional
forms and properties of this important class of discrete distributions
is invaluable.

This thesis discusses several aspects of generalized Poisson
distributions. Special attention is given to features which have
direct bearing on applications. Chapter 1 is 2 discussion of discrete
distributions in general. In Chapter 2 generalized Pcisson distributions
are discussed extensively. By invoking a thecrem which characterizes
GPDs by the property of infinite divisibility, some well known, and
a2 few apparently new, discrete distributions are shown 1o be CPDs.

Chapter 3 is about parameter estimaticn. The major methods
for estimating the parameters of GPDs are discussed. Attention is
then focussed on one particular GPD, the Poisson A inverse normal
distribution. For this distribution, a parameterization comprieing
orthogonal parameters is identified. Maximum likelihood equations for
estimating these parameters are presented. Some other estimators of

the parameters are also given.
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Chapter 4 discusses the problem of how to choose from several
plausible GPDs the one which best fits a given data-set. 1In
Chapter 5 the thesis is concluded with a discussion of the possible

directions in which further work on the subject matter can be pursued.
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SUMMARY AND GENERAL BACKGROUND



CHAPTER 1

SUMMARY AND GENERAL BACKGROUND

1.1 Summarz

Endowed with a wide and rapidly expanding literature, both in
diverse fields of applied science and in statistics, the subject of
Discrete Distributions offers a fascinating area for study and research.
The subject is commonly discussed in one of two ways. One is to
investigate in detail individual discrete distributions or specific
families of distributions for their mathematical and statistical
properties and for their natural applicaticns. The second approach is
to concentrate on a scientific problem that genperates or requires random
counts and then create and coordinate appropriate discrete models and
methods so as to arrive at a meaningful solution of the scientific problem,

This thesis is about a specific family of discrete distributions,
the generalized Poisszon distributions (GPDs) - their structural properties,
their applications, and alsc the methods for estimating their parameters.
To place the study in context, & discussion of discrete distributions in
general is given (Chapter 1). This includes a description of the major
families or classes. Then generalized Poisson distributions are discussed
extensively (Chapter 2). The derivation of one apparently new generalized
Poisson distributien i1s alsec given. Infinite divisibility characterizes
GPDs among lattice distributions supported on non-negative integers, and
this property dominates the discussion. The study then narrows down to
one particular GPD, the recently proposed Poisson A inverse normal (PIN)
distribution {Chapter 3), for whose parameters a new set of estimators are
presented, in addition to a re-appraisal of its structure,

An important aspect of GPDs which has received relatively little
attention in the literature is how to choose from a giveu set of
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plausible GPDs the one most appropriate for the situation. This problem
is briefly discussed (Chapter 4) in the context of future work. The
last chapter (Chapter 5) is a recapitulation and an outline of scme
ensuing problems which are subjects for further research.

The concept of generalized Poisson distributions has featured in
statistical literature over the years in one form or the other since the
early part of this century. GPDs are widely applicable e.g. in the
modelling of populations of plants and insects, and in accident studies.
However, in practice, relatively few discrete distributions are viewed
as GPDs and, due to various computational difficulties only a proporticn
of these have been adopted by practitioners., As has been noted by Fiacco
and McCormick (1968, p.1556), "a vital test and justification of any
body of theory of how to solve problems is the feasibility of computational
implementation and practical application", This forms the general
motivation for the thesis.

The Neyman Type A distribution in its usual form is Poisson V Poisson,
but can also be represented as Poisson V zero-truncated Poisson. The
latter form is apparently not widely known., Similarly the Polya-Aeppli
distribution, usually given as Poisson V shifted geometric, is in fact
identical with Poisson V geometric,

All mixtures of the Poisson distribution are overdispersed; so are all
generalized Poisson distributions, except the Poisson, which is trivially a
GPD having the Bernculli distribution as its cluster-size distribution.
Hence o§erdispersion is a necessary (but certainly not sufficient)
condition for a non-Poisson lattice distribution to be a GPD.

The quotient of the probability generating functions (pgfs) of
twe geometric distributions with parameters 8, and 82, 0<6, <8 <1,
gives the pgf of the geometric distribution-with-added-zeroces, a
distribution which is infinitely divisible and hence a GPD. Some other
infinitely divisible convolutions of pseudo-binomials are similarly

re-appraised and recast into conventional forms.
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All logconvex lattice distributions are infinitely divisible and
are hence generalized Poisson distributions. A subset of generalized
hypergecmetric distributions is identified as being logconvex. Its
members include the Waring, the shifted logarithmic, and the shifted
lost-games distributions.

All mixtures of the Poisson with infinitely divisible mixing
distributions are infinitely divisible. Some infinitely divisible
continuous distributions with support on the positive half real line
are listed, One of these is the reciprocal gamma distribution. Its
mixture of the Poisson is derived and shown to be closely related to
but simpler than the already known generalized-inverse-normal
mixture of the Poisson. The special case analogous to the
Poisson A inverse normal is discussed. Some other infinitely divisible
mixtures of the Poisson are also derived.

The Poisson A inverse normal, although only recently proposed,
has generated a considerable amount of literature. It is noted here
that its cluster-size distribution is a lost~games distribution. Its
two usual parameterizations are discussed and it is shown computationally
and theoretically that the maximum likelihood estimates of the parameters
in one of these two forms are asyptotically uncorrelated. For this form
also, the sample mean is a maximum likelihood estimator of one of the
parameters, A new estimator, the even-points estimator, is presented

for the other parameter.

1.2 Basic Definitions

1.2.1 Introduction

This section comprises scme of the basic definitions and the
related notation connected with the characteristic properties of
distributions. They are available in the literature but are set out

here because they will be assumed in the rest of the thesis. It should



be noted at the outset that, in particular, discussions of features
of most discrete distributions have been approached via their probability
generating functions.

Well-established abbreviations such as cdf for 'cumulative
distribution function', pdf for 'probability demsity function' (continuous},
pf for 'probability function' (discrete), i.i.d. for 'independently and
identically distributed', and inf div for 'infinitely divisible' will be
ugsed freely whenever their full meanings are unlikely to be in doubt.

The definitions and notation adopted for "generalized" and “compound”
distributions are those of Gurland (1957). All logarithms are natural

logarithms except where otherwise indicated.

1,.2.2 Random variable and distribution function

For a given probability space (R, A, Pr{*]) a random variable,
denoted by X or X(+), is a function with domain @ and counterdomain the
real line. The function X{') must be such that the set A s defined by
A = {w: X{w} € r} belongs to A for every real number r. A random
variable X is said to be discrete 1f the range is countable; otherwise
it is said to be continuous.
The cumulative distribution function (cdf), or simply the distribution
function, of a random variable X denoted by Fx(x), or F{x), is defined tc

be that function with the domain the real line and counterdeomain the

interval [0, 1] which, for every real number x, satisfiles

Fx(XJ = prlw: Xw} € x]
= Prl¥ < x)
= ) f£(x), B being the range of X. (1.2.2.1)
a€ 8

The function f(x), in the continuous case, is F'(x), the derivative of
F(x) with respect to x. It is called the probability density function.

In the discrete case, f(x) can be regarded as the Radom-Nikodym



"derivative" of F(x) with respect to a counting measure. In this case,
f(x) is usually referred to as the probability function, or sometimes,
probability mass function, and alternatively dencted by P‘.

A discrete distribution is called a lattice distribution if the
range of the random varisble is not merely countable but in addition
the intervals between those of its values for which there are non-zero
probabilities are all integral multiples of one quantity, a quantity
depending on the random variable. Points having the values of the random
variable as coordinates then form a lattice. By an appropriate linear
transformation it can be arranged that the random variazble takes values
which are integers. Most discrete distributions considered in this thesis
are lattice distributions with the random variables taking non-negative
integral values. They will be referred tc simply as lattice distributions.

A discrete (lattice) distribution will be said te be finite, or
terminating, if f(x) is non-zero for only a finite subset of the non-
negative integers; otherwise it is said to be infinite, or non~-terminating.

Unless otherwise indicated, capital letters (e.g. X, Y) denote
random variables, while the corresponding small letters (x, y, etc.)
represent the values taken by the randem variables, Greek letters will
usually be used to represent parameters, and in particular a parameter
taking values between zero and one (inclusive if indicated accordingly)
will be denoted by & subscripted or unsubscripted. A specific
distribution will sometimes be denoted in the common notation whereby,
for example, Geometric (x; 6) implies that X is distributed as the
geometric with the parameter 6 and Neg binom (x; &, 8) denotes that the
distribution of X is negative binomial with parameters « and 8 where it
would be clear from the context which of the two is the exponent

parameter.



1.2.3 Moments
The rth power moment or simply the rth moment is the expected

value of x' and for a discrete distribution it is defined by
Efx'] = Ex #x) ® ¥¥y  r# L, 250 {1.2:3.0)

The mean, E[X], will usually be written as u rather than as .
The rth central moment, the expected value of (x - u)', of a

discrete distribution, is defined by
E[(x - w)') = Z(x=~wEx) = u, r=2,3,.. £149:8:2)

The variance, E{(X - u)z], will usually be referred to as var(X),
The rth descending factorial moment, often usually referred to

simply as the rth factorial moment, is defined by

E(x 1 = Ixmf(x)

(r)
x=r

P =1y 25000 (1.2.3.3)

]
=

n
[

where Xeiy = wh = 1Y wni =0+ 1) 0= Ly Risaiy X

The ascending Ffactorial moment is defined by

EX'1 o= TaxMeo = W, p=1, 2. o Ruid

x=0
where x'"' = x(x +1) ... (x + » - L) @ 2 1 2hiev % 5 3.
The summations given in these definitions are not necessarily
convergent for every discrete distribution and hence their corresponding
moments may, sometimes, not exist. Using the relations between the

different types of moments (see e.g. Kendall and Stuart (1963),

Chapter 4) it can be shown that the existence of one of u:, oo Mgy

£nY o : g 3
u implies the existence of the others, and the existence of all

moments of order less than r.

The rth inverse mcoment is defined by

ar

El/x'] = ] S fx = w ., r=1,2,. (1.2.3.5)
x=0 X

A discrete distribution can possess inverse moments only if f(0) = 0.



It is possible to define other moments (e.g. incomplete moments

and absolute moments) for discrete distributions,

1.2.4 Generatiqg functions

The probability generating function (pgf) of a non-negative,

integer-valued random variable X is defined by

6z) = E=z) = JPRz, |z]<1 (1.2.4.23

x=0
The pgf always exists for every proper distribution of X and gives a
complete characterization of the distribution. It provides a useful
tool for the study of discrete distributions. The probabilities B

can be obtained from the pgf G(z) using the relation

)
g %x = 0, Losvi (l.2.4.2)
z=0Q

x
p = A

x X

Glz)
»

dz

Suppose G, (z) is the pgf of a given lattice distribution D, . The
distribution D, with the pgf G, (z) = szl(z), k integral, is said to
be the shifted form of D . The distribution D, is said to have been
shifted k units to the right or to the left according as to whether
k is positive or negative. A reversed distribution has a pgf of the
form zns(%) where G(z) is the pgf of a distribution on the integers
Oy Lyeven D

Other generating functions can be defined for discrete distributions,
in terms of the pgf. The moment generating function (mgf) can be defined
as

Ge*y = ] P (1.2.4.3)

where the rth moment, if it exists, can be obtained as

r
gt = ’.E—G(e‘)

r r
dz

In each expression, G(z) is the pgf.




The cumulant generating function (cgf) is defined as the logarithm

of the moment generating function and hence is given by

—_—

TP et (1.2:4.5)
x

x=0

log Gle') = log

The rth cumulant, k , if it exists, is defined as

r
k = Q“T log G(e ) s P BN B 41%M:8)
dz
- z2=0

The cumulants are sometimes called the semi~invariants because the
cumulants kr, r @& 2, of a random variable X are the csame as those for
X + A for any constant A. In particular, the cumulants, k , r » 2, 0of a
lattice distribution are the same as those of its shifted forms.

The (descending) factorial moment generating function (fmgf) can

be defined as

&1+2) = J(1+2)P (1.2.1,7)
Xx=p0 =
where Mo, can be obtained, if it exists, from
q' |
Ve ® (== G(l + z) sy =1, 24... (1.2,4,8)
dz 220
Note also that
df
] = = G2 s r = s 25 i (1.2.4,9)
{r) r
dz .y

which implies that the pgf G(z) can also be regarded as a factorial moment
generating function.

The ascending factorial moment generating function (afmgf) can be
defined as

4} 4
G[(l -2)7) = lep/-2) (1.2.4.10)

x=0

a {r) 7 . S 5 4
wheve u can be obtained, if it exists, from




r
p{r, = ""i"'—';"' G[(l - Z)'l) 9 I‘ = lg 2,10. (1-2.“-11)

il z=0

The (descending)factorial cumulant generating function can be
defined as

o
log &(1 + 2z) = log E P (1 + z)" {1.2.4.,12)

x=0

and the factorial cumulant ktrl if it exists is given by

r
k SO - log (1 + z)

’ r‘ : l, 2".' (l!z-ulla)
{r) _dz’

z=0

The ascending factorial cumulant generating function (afcgf)

can be defined as

x=0

log{%[(l - z)-l]1 - log[-z £ Ak z)" (1.2.4.14)

and hence the rth ascending factorial cumulant, if it exists, is defined

as

« P2 X5 Zaies (3a2:4:15)

2z 0

Koz EL? £n[§[(l - z)-i]]
dz

From the relationship between the cumulants and moments (see e.g.
Kendall and Stuart (1989I, Chapter 4), Douglas (1971)), it can be shown

that kr, K , and ') exist if and only if u: exists.

(r)

P Some Mathematical Functions

1.3.1 Intreduction

Some mathematical functions which have some key roles to play in the
thesis are stated below, together with their associated notation. These
are the gamma, beta, and factorial functions, the generalized hypergeometric

function, and the modified Bessel functions,
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1.3.2 The gamma and factorial functionms

The gamma function is defined by Euler's integral as

r{x) = fwe-tt’midt, Re(x) > 0 (1.3.2:1)

o

while the factorial function is defined by

L

x! = x(x-1) ,..1, x=1, 2,...3 0} =1, (1.3.2.2)
The recurrence relation
r{x + 1) = xI{x), x ¥ 0y ~1, =260 {(1:3.2:3)
provides a link between the gamma and the factorial functions and can
be used tc extend the range of the latter, since
xi ‘2 Tx + 1),
Ratios of gamma and factorial functions can be given meaning over

the negative integers by defining (Kemp and Kemp (19562))

%} Co (=1 (% -y = 1) _ (-1)’?(-3-1)

(x +y)! ~ (- - 1! - T{-%) (1.3,2.4)

where x < 0, y < 0, and y is an integer.

Other related functions are the descending factorial, the
ascending facterial, and the binomial coefficients. The descending
factorial is defined by

Ky ® ®*(x-1) o.. (x-r+1) = DP{x+1l)/T{x-r+1) (1.3.2.5)

with L =0 for r> x if x is a positive integer. The ascending

factorial is defined by

x‘f* = x(x+1) ... {x+r_l) = r‘(x-}r-)’(r(x) t1:8:2.6)

r)

with x''7 = © for » > |x] if x is an integer. The binomial ccefficients

are given by

x| _ x! _ T{x+1) p "
LJ 1y s R o RS ool 0 Liadiin X (1:3.2.7)

xi . s Xx+r=1t _ (r)
Note that [r] xtr)/r. and [ rel ] % Ix



= 1Y &

r+x-1

. =&} _
Note also that { PJ = (-1) [ -

J = (-1 Mx+0)/T(x) T(r + 1),

1.3.3 The beta function

The beta function is defined by

1
B{x, vy} = I & - t)"'ldt, x>0,y >0, £3.3.9.1)

0
or, in terms of gamma functicns, as
B{x, y) = T(x) T(y)/T(x + y). (1.3.3,2)
By putting t = u/{u + 1), the function can also be represented by

ux-l-l
B(x, y) = jm — du, x>0,y > 0. £12.3.3.3)

Xty
s (u+ 1)

1.3.4 The generalized hypergeometric function

The generalized hypergeometric function is defined by the series

( )n Ei

o a
pFa(x) = _F [(a); (B); x] = ..E,,m,,‘n (1.3.4.1)

where the symbol (a) denotes the sequence of parameters a ,..., a and

(b) that of bx""’ bq while

(a), = l'Elllr(x +a,)/r(a,)]
and
q
{b)x = I (r{x + bi)/r(bj)],

G

with the conditions that a, # 0 and b’ > 0.
The convergence of pF;€x) is dependent on the fellowing conditions:

(a) If p < q, the series converges for all finite values of its
argument, real or complex.

(b) Ifp =gq + 1, the series converges

(i) for |x] < 1 for all values of its parameters

"

(ii) for x = 1 provided Re(Zb, - Eai) > 0, and

(iii) for x = -1 provided Re(Eb] - Za ) > -1,
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(¢) Ifp>q + 1, the series only converges in the trivial case when
x = 0 and is only a formal representation of the generalized
hypergeometric function concerned. However, if one or more of the
numerator parameters is a negative integer, then the series is a
terminating series and the question of convergence does not arise.
Left-hand truncation (head truncation) of the first k terms

yields

(a;) ...(ay)  «
. s F, (3 (a+x); 1+ X, (b+X); z) (1.3.4.2)

(bl)k...(bqf; k! pe1 g+l

The following integrals pertaining to generalized hypergeometric
distributions are used extensively in the study of mixtures of

distributions:

p+1Fq+1(c! (al}; d, {b] 1% Z]

i

r{d)
T{c) Tlc =4}

1
c =1 =g =1
J t (1~ %) oFa ((al); (b, )3 zt}dt, (1.3.4.3)

0
N (e, (a ); (b )3 z)

s ﬂ% J e-’ychlpfq ((a.i 33 (l:oj )3 zy]dy, (1.3.4.4)

and

; o B
qu[(a‘.?, (b'): S}

= F{S?T J ok e s e (b )5 zx)dx (1.3.4.5)

P a
0

(see Erdelyi (1954, pp.297-298, 337, 365)).

1.3.5 The modified Bessel functions

A sclution of the differential equation, € s

2
2 23X 5 g gi-+ {z® » uz)y = 0 £1.3.5.1)
dz* %

is given by
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o i a+2m
J(2) = ] [(-1) [-g] /I:m.’ Mo +m + 1)], z#0  (1.3.5.2)

m=0
The differential equation ¢ is called the Bessel equation and Ju(z) is
commonly referred tc as the Bessel function of order a, although cther
solutions of N exist (e.g. the Hankel function Ya(z), sometimes regarded
as the Solution II, and the Nielson functions HLI’(Z) and Hizl(z) jointly
regarded as the Sclution III).

Another differential equation, ¢

, S&Y, similar to €, is

2

a E—f + 2 %% - (2° 4 az)y = 0 (1.3.5.3)
dz

One of its solutions is

oo g+2m
Iu(Z} = Z {-g—] /[m! Ma +m + l)} {1.3.5.8)

]

and is related to Ju(zl by

Im(z) 2 e J (iz) (1.3.5.5)

but In(Z) is a real function of z. It is called the modified Bessel
function of the first kind of order o and argument z.

Another solution of g, is given by I_a(z). Note however that
I_,(z) = I (2) for integral n. In order to obtain & fundamental system
of solutions for €, the functicn Ka(z) has been defined for all o, as

Kn(z} = [n/(28inam)}fI (z) - I“(z)}. (1.8.5.6)

This is called the Macdonald functicn, or mere commonly, the modified
Bessel function of the second kind, of order o and argument z. Because

. wami (1)

K,(z) = g3nie H#oo(z), (2+3.5.,7)

some authors call Ku(z) the modified Bessel function of the third kind,
in the sense that it is a modification of the Nielson function Hilj(z)

which is one of the twec forms of the Sclution III to the Bessel equation.
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1.4 Familiegs of Discrete Distributions

1.4.1 Introduction

By a family or class we mean simply & collection of distributiomns
each of which can be put in a given mathematical structure. The given
mathematical structure delineates the family. However it is possible,
and is indeed usual, for a particular distribution te belong to many
families.

Increasing attention is being given to derivation of broad classes
or families, each including as wide a variety of distributions as
possible within as specific a formulation as possible. This removes
the need for piecemeal derivations and represents considerable economy
of effort. It is also resulting in the discovery of interesting
relationships between distributicns previously thought to be widely
dissimilar,

The major classes of discrete distributions on x = O, 1,... are
briefly described below. In general, applications are left for the next

section.

1.4.2 Power Series and Generalized Power Series Distributions

A large number of mathematical functions can be expanded in series
having positive terms. By multiplying these terms by a suitable constant
and provided that the series is convergent, one can make the terms sum to
unity and thus produce a discrete distribution. For example, the Poisson
distribution is obtained from the series expansion of ezz, normalized by
e—A. This approach provides, in particular, the wide class of discrete
distributions called the power-series distributions (PSDs). They are

represented by the probability function
f(x) = axBfo(E»), x =0, 1,... (1.4.2.1)

where a E a(x) 2= 0, A(B) = ZaxBx or, if there are other parameters a,
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a = a(x, a) and A = A(B, a¢). Their pgf is given by
G(z) = A(Bz)/A(8). (1.4.2,2)

The first discussion of the PSD class of discrete distributions seems
to be that given by Noack (1950), although Tweedie (1947) gives it a
menticn. Noack obtains recurrence relations for the moments and the
cumulants and alsc points out that the Poisson, negative binomial,
logarithmic, and Polya distributions are PSDs. Khatri (1959) presents
recurrence relations for the cumulants and the factorial cumulants and
uses these to show that a single-parameter PSD is uniquely determined
by its first two moments,

The concept of a PSD has been extended by Patil {1%62) to a class
allowing the support of the random variable to be any countable subset
of the setr of real numbers. Distributions in this broader class are
called the generalized power-series distributions (GPSDs). The GPSD
class is the discrete analogue of the single-parameter exponential
family of continuous distributions. Properties of GPSDs are set out

in Patil (1962). See also Ord (1972, pp.l16-121).

1.4.3 Difference-equation distributions

The difference-equation distributions (DEDs) are discrete

distributions whose successive procbabilities satisfy relations of the

form

P’;:’ = ) (1.4.3.1)
or, equivalently,

L (x)

P, = S (1.4,3.2)

- (%) ~ hix)
i.e: AP" = L—g—(_:a_—Pu

where u(x), v(x), g(x), and h(x) are polynomials and AP (2 F - P _ )
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denotes the difference operation. Note that, in general, the support

is mot restricted to the set of non-negative integers (e.g. Ord (1968)};

however, only the subclass taking walues on % = 0, 1l,... is of interest
in the present study,

DEDs have been known iIn the literature for a very long time.
For example, Pearson (18395) notes that the hypergeometric distribution is
a DED and uses this as a starting point for obtalining, by a limiting
process, the differential equation defining the Pearson system of
continuous distributions. Guldberg (1931) points out that recurrence
relations can be established between moments of any discrete distributicns
belonging to the system defined by

P Al + o ) ... (X4 0 )
x+1 1 m

P = (x+Bl) ...(x-an)

(1.4.3.3)

The generalized hypergeometric probability distributions (ghpd's)
discussed in the next section (section 1.4.4) are all DEDs since they

are represented by

x+1 by (x+al) - (x+a°)
P x+1(x+ b ). (x+ b.) (1.4.3.4)
2 ulx)/v(x)
with u(x} = Alx + 3 ) ... (x +a) and vix) = (x+ D(x +b ) ... (x +b)

which are polynemizls.

1l.4.4 Generalized hypergeometric distributions

The generalized hypergeometric series defined in Section 1.3.4 has
positive coefficients. By normalizing these and ocutlining the convergence
conditions, Kemp (1968a) has defined a wide class of lattice distributions
which are known as generalized hypergeometric probability distributions

{ghpd's). They have pgfs of the form




< 1T &

g(z} = pE'q(u.l,..., a Byseees Bq; lz)/pf;(al,..., a3 Byseens Bq; Ad,
= BE;((a£); {Bl); 12)/9F;((“1}; (Bl); A) a * 0, Bl >0
= CF ((a); (B ); az) (1.4.4.1)
P a i i

where the factor C here, and in the pgf of any ghpd's to be mentioned
subsequently, denotes the appropriate normalising constant. It is
obvious from the form of their pgfs that they are power series
distributions, and also since the ratio of their successive probabilities
is given by

(x + “1} o K W c:p.)
l.G+BlT’.. (x+qu,

P:u-:. _ A
P T X+

X =05 lyvass (1.4.4.2)
they are difference-equation distributions. Most discrete distributions

can be represented in this form or in forms related to it, especially

by truncation, shifting, reversing, or generalizing.

Kemp (1968a) also presents the differential equations from which
recurrence relations for probabilities, moments, factorial moments,
cumulants, and factorial cumulants can be obtained, and in addition
considers urn models and limiting distributions. A further description
of ghpd's has been given by Dacey (1%72) who proposes a methﬁd for
identifying the constituent members of the class and alsc lists the

parameter ranges of the different subsystems with pgfs

z) = Cpf;(kz}, p+taqg = 3, p;Q=0; 1, 2, 3.(1.4,4.3)

Guldberg's {1231) system of discrete distributions is represented
by

P {x +a) vo (x*a)
X+l _ 1 m

P © {x+b ) ... (x+Db)
1 n

(x + L)(x + “h) e N & ap)

1 (x + 8 ) ... (x+8) L (1l.4.4.4)

X
X +

Hence its subsystem supported on x = 0, 1,... with a, ¥ 0, % > 0 is

comprised of ghpd's having pgfs of the form
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G(z) = Cqu(l, @ seens O3 By srens B> rz). (1.4.4,5)

Ord {1967a) discusses a system defined by a difference equation

which can be equivalently written as

P, i (x +a )x+a)
Px (X+b1)(x+b2)
i 1 {(x + D(x + az)(x + us) (1 as )
o=+ 1) {x + B (x +8) T
Its lattice subsystem with o, Oy # 0 hac the pgf
G{z) = Cst(l, a , 0.3 B, B3 z) | (1.4.4.7)

if B1 + Sz o, % B3 + 1. Ord presents a graphical method for

distinguishing between the distributions in the system.
Katz (1948} refers to his work on the discrete distributions defined
by

Fer1 _ AR + a)
P To(x + b }{x +b,) *

x =0, 1,.

A (x + L)(x + a,)

T D = B )(x + 8,7 (1.4.4.8)
The cases with a # 0 have pgfs given by
Glz) = CzFé(l, @ 3 815 32; Az). (1.4.5.9)

In a study of birth-and-death processes, Hall (1956) obtains a
system of lattice distributrions defined by the pgf

6(z) = CF (a, a3 B; 82), e} =1 (1.4.4.10)

5 3
Tﬁe distributions in the system can be called the general Gaussian
hypergeometric distributions. Tripathi and Gurland (1877} obtain minimum
chi-square estimators for the parameters of the special cases having pgfs
of the form

6(z) = C,F (1, a3 B; 82), lef < 1. (l,4.4,11)

Kemp and Kemp (195%6a) have listed out the constituent members of the

system having pgfs of the form
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glz) = czF1(°1’ a3 By z). {1.4.4,12)

These are called the Gaussian hypergeometric probability distributions
(Ghpd's), a name cbvious from the form of the pgfs.

A subsystem of the ghpd's comprising distributions which can be
called the general confluent hypergeometric probability distributions
is included among Hall's (1956) ghpd's arising from birth-and-death
processes. The distributions in this subsystem have pgfs of the form

G(z) = lel(a; B3 Az). (l.4.4.13)

Bhattacharya (1966) discusses this subsystem and derives a mixture on
the parameter A with a continuous distribution called 'the general
exponential' as the mixing distribution. Gurland and Tripathi (1975)
present some minimum-chi-square estimators for parameters of the general
confluent hypergeometric probability distributions. Bradwell and Crow
(1964) have given the name 'hyper-Poisson distributiocns' to the special
cases with the pgfs

Glz) = clrl(l; By Az). (1.4.4.14)

Those with A < 1 are said to be 'sub~Poisson' and those with A > 1
'super~Poisson'; the case A = 1 being equivalent to the Poisson
distributrion. This division corresponds to whether or not the variance
exceeds the mean (Ord (1972, p.92)). Staff (13964) also independently
discusses the hyper-Poisson distributions.

The system of lattice distributions represented by

Pxol - h

Px - (x + lj ('x + a)‘ X = 0’_ l-.l-- (lu“g“.ls)

has engaged the attention of Katz (1946, 1948, 1965). The cases with
a # 0 have pgfs of the form

6(z) = CF (a; -3 82), (8] < 1. (1.4.4,16)

They can be called the general binomial distributions in a wider sense

than Khatri and Patel's (1961). They comprise the (positive) binomial,
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the negative binomial, and Johnson and Kotz's (1889, p.4l) set of
terminating distributions akin to the (peositive) binomial. Xatz (1986%5)
suggests using a plot of P“I/Px against x to distinguish between the
constituent members of his system.

Another class of generalized hypergeometric distributions has
been defined by Kemp and Kemp (1974) who also give differential
equations for obtaining recurrence formulae for probabilities,
cumulants, and moments of the distributions in the class. The
distributions have pgfs of the form

Glz) = F ((o )3 (B ); Az -~ 1)) - ' (1.4.4.17)
P9 i i

and have been called the generalized hypergeometric factorial-moment
distributions (ghfd's) because their factorial mements are given by the
terms of the generalized hypergeometric function i.e.

br‘q((uiJ; (85); At = G(1 + t}, (21.4%.4.18)

G(1l + t) being the facterial-moment generating functicn. Some examples
are given in an earlier paper of the same authors (Kemp and Kemp (1969)).
Medels giving rise to some ghfd's have been discussed by Kemp and Kemp
(1975).

A broad class subsuming the ghpd's and the ghfd's is that of the
generalized hypergeometric recast distributions (ghrd's) (Kemp (1874})
having the pgf

g(z) = pP;((aiJ; (Bj); Az + y)/pf;((aiJ; (Bj); Xt oy) (1.4.4.19)
Examples of ghrd's with v # 0 are Kemp's (196E8b) limited risk compound-
Poisson-process distribution and Gurland and Tripathi's (1975) ECB

distribution.

1.4.5 Compound or mixed distributions

The definitien of a compound distribution is embedied In the following
thecrem which has been stated in many versions in the literature

(e.g. Feller (1643}, Teicher (1950), Blischke (19€5)).
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Theoren 1
Consider an arbitrary cdf G(x; a, B) depending on a parameter a

(€ A) and possibly, on other parameter(s) B. Suppose there is another

distribution H{aj; y) supported on Ao C A and depending on the parameter(s)

Y. Then the function

F(x) = F(xy B, )
= J G(x; a, B) di(a; y) {1.4.5.1)
A

o
is again a cdf; provided that the integral is convergent. This integral.
is defined in the Stieltjes sense.

The distribution F(x) in the theorem is called a compound distribution,
or more commonly, a mixture. Only the cases in which F(x) is a discrete
distribution are of interest in this study. These arise when G(x; o, B)
is a discrete distribution but with discrete or continous H(a; y). They
can be considered to be of three forms according as to whether H(a; y) is
a continuous distribution, a finite (or terminating) discrete distribution,
or a (truncated or untruncated) non-terminating discrete distribution, :
The latter two types of F(x) are called finite mixtures and countable
mixtures respectively. In either type, F(x) is given by

F(x) = Ip6G(x3sa) = IpG (x) (1.4.5.2)
where the C (x) relate to the mixed distribution while the p , the H(a)
probabilities, can be regarded as the proportions of the mixing.

Referring to the designations of the cdfs in the theorem, the
distribution F(x) is called an H-mixture of G or a compound-G distribution
while H(y; y) is the compounder or the mixing distribution. Gurland
(1957) has proposed a notation which 1s now well-established in the
literature. In this notation and with Xes Xoo Y, referring respectively

to the rvs of the distributions F(x; 8, y), G(x; a, 8), H(y; y), the




above relationship is represented as

N = XB(“) g L 9 (1.4.5.3)

where X is the mixed, Y 1is +he mixer or compounder and @ is the
parameter of the distribution of X, on which the mixing is performed.

One of the principal concepts upon which many applications of
mixture is based is that of conditionality, In many problems the
distribution of a random variable X is known conditionally, given the
value of Y a related random variable, whereas the unconditional
distribution of X is of interest. This unconditional distribution is
simply a weighted average, i.e. a mixture, of the known conditional
distribution.

Among discrete mixtures those of the Poisson distribution are the
commonest, although mixtures of other classical discrete distributions
have also been developed. It should be noted, however, that the issue
of identifiability often severely pestricts the number of distinct ones
out of the conceptually possible mixtures of a given distribution.

The question of jdentifiability of mixtures concerms their unique
characterization. Before estimation or hypothesis testing for a mixture
can be meaningfully discussed, it must be known whether the mixture is
uniquely determined; that i{s whether the parameters are 'jdentified’.
Failing this, estimation may be impossible.

Identifiability for mixtures of +he Poisson distribution has been
shown by Feller (1843). It is also well known (e.g. Blischke (1964 ))
that mixing the binomial or the negative binomial distribution on the
exponent parameter results in a class of mixtures which is identifiable.
Note that in either case, if the mixing distribution is the Poisson, a
generalized Poisson distribution results (Section 1.4.6 below). If,
however, the binomial or the negative binomial is being mixed on the
non-exponent parameter, only & restricted set of mixing distributions
produce identifiable mixtures (Teicher (1860, 1961), Boes (1%63), and

Blischke (1964, 1965)),

e . o S S SR8 1S
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Compound Poisson distributions are discussed further in Chapter
Two, particularly in Sections 2.3 and 2.4. Besides compound Poisson
distributions other discrete mixtures mentioned in the lLiterature
include compound hypergeometric distribution (Hald (1960)), the beta-
binomial distribution which is Kemp and Kemp's Gaussian hypergeometric
Type IIIA (Kemp and Kemp (1956a)) having the pgf

G(z) = Czrx(_n’ a; -n - B + 1; z) (1.4.5.4)

and represented, in Gurland's notation, by

Binomial(x; n, 0) g Beta-I(6; a, B), (1.4.5.5)
and the beta-Pascal distribution which is Kemp and Kemp's Type IV,
otherwise known as the generalized Waring distribution (Kemp and Kemp
(1956a), Irwin (1968}) with the pgf

Glz) = CaFl(a, By o + B + vy z) (1.4.5.6)

[(L-8)/(1 - 82)]°%

and is the mixing on § of the negative binomial h (z)

by the Beta-1(€; a, B) or the negative binomial hz(z) (1+3% =)™ by
the Beta-II(X; a, B). Another example of compound distributions is
Subrahmaniam's (1966) distribution which is the mixing on & aof the
Neyman Type A having the pgf h(z) = exp[kB(eY{zﬂl) - 1)] by the
Beta-I(8; a, B) i.e.
NTA(x; A8, ¥) g Beta-I(€; a, B). G Oy

It is important to note that when considering the mixing of a
distribution, it is crucial to know which particular parameterization
one is dealing with, because mixtures of different parameterizations of
a given distribution (even a one-parameter distribution such as the
geometric) are, in general, not identical. It seems that the introduction
of an arbitrary Ecaling of the mixed parameter into the definition of a
mixture (e.g. Feller (1343)) does not remove the need to clearly state
the parameterization. Johnson and Kotz (1969) in their discussion of

mixtures of discrete distributions give the following type of representations

for compound hypergeometric distributions
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Hypergeom(x; r, m, n) A Binom(r; m, 8) = Binom(x; n, &) (1.4.5.9)
r

Hypergeom(x; r, k, £) A Hypergeom(r; k, m, n) = Hypergeom(x; %, m, n)
r
{1.4.5.10)

but in the case of mixtures of the Poisson, the binomial, and the negative

binomial they use the following types of representation:

Poisson(x; am) A D(m; 8) = Poisson-D(x; a, B8) (1.4.5.11)
m
Binom(x; mn, 8) A D(m; &) = Binem-D(x3; n, a, 8) (1.4.5.12)
m
and
Neg Binom(x; ma, B) g D(m; X) = Neg Binom-D(x; a, B, A). (1.4.5.13)

It is also noted that some mixtures have been obtained by mixing unusual
parameterizations of common distributions. For example, the well known

Yule distribution, as originally obtained, is

Geometric{x; e—“S] A Exponential(a; ) = Yule(x; BA) (1.%.5.14)
o

(see e.g. Johnson and Kotz (1969, pp.2u5-2u6)).

1.4.6 Generalized distributions

A substantial part of probability theory is ccnnected with sums of
independent random variables S, =X + ... + X, and the special case
where the X 's have a common distribution is of particular interest. In
many situations the number, n, of terms in such sums is itself a random
variab;g. This latter type of sum gives rise to the wide class of
discreté distributions commonly called the generalized distributions
(e.g. Feller (1943), Gurland (1857), Katti (1966)), otherwise known as
the (true) contagious distributions (e.g. Sprott (1965), Ord (1972, p.66)),
or randomly stopped sums (Douglas (1970, 1980)), or simply random sums
(Chatfield and Theobald (1973)).

Formally, let X,, X,,... be a sequence of mutually independent lattice

variables with a common distribution having the pgf u(z). We are interested
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in the sums

SN = X1 + Xz + ..+ XN (1.4.68.1})

where the number N of terms is & random variable independent of the Xi'é

and having the distributicon with the pgf
k
viz} = Ip, s - (1.4.6.2)}

Note that the distribution of the conditional variable SNIN = n is an
n-fold convolution of X the common distribution of the X, and hence has
the pgf h{z) = [u{z)]". Therefore the pgf of the unconditional random

varigble § is given by

alz) an[u(z)]n

v{u(z)}. (1.4.5.3)

A coemvenient notation has been proposed by Gurland (1857} to
represent the relation between the generalized distribution and its
componehts. Let the random variables X , X have the pgfs gl(z),

g,(z) vespectively, and let the random variable with the pgf gl{gzﬁz))

be demoted by X, V X . Then X V X is called a generalized—‘x1 variable
with respect to the generalizer X,. Note that the generalizing operation
"V'" iz not commutative, in general. In this notation the above defining
expression can therefore be represented as

S = NV X (1.4.6.4)

In the generalizing operation, all the parameterg of the generalizer
and of the distribution heing generalized are preserved. Therefore the
number of the parameters of a genepralized distribution is the sum of those
of its components. This implies that a generalizea distribution is, in
general, a multi-parameter distribution. This feature is often a
disadvantage when application is concerned since the fewer the parameters
to be estimated in a distribution the better it is for most practical
purposes. This difficulty of multiplicity of parameters is often tackled

by having for either of the two component distributions a special case of
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a given distribution., TFor example, in the application of the Poisson-
binomial (i.e. Poisson(i) V Binomial(n, €)})} it is usual to specify the
value of n in advance.

Katti (1966) has given some relations between the factorial moments
and the facteorial cumulants of gereralized distributions and those of
their components. Khatri and Patel (1961) present recurrence relations
for the probabilities of the generalized Poisson, the generalized
binomial, the generalized negative binomial, and the generalized
logarithmic series distributions respectively. They also give some
relations between the factorial cumulants of these generalized
digtributions and those of their respective components.

Among generalized distributions, the generalized Poisson
dietributions (GFDs) are the commonest. They are the subject of this
thesis and their main properties are discussed in the next chapter.
Other éeneralized distributiong specifically discussed in the literature
include Khatri and Patel's (1961) General binomisl V General Binomial
where by a general binomial distribution they mean a distribution which
is either a binomial distribution or a negative binomial distributiocn.
Their distribution therefore comprises
Binomial V Binomial
Binomial V Negative binomial
Negative binomial V Binomial, and
Negative bLinomial V Negative binomial
each of which is, in general, a four-parameter distributicn. Hence only
special cases would normally find applications. Johnson and Kotz (1969)
give brief descriptions of Binomial V Poisson, Negative binomial V Poisson,
Binomial V log series, Negative binomizl V log series, and Log Series V
log series. Katti and Rao's (1870) log-zero-Peisson distribution is
Log Series-with-added-zeroces V Folsson, while Subrahmaniam's (1966)

distribution is obtained by generalizing a generalized hypergeometric
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factorial-moment distribution with the pgf 1Fx(u; a + By Mz =1)) by a

Poisson distribution.

1.4.7 The Lagrangian probability distributions

By exploiting certain features of the well-known Lagrange's formula
for series expansion, Consul and Shenton (1372) have defined two related
classes of discrete distributioms, the basic Lagrangian probability
distributions (BLPDs) and the general Lagrangian probability distributions
(GLPDs). Members of the fipst take values on X = 1, Z2,... while those of
the other are supported on X = 0, 1,... These new systems of distributions
have produced a flourishing body of literature, as evidenced in Johnson and
Kotz (1982).

Let u(s) be any pgf defined on some or all non-negative integers
such that u(s) # 0. Then the transformation

z = s/u(s) (o O T B
defines, for the numerically smallest nonzero root s, a new pgf s = gl(z)

whose expansion in powers of z is given by the Lagrange's formula as

o« x x ~1
e = g = ) E S UusNTH o (1.4.7.2)
x=1  ds e

Its probability functicn is given by

x =1

. 14 x B .
P = ?E.dsx-l {[u(s)] }|s=C’ % & 1y Byawn (148.7,8)

This distribution is called the basic Lagrangian probability distribution
with respect to the distribution with the pgf u(s) and can be denoted by
Lo[u(s}} e.g. LO(Poisson(A)) = Borel()). Precedence on this type of
distribution actually goes to Dwass (1967) and Steutel {1870, p.13).
Suppose u(s) and v(s) are two given pgf's defined on some or all
non-negative integers and such that u(s) # 0. Then the transformation

z = s/uls) (1.4.7.4)
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defines, for the smallest non-zero root s, a new pgf v(s) = h(z) whose

Lagrangian expansion in powers of z is given by

& x el ;
h(z) = wv(0) + = x_lihﬂsn vi(s)} 550" (1.4.7.4)
x=1 ds
Its probability function is given by
P = w(0Q)
0
o= -L‘f-l (hﬂstVWSJH x =1, 2 (1.4.7.5)
x % 4~ s=0° ¥ e e

The distribution is called the general Lagrangian probability distribution
with respect to the ordered pair of pgfs (u(s), v(s)] and is denoted by
L(u(s), v(s)] e.g. L(Binomial(m, 8), Binomial(n, 6]] which is Jain and
Consul's (1971) distribution with the probability function

P = [E‘fLEE}[n t{m“]a”(l 1 ks AP T

(1.4.7.7)

and L(Poisson(e), Poisson(A)} which is Consul and Jain's (1971) distribution
having the probability function

Pz A 4 gl TR e % 5 04 Lyees (1.4.7.8)

The latter can be regarded as a general Borel-Tanner distribution,

The distribution resulting from L{Neg binomial(a, P), Neg binomial(g8, P)]

has the pf
- B T((a + 1)x + 8 + 1) _I: - o+ B3)
e © B+t la+ 1)x x!Tlex+8 +1) [Q]Q (1.4.7.9)

The structure and properties of the Lagrangian distributions are
detailed in Consul and Shenten (1972), Jain (1974), and Consul (1975).
Information on these distributions is, however, far from being complete.
The defining conditions state that any pgf u(s) would yield a BLPD and
any ordered pair [u(s), v(s)) a GLPD. However Nelson (1975) has pointed
out that there are cases when restrictions are required on the ranges of
the parameters of the component distributions to obtain a Lagrangian

distribution which is a proper distribution. Consul and Shenton (1975)
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themselves note that L{Poisson(u), Poisson(B)] is a proper distribution
only if 0 < o < 1. Furthermore, it may be cbserved that the successive
probabilities of Jain and Consul's L[Binomial(m, 68), Binom(n, 9)]
mentioned above is represented by |

(x + 1M +m{x +a. ) ... (x+0 )
1 m

x+1 A -3
= ki X7 BT o (R E) (1.4.7.10)

where X = (ma)f[

m
m=- 1

This implies that, in generalized hypergeometric form, the pgf is represented

by

G{z) = C F___{Y: W, G oseney & 81,..., g

m+l m=1 m= m=1
which is convergent only in restricted cases {see Section 1.3.4). It

definitely cannot be non~terminating.

1.4,8 Binomial generalization distributions

A number of new distributions have been defined based on structures
which are, or are related to, generalizations of the binomial expansion.
These distributions can therefore be called binomial generalization
distributions,

From certain urn models Consul (1974) has developed some
distributions which are related to Abel's generalizations (e.g. Riordan
(1979)) of the binomial expansion. These are called Abel distributions
(Johnson and Kotz (1982)). They include the quasibinomial distribution-I
with the pf

a

" (o0 +8 + o))"

the guasibinomial distribution-II with pf

n = af
i (e + B)

{2}(3 e M+ an - 0] e + B AT,

%% Oy Yisiea Ns (1:4:8:2)

m=1
: }{l - BS] »a = (n + i)/m, and B’ = (n + 3)/(m = 1).

P = [2}(a+hx)’"’[a M- 2] %20, 1oeeis B,
(1.4.8.1)

3 AzZ) (1.u.7.11):
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the quasihypergeometric distribution with the probability function

P = (aB)(a + B8 + An) o + Ax} B + AMn - %) a + B + in

x  (a+ B)a + xx)[B + A(n - x)] x n - x n .
%8 Jonwins By (1.4.8.3)

and the quasi-Polya distribution with the pf

P, = Izju{a Falx - DM A - 0" (e 18+ An)["].

X =0, 1,000y n (1.4.8.4)
where the parameters a, B8, A can be any positive number although proper
distributions are also cbtained with some other sets of values of these
parameters.

Another system of binomial generalization distributicons has been

proposed by Dwass (197%9) who observes that

(1.4.8.5)

(x + '™ = n]xlllyln~tl

o<1<n[1
where u'"? =z u(u - 1) ... (¢ - alr - 1)), o being any arbitrary real
number satisfying a(n - 1) € u. This expression provides a distribution

defined by the probability function

= [z]a"'b‘““”’ Ma+ D)™, x=0, ..y (1.4.8.8)

provided that a > 0, b > 0 and "2 (e - 1) v.. (e - alr - 1)) where
a is an arbitrary real number satisfying a{n - 1) € (a + b). Dwass (1979)
provides a computer program for computing the probabilities and also

suggests an application in acceptance sampling.

1.5 Chance Mechanisms Generating Discrete Distributions

1.5.1 Introduction

A discussion of the stochastic method or methods generating a
distribution provides information about the nature and scope of its
applicaticns.

It is usual, and indeed more common than often realised, for a

given distribution to arise from more than one underlying chance
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mechanism. The case of the ubiquitous negative binomial is a point in
view (see e.g. Boswell and Patil (1870)). The long-drawn controversy
over the term "contaglon" stems from the exploration of certain distri-
butions by different people using different stochastic meodels.

It is often rightly emphasized that a distribution should be
chiefly a hypothesis-generating device rather than a calibration tocl,
However a remark commenly made as an addendum to this fact is disputable.
This states that a distribution whose genesis is based on a multiplicity
of models iz of little applicational value since choice among alternative
hypotheses becomes complicated. On the other hand, there is no doubt
about the importance of the Gaussian distribution despite that it arises
from diverse types of situations, a feature for which it earned the name
the "normal" distribution,

The pragmatism of Feller (1968, pp.2-3) is possibly worth advocating:
"In applications, the abgtract mathematical models serve as tools, and
different tools can describe the same empirical situation. The manner in
which mathematical theories are applied does not depend on preconceived
ideas; it is a purposeful technique depending on, and changing with,
experience”, It should be borne in mind that stochastic models, like
all other mathematical models, rest on assumptions and consist of
abstractions. It is generally on the validity of the assumptions that
the success of applications depends rather than on the unigueness or

nen-uniqueness of the models.

1.5.2 Mixing Models

A great number of mixing models are based on the concept of
conditionality. Consider for example the spatial distributions of plants
or insects. Suppose that the region over which the individuals are
dispersed varies in its attractiveness. The probabiiity distribution of

the number of individuals per plot depends on a parameter A corresponding



= 3% =

to the region in which it falls but because of this heterogeneity the

parameter A is itself a random variable, commonly a discrete variable,
If the variation in this parameter is described by a distribution with
the probability function f(A), we have the marginal distribution of

the plot count X given by

IPP(X

LPr(X

x[A) £(A)dx for continuous f(1), or

"
"

Pr(X = x)

n
"

x|X = A!) f(ll) in the discrete case. (1:5.2:1)

For example, Neyman (1339) in his discussion of insect populations,
suggests taking the distribution of X|A as Poisson(x; A} and that of
A as Poisson(A; a) thus obtaining the distribution of X as Neyman Type A.
In accident studies a similar model is developed for investigating
the phenomenon of accident proneness. It is postulated that the number X
of accidents sustained by an individual in a given population of equally
exposed people is distributed as Poisson(xj i) where A represents a
quantity regarded as a personal factor and generally called proneness,
liability, etc., constant for the individual but which when considered
over the whole population is a random variable whose distribution is
specifiable. For a given individual the value of A is unaffected by
the occurrence of accidents in any previous time-peried or by accidents
sustained by other individuals. The distribution of accidents in the
population is therefore a mixture of the Poisson (see Chapter Two). The
proneness model has also been adopted for the study of industrial
absenteeism (Philipson (1960), Froggatt (1968, 1370)) and of
occasions of sickness resulting in consulting a doctor (Froggatt et al.
(1969)).
Dacey (1969) develops Kemp and Kemp's Gaussian hypergeometric
Type IV (generalized Waring distribution) as a mixture of the Poisson and
discusses an application in a location problem in geographical research.

The same author (Dacey (1969, 1970)) has also considered certain finite
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mixtures of the Poisson distribution in other similar problems.
Compound Poisson processes are a common tool in collective risk
theory. In the usual form, a compound Poisson process has probabilities
cf the form
(xt)"

- € g

P {t) = : dH(x} (32.5.2:2)

n n'

4]

where H(x) is the distributicn function of the unconditiomnal risk

distribution and t is a time interval (e.g. Philipson (1960, 1961)).

The assumption of unlimited risk is the basis for using an unconditional
risk distribution H(x) concentrated on the right half real line. Kemp
(19¢8b) has pointed outr that the unlimited risk assumption may be
unrealistic and has suggested using an upper-bounded H(x) instead,
deriving as an example the limited risk compound Poisscn process
resulting from having a truncated gamma distribution as the mixing
distribution H(x).

Market research is another area where the use of mixing models is
commen (e.g. Chatfield (19870)). The negative binomial has been suggested
by Chatfield et al. (1966) for describing the distribution of purchases
made by repeat buyers in a stationary market. This is based on the
assumption that the purchases made by a particular consumer in successive
equal time-periods (usually weeks) are independent and follow a Poisson
distribution with a constant mean, and that this average long-run rate
of buying will vary from consumer to consumer, following a gamma distribution.
Sichel (1982b) has discussed some other mixing distributions.

Chatfield and Goodhardt (1970) have suggested using the beta-

binomial distributicn to describe the distribution of weeks for which

a particular brand or a specific pack-size is bought. They postulate
that the probability that a given customer will buy at least one unit
of the brand (or pack-size) in a particular week is a constant, p, which

is independent of previous purchases. me-period of n weeks,

r
| o
1]
s
=3
(41
a d
(1
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the number of weeks in which the consumer buys at least one unit
will follow the binomial distribution with the parameters n and p.
It is also assumed that p varies from consumer to consumer, following
& beta distribution.
Chatfield (1970} considers congsumer purchasing in terms of the
time between purchases rather than amounts bought. Consider a person
whose probability of buying & particular brand in one week is equal
to 8. If this is independent of previous purchases, the probabllity
that he makes his first in the xth week is given by the shifted geometric
with pgf hiz) = z(1 - 8}/(1 ~ 82). If & varies from consumer to consumer
following a beta distribution then the proportion of consumers in the
population who make their first purchase in the xth week is given by
1
P = J L - e)x-lBeta(B; o, R)de (1.5.2.3)
0

which is the probability function of the beta-geometric distribution.

1.5.3 Clustering models

Generalized distributions arise mainly from clustering medels.

Suppose that clumps or "clusters" of objects are observed, such as

insects or plants in a field or houses in a study area. Then the models

proposed envisage a lattice distribution of such clusters, each cluster

centaining one or more objects, the number within a cluster following

the generalizer distribution, another lattice distribution. Clustering
medels are also called true contagion models. In so far as the existence
of a cluster means that an object is more likely to have other similar
cbjects nearby we may say that these models represent '"true contagion".
This is in constrast with what obtains in mixing models where the
clumping feature is due only to the heterogeneity of the area in which
the object resides. Hence mixing models are regarded as "apparent

contagion' models.
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Most commonly the distribution of the clusters is assumed to be
random, that is, Poisson, whereby the overall distribution of the
cbjects is a generalized Poisson distribution. Clusters could follow
distributions other than Poisson. However if the distribution cof the
clusters is a generalized Poisson distribution the overall distribution
of the units is itself a generalized Poisson distribution. Generalized
Poisson distributions and their genesis are discussed further in
Chapter Two.

Studying the application of stochastic models in epidemiclogy,

Neyman and Scott (1964) obtain the equation

G(z)u) glzh(zlu)|u) (1.5.3.1)
with

h(z{u)

]

Jgizb{zlx}ix] Flxiu)dx

“
where G(z|u) is the pgf of the total individuals infected anywhere in
habitat H during an epidemic started by a single infectious at uj
g(z]u) is the pgf of the number of susceptibles v(u) who would be
infected at point u if an infectious is there; f(x|u) is the pdf of
the location x of a single first generation infectious; h(z)u) is the
unconditional pgf of the total epidemic started by one individual who
himself became infectious at u (see also Neyman (1965)). G(z|u),
cbviously, is the pgf of a generalized distribution. Although this is
primarily a two-stage branching model, it can be given a clustering

interpretation., So can any other two-stage branching model.

1.5.4 Branching models

A branching process is a mathematical model for random "motion™
of a family of "particles" each of which is in an isolated process of
multiplication and death. Examples of such random motions are population
growth, miosis of genes, growth of number of neutrons in an atomic chain

reaction and cascade showers of cosmic rays.
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Branching models give rise to a great number of interesting discrete
distributions. Examples of these are provided by some special cases of
the lost-games distribution and its shifted form. These examples have
been discussed in detail by Kemp and Kemp (13869). The lost-games

distribution (Kemp and Kemp (1968, 1969, 1971)) has the pgf
— = m -
Km,m = Gm(z) = [Gi{zl] £1.5.4.1)

where

g (z) = 501~ (1-u8(1-0)z)*1/(1 - )
and follows from the shifted distribution with the pgf

K (z) = z"pm;F;(im, (m + 1), m + 1; 46(1 - 8)z),

m.n

Kemp and Kemp (1969) shows that K, 1(z) is equivalent to an example of a

multiplicative process, and Kl u(z) and K, u(z) to special cases of
. - »

Neyman and Scott's epidemiological model. Also, K 0{2} is shown to be the

pgf of the distribution of the total number of descendants of the initial
individual in a three~generation branching process, on the assumption of
a binomial first-generation distribution and Kz,o(Z) second-generatiocn
distribution, If, alternatively, a negative binomial first-generation
and a KI,Q{Z} second-generation distribution are assumed, the total
descendants pgf is again K.’o{z).

Feller (1968, pp.295-296) provides another example. Suppose G (z)
denotes the pgf of the size of the nth generation. Then G (z) = G (G _ (2)).

If the number of direct descendants is subject to the geometric distribution

with G(z) = G (z) = (1 - 8)/(1 - 8z), 8 # }, then

Pﬂ(z) i q[(pn _ qn) _ (pn—l._ qn-l )pZ]/[(p“'.l- quﬂ.)_ (pn_ qﬂ )pz]

(1.5.4.2)
where p = 8 and q = 1 - @,




1.5.5 Birth and birth-death models

Pure hirth, birth-and-death, and birth-death-immigration models
provide & basic means for studying the dynamics of a population. It
should be noted that the terms "births", "deaths", etc., are general
terms connoting any form of inputs, outputs, etec. e.g. in a queueing
system. The distributions of population size and of the increase in
the population size whether at any arbitrary time or at an egquilibrium
state are usually lattice distributions.

Hall (1956) obtains the four-parameter system of general Gaussian
hypergeometric probability distributions as the distributions (at
equilibrium] of the population size in some birth and death processes.
Restricted conditions produce the general confluent hypergeometric
probability distributions, the negative binomial and the Poisson
distributions, respectively.

Boswell and Patil (1970) describe the genesis of the negative
binomial from four growth processes. The distributicn is shown to be
the population size increase distribution in a Yule-Furry (pure birth)
process, the population size distribution or the population size increase
distribution in a growth-with-immigration medel, a linear birth process
distribution, or a linear birth-death process distribution. The same
authors have developed the log series-with-added-zerces from z gueueing
or non-linear birth-death process. BSome other discrete distributions
are similarly discussed in Boswell and Patil (1872),

4

1.5.6 Waiting-time distributions

Waiting~time distributions arise in occupancy models and from queues
and other models of recurrent events. By the waiting time for the event A,
we mean the number of trials up to and including the first cccurrence of A,
This is a random variable and its distribution is called the waiting-time
distribution. Tor discrete events, the associated waiting-time will

usually have a discrete distribution.
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Waiting-fime problems arise in occupancy models when we wish to
consider the number of balls needed to satisfy specified occupancy
conditions for the urns e.g. the number of assignments, one ball at a
time, needed for all urns to be oceupied, or at least r urng to have at
least m balls each oy alternatively, k specified urns to have at least
m balls each, and so on. Sometimes waiting-time calculations are
specified by using the (conditional) distributions of numbers of balls
in the urns, given n, the number of balls thrown,

The negative binomiel and the negative hypergeometric distributions
are obtained from waiting-time problems in situations where a fixed
number of observations would produce binomial and hypergeometric
distributions respectively. Similarly, inverse Polya distributions arise
in situations where fixed numbers of observations follow the Polya-type
distributions.

Tﬁe distribution of the duration of the game in the classical ruin
problem and of the busy pericd in a queueing system are examples of
waiting~time distributions. Detailed discussions on these are given by

Feller (1968).

1.5.7 Weighted distributions and damaged models

When an investigation collects a sample of observations produced
by nature according to a certain model, the original distribution may
not be reproduced due to varicus reasons. The alteration on the original
distribﬁtion may be due to non-ascertainability of certain cbservations
or te partial destruction. Anether way in which the origimal distribution
is altered is due teo giving to different observations unegual chances of
being included in the sample. This feature is inherent in some convenient
and natural methods of sampling. A great number of distributions can be

constructed from these models representing various degrees and types of

imperfection in sampling and recording data. Rao (1965) has given a

good discussion of the models.



- 39 -

If sampling is not random but the probability of inclusion in
the sample depends on the value of the variable to be measured, the
result is g weighted distribution. From an original distribution with
probabilities m , and a weighting function w(x) {the probability of
inclusion in the sample given that X = x), we obtain the probability
function of the welighted distribution as

P = wxwx/fwiﬂi. (1.5.7.1}

Similar definitions are available for continuous distributions. Since
any lattice distributions can be derived in this way from any other
with the same support, interest resides in particular simple cases.

In the simple case when a distribution D with probabilities P
is modified by increasing Pr and compensating for this by multiplying
the remaining P _'s by an appropriate constant the resultant distribution
D¥, with probabilities P*'s, say, is a modified D-distribution. The

P*'s are given by the relation

P = (1 - o) 4+ aP
r r
P = P , XFr {1.5.7.2)
X X
The pgf of D* is
G(z) = (1 - a)z + aglz), (1.5.7.3)

i1f 0 <2 <1, D* is called an inflated D-distribution and if
l <oa%s(l- Pr)_:’ it is called a deflated D-distribution. When
o= (1-p)7, P% =0,

The cases of modified distributions most commﬁnly considered are
those for which r = 0, If r = 0 and Pf = 0, then we have a zero-truncated
D-digtribution, a decapitared distribution as it is sometimes also called.
Ifr=0and 0 <o <1, D" {5 sometimes called a D-distribution with-
added-zeroves.

A detailed review of weighted distributions has been given by

Patil and Rao (1977, 1978) who also present several practical examples.
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Kemp (1973) has pointed out that a type of weighting functicn of the
form w(x) ® & if used to medify any ghpd would yield a modified
distribution which is also ghpd of the same form. This feature would
make it impossible to detect unascertainment in any situations in which

this model applies.

1.5.8 STER Models

The use of STER models arises in connection with an inventory
decision problem. Imposing a decision function on a random variable
called fraction of leadtime out of stock, in a general inventory problem,
amounts to selecting that value of x for which the sum of the values of

ulx) = I (p*/y), % = 05 Lyeus (1.5.8.1)

yEx+1
first exceeds the desired fraction of leadtime not out of stock,
where y is the actual demand during the leadtime occurring with

probability pf. Bissinger (1965) observes that

L]

Iulx) = 1 - pk (1.5.8.2)

x=0

and hence that

P, = I'—_lEF ) (p/y), % =0, 1,... (1.5.8.3)

% 0 y=x+1

is a valid pf for a discrete distribution, the probabilities of this
distribution being Sums successively Truncated from the Expectation
of the Reciprocal of the original random variable Y, the demand variable.
Hence the distribution of X is called the STER distribution corresponding
to the given random variable Y. It is usual to call Y the demand
variable even when the discussion of STERing is not in the context of
inventory decision.

STERing is a modification which can be carried out on any lattice
distribution supported on x = 0, 1l,..., just as weighting, shifting, or
truncation, although even the simplest discrete distributions seem to

lead to complicated STER distributions.
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Suppose G(z) and H(z) denote the pgfs of the demand and the

STER distributions respectively. Patil and Joshi (1968) observe that

H(z) =

dz (1.5.8.8)

= i
1 1 G(z) Py
z

(1 - 21 - p¥)

z
where pg is the probability of zero demand. Note that zero-modification
of the demand variable does not affect the STER distribution. Kemp and

Kemp (1969) show that if

G(z) zpf;({a Y3 b )3 Afz - 1)) (1.5.8.5)

then

H(z) F (1, (a }); 2, (b ); Az - 1)) (1.5.8.6)

p+l1 a+1

(see alsc Kemp and Kemp (13875)).

1.6. Computer Generation of (Univariate) Discrete Variables

1.6.1 Introduction

Distribution sampling is often required when investigating the
small-sample properties of various estimation procedures. It is also
sometimes required in pilot studies preceding complex theoretical or
empirical investigations.

In considering the features of a particular method for generating
data from a given distribution it is important to distinguish between
two modes of usage: that in which the parameters of the distribution
are fixed and that in which they change at each call of the generator
so that any constants have to be recalculated. While some methods,
such as Fishman's (1976) method for generating a Poisson variable, can
operate satisfactorily in the two modes with relatively little adjustment,
many are grossly inefficient when variable parameters are involved.

Another important consideration in the selection of a data-

generating method is the computing device to be employed. On some
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devices, such as micro-computers, sterage is a major constraint, and
hence a slow but compact algorithm may be preferred to a fast one
requiring appreciable storage. On the mainframe, speed rather than
storage is usually the determining factor. Walker's (1974) alias
methed for generating variates from any specified distribution is a
very fast method although it uses a relatively large amount of storage.
Here we briefly describe the major types of methods for obtaining

discrete random variates on the computer.

1.6.2 The inverse transformation method

Suppose we can, conveniently, generate a random variable Y with
distribution function Fv(y) and are interested in generating a random
variable X with distribution functien Fx(x). Then we say the random
variable X is generated by a transformation x = h(y) if h(Y) has the
desired distribution F, (x).

Rigorously considered, the principle applies only to continuous
distributions. However, a development based on the same idea is
employed for discrete distributions. Let Pi. i=1, 2,¢..5 -m be any
discrete distribution (possibly truncated to m outcomes) on the sample
space x , 1 =1, 2,..., m where P = Pr(X = xl). If u is a uniform
(0, 1) variate then X has the desired distribution where X = x if

i-1 i
E Pj < usS E P!, i = Yiwaen Me
i=0 §=0
Note that in this case, the inverse of F(x) is not well-defined, but
~ the idea is the same as for the continuous, and the procedure is
likewise called the inverse transformation method. The implementation
of the method, briefly, is as follows.

The probabilities P are calculated and successively accumulated

to obtain the distribution function F(x)} = ZP’ summing over j from O

to x for all x up to m where m is either the upper limit of the range
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of the support or for e distribution with infinite support, an
arbitrary truncation point such that 1 -~ F(m) is negligible. Using

a standard pseudo-random number generator & u, is obtained which can

be regarded ag a random value from the uniform distribution (0, 1).

The number 2, is compared with successive F(x), 2 = 0, 1,... until the
first F(x) say F(r) is reached which equals or exceeds u . Then x =r
is the required wvalue. This implementation technique is called the
sequential search algerithm.

Chen and Asau (1974) have suggested an important modification to
the sequential search technigue. This involves splitting the cumulative
probability range 0 - 1 into k (say!} equal intervals and noting the
interval in which the cumulative probabilities F(®) lie. When a random
uniform value u is presented for interpolation, only the interwval in
which it lies is searched. This technique is called the indexed-search
algorithm. Xemp and Loukas (1978a, 1978b) have pointed out that ordering
the probabilities.before accumulating them represents yet a further
improvement in speed.

Fishman's (1976) algorithm for sampling from the Poilsson distribution

is a variation ¢f the inverse transformation method.

1.6.3 The acceptance-rejection method

The acceptance-rejection method, like the Inverse transformation
method, was primarily introduced for continuocus distributions {(von
Neumann (1951))., However it has been successfully implemented for
generating discrete variables.

Suppose it is desired to generate a random variable X with
distribution T (x) (and prcbability function f (x)) called the "target"
distribution. It is aszumed that a satisfactory method (preferably an
inverse transformation method) exists for generating another random

variable Y (disecrete or continuous) with distribution Fv(y) (and p.f.
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f,(y)) called the "envelope" distribution. This method consists of
two parts, generating an observation of Y and then deciding whether
or not to set X equal to this sample value or to reject the value and
generate a new value of Y.

To generate X from ocbservations of Y by the acceptance-rejection
method the ratio L(x) = f (x)/f (x) must be bounded. This implies that
the support of fx(x) must be a subset of the support of f_(x).

Let 8 (= 8 _) be the probability of accepting Y (i.e. setting X = y)
when Y = y, and suppose A is the event that sampling stops on a given trial.

It can be shown that

8 = Pr(A) : fx(x)/fk(x) {= 1) (1.6.3.1)

i.e. that the acceptance probability is proporticnal to the likelihood
ratio of observations. An optimal design is to choose Pr(A) as large
as possible so as to have large 8 for all x.

Patil et al. (1975%, add. ref.) have pointed out that the method
can be regarded as a method of "negative mixture'". They show that with

a = sup{fx(x)/fv{x)} (> 1), the function £ (x) given by
£,(x) = [af (x) - £(x)]/(a - 1) (1.6.3.2)

is a probability function, and that

fY(x) = Bxfx(x} + (1 - Bx} fz(x) (1.6.3.3)

where 8 = éu Hence fY(x) is a mixture of fx(x) the desired distribution
and fz{x) another distribution. In this sense fx(x) can be regarded as
a "negative mixture" or an "inverse mixture" of £ (x).

Atkinson (1979) and Kemp et al. (1979) have used the method to
generate data from the Poisson and the binomial (which are discrete
target distributions) using as envelope the logistic, a continuous
distribution. Fishman (1378) has generated a discrete target, the
binomial, from a discrete envelope, the Poisson, Kemp (1980) has discussed

some discrete distributions having simple analytically invertible cumulative



functions, and which can therefore be used as envelopes for generation
of discrete target distributions, as illustrated by the generation of a
logarithmic target using certain of these distributions (the geomeatric

and some special cases of the generalized Waring) as envelopes.

1.6.4% The composition method

Another method of generating stochastic variates on a computer is
the composition method, otherwise known as the method of mixtures
(e.g. Patil et al. (1975)). By a mixture here is meant a countable
(er finite) mixture Fx(x) = Epifi(x) of a family F o, i =1, 2,...
of distribution functions where P >0, i=1, 2,... and Epi = 1.

4 random variable X with distribution F(x) can then be generated
by choosing cne of the Fi(x) with prcbability P, > generating Xi from
the chosen distribution and setting X = X .

In some simulation problems the underlying model may be a
contaminated population. Suppose X has distribution F (x) and X, has
distribution Fz(x) and we know that the desired random variable ¥ comes
from F (x) a fraction 8 of the time and from F,(x) a fraction (1 - &)
of the time. Then

Fx(x) = BFI(X) + (1 -9) Fa(x) (1.5.4.1)

and we can generate ¥X by using this mixture.
Walker's "alias" procedure (Walker (1974), Kronmal and Peterson
(1979)) for generating random variables from any discrete distribution

is a special case of the composition methed.

1.6.5 Specialized methods based on stochastic models

In some cases a particular stechastic model giving rise to a
specified distribution may indicate ways of generating variates from

the distribution by synthesising variates from the compenent distributiens.
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One of the simplest and most popular algorithms for sampling from

the Poisson distribution (with pgf G(z) =

el“-li) is based on the

exponential gap property of the Poisson process. Naylor et al. (1966,

pp.112-114) give a good description of this procedure and its stochastic

derivation.

A method of generating a Hermite variate is based on viewing the

Hermite distribution as the sum of two correlated Pecisson variables.

A bivariate Poisson variable (Xl, Xz) is constructed from three

independent Poisson variables Y

2

variable.

12 Yy Ys where }(1 =Y +Y; and

X, =Y, + ¥ . The sum X + X (i.e. . e & 2Y3) then gives a Hermite

Another method of sampling from the Hermite distribution is to

consider the variable X as the sum of an ordinary Poisson variable X,

and a Poisson "doublet" variable X}. This is evident from the pgf

Gx(z)

explo (z - 1) + o, (2" - 1)}

o, (2 =1

G
Xy

2
£ =l
eClz ( )

-

{z) . ze(z) £1.6.5.2)

which is equivalent to the pgf of X = X + X . Now, if Y ~ Poisson{1),

2

then 2Y ~ Poisson "doublet"(A). Hence if we generate tweo independent

Pocisson variables Y, ~ Poisson(ui), 1i=1,2, then X =Y +2Y ~

Hermite(x; % s az).

Kemp's (1981) methods of generating logarithmic variables are

based on special features of its probability function. So is Kemp's

(1982) variable-parameter method for generating data from a Poisson

distribution.
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1.7 Bivariate Discrete Distributions

1.7.1 Introduction

Generally, a meaningful bivariate distribution is produced by
extending some special features of the univariate prebabilistic models.
In some cases, the bivariate distributions arise naturally in statistical
sampling problems. Apparently for historical reasons, the commonest
application of bivariate discrete distributions seems te be in the area
of model discrimination. Some phenomena are such that two equally
plausible models cannot be distinguished on the basis of observations
over a single timee-period or from quadrats of a single-size, etc., and
we must take observations over two or more Time-intervals, or quadrat-
sizes, as the case may be {Arbous and Kerrich (1951}}).

Any reference to bivariate distributions here and subsequently is
intended for bivariate distributions having marginals of the same form
e.g. (Poisson, Poissen), (Negative binomial, Negative binomial) which
will be called bivariate Poisson, bivariate negative binomial,
respectively. This is in contrast with the wider sense employed by
Leiter and Hamdan (1973) and Cacoulles and Papageorgiou (1980) whose
discussions include (Poisson, Binomial), {Poisson, Negative binomiall,
etc. Bivariate distributions with one marginal discrete and the other
continuous such as Park's (1970) are excluded. Furthermcre, since the
marginals of the bivariate distribution discussed by Patil and Bildikan
(1867) are not the logarithmic but rather the modified logarithmic
distribution, we will call it the bivariate modified logarithmic

distribution.

1.7.2 The structure of bivariate distributions

The most basic way of deriving a bivariate distribution is to
. . kK m . . . . .
make the substitution z = 2,2z, in the pgf ul(z) of a univariate distribution,

thus obtaining



hiz., z ) = u(z:z:). {(1.7.2.1)

1* T2
This, though trivial on its own, has been used by Ord (1875) to define

a8 general bivariate Poisson distribution, A, having the pgf

r

6 ( ) = Noexplr (z'zt - 1)
A Zrr Tyl T i:lexP R ]
- K { kg my
= exp iEl;\iLzl z,0 -1 (1.7.2.2)

(with non-negative integral k,m oand r = 1, 2,...), which is a

conveolution of r bivariate Feisson distributions of the form

) _ \
hA(zl, zz) = exp(lzlz: - 1) (1.7.2.3)

Some caution is needed on the name of A since its marginals are not
Poisson in general. It is probably better to call A a bivariate
Poisson-type distribution. It has been noted by Ord {1975) that the
various types of hivariate Hermite are special cases of A.

Proceeding in the same line, a bivariate binomial-type distribution,
B, is given by

) r k, myy 1
G (z, 22) = 151 q, +p T 2, (1.7.2.4)

Its marginals are members of Teicher's (1961) general binomial family
having the pgf

ulz) = E v, (1.7.2.5%)

A bivariate negative binomial-type distribution, C, can be similarly

defined by the pgf

Y B!

Gc(z1’ z, ) = Il [l + Bi - £

2 i=1

ki mg
2 2 (1.7.2.8)
For r = 1, it is obvious that bivariate negative binomial distributions
of Arbous and Kerrich (1951), Edwards and Gurland (1961) and Khatrl
(1871, pp.213-215) are special cases of C.

It is well known that the two marginals of a given bivariate

distribution are uniquely determined but, theoretically, an infinite
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number of bivariate distributicons can be derived with any two given
univariate distributions as their marginals. However only a few of
the bivariate distributions obtainable from two given univariates
would be of practical value.

If a bivariate D-distribution with D-distribution as marginals
has & 2imple functional form compared with other bivariates with
D-distribution marginals but 1is general encugh to have most of the
important properties, it may be veferred to as the bivariate D-distribution.
In any event, it seems that a particular bivariate would qualify as the
standard in relation to others of its class conly on the grounds of its
pre-eminence in applications.

An elementary result in probability theory states that if a
bivariate distribution F(xl, xz) is derived from two univariates knhown
to be independent, then Correlationfxl, Xz) = 0, but the converse does
not necessarily hold. The marginals of a bivariate having the property
Corr(X , X, ) = O may in fact be dependent. Bivariate discrete distributions
for which zero correlaticn implies independence are very important regarding
applications.

Ahmed (1971) has defined such a class of bivariate discrete

distributions. The class is characterized by the joint probability

funection
Fr o %) = £ (%) £, 02 + 68 () H (x)], e} < 1 (1.7.2.7)
with
HA(XI) = Fg(xl) + FA(xl -1 -1
and
Hy(x,) = E‘B(Xz) + FB(xz -1y -2

where FA(xlj, FB(XZ) are the cumulative probability functions of X and
X, respectively, Since there are only a few discrete distributions

(e.g. Kemp {(1980)) having simple form of F(x), the use of this approach



5 e

for deriving bivariate discrete distributions is limited. However

Ahmed (1971) has given some properties of this class which provide

useful information without much difficulty. In particular upper bounds

on correlations are obtained for members of the class having as marginals

the Poisson, binomial, geometric, and discrete uniform distributions

respectively.

4 bivariate D~distribution whose marginals are known to be

independent is usually called a double D-distribution., This follows from

the corresponding multivariate which is called a multiple D-distribution.

A multivariate discrete distribution is said to be homogeneous if its

pgf contains the generating variables only in the form of a linear

function within a function of a function. In particular, a homogeneous

bivariate discrete distribution is a distribution with pgf of the form

G(zl, zz) = H(tle - Bzaj

An important subset is given by the joint distribution of X ,

{1.7.2:8)

X& when

X1|X2 is distributed as Binomial(xx; 8, xz). This has a pgf of the form

G(zl, z,) = H(az1 + {1 - ﬁ)zz).

{1.7.2.9)

The bivariate discrete distributions specifically discussed in the

literature include:
the bivariate Pecisson with the pgf
G(zl, zz) - exp{al(z1 - 1) + azizz - 1) % aalezz - 1)
(e.g. Paleheimo (1872));
the biQariate binomial having the pgf

6z, 2) = [1+8(z ~1)+8,(2 -1)+8,(zz2 - 11"

(e.g. Kawamura (1873));

the bivariate negative binomial with pgf

_ B - ~ ~ - T T
G(zl, zb) = {1 B:(z; 1) Bz(z2 1) Batzlzé 1))

(e.g. Edwards and Gurland (1961)), and its special case given by

£1.7:2:30)

(1.7.2.11)




z,) = [1-8(z -1)-8,(z - DI (1.7.2.12)

G(zl, 5

(e.g. Khatri (1971, pp.213-215));
the bivariate modified logarithmic with
G(zl, Zz) = [log(l - 8z, -8,z - 632122)]flog(l - 81 - 92 - 83)

0 < Eei <1, 0<8 <1, 1i=1, 2, 3 (1.7.2.13)

(e.g. Patil and Joshi (1968)), and its special case given by

G(zl, zz} = [log(l - Blz1 - 8222]]/log(1 - 61 - 82} (1.7.2.14)

(e.g. Kemp (1981));

the bivariate hypergeometric having the pgf

in) tn)
/N }4?}(—n, ~-M - M Mo-n+ 1z, 2, zlzz)

G(21" 22) = Iy 1¢ 11> "po
(1.7.2.15)

o0
(e.g. Steyn (1957));

the bivariate Neyman Type A-I, -IX, -III with pgf given respectively by

&(z, , z,) = explilexple (z,- 1) +a,(z,- 1) +a (72~ 1113

G(zl, 22) = exp{ll[exp{al(zl- 13} - 1] + hz[exp az(zz- 1) - 1]
+ Alzlexp{al(;l— 1) +w,(z,- 1)} - 11}

G(zl, zz) = exp{)\llexp{alle— 1)} - 1] + Az[exp{uz(zz- 1) - 1]

+ A12[exp{a12(zlzz— 13} - 111
(e.g. Holgate (1968)); apd
the bivariate Hermite with

6(z, , 2,0 = exple (z,- 1) + &,(22- 1) + o (z,~ 1) + Olq(zz- 1+ (z z,- 1)]

(e.g. Xemp and Papageorgiou (1882}).

1.7.3 Marginality and conditicnality

~For a bivariate discrete distribution of (Xl, Xz) having the
pef G(Zx’ zz), the marginals are given by

(1.7.3.1)

1
o
N
St
1

iclz, , z )]

1* T2’z =]
2

ey
-
N
S
1]

{G(zl, z, }] (1.7.3.2)

2 2 2 z1:l




G‘;*”z{Z} = [6lz,, zz)}zi=zg=z £1.7,3.3)
and Gx:-xz(zz} = &z, , zz)]z2= éL_ (1.7.3.4)

Subrahmaniam (1966) has shown that the conditional distribution of

Xl given Xz = n is obtainable from

3" "
Gx ™ -“(zl) = = G(zi, zz)/ i G(zl, zz}\ i (1.7.3,5)
Rl | azz azz le=l zz: 0

Kemp (1981) points out that for a homogeneous bivariate H(az, + 82,),

this reduces to

- > Am) (n) -
Gy |xyen(Z) = B laz )/H (a) (1.7.3.6)

which, interestingly, is independent of 8,

It is easy to show that

_jd 3
6, T _n(zll R G(zlzz, zz)/ — 62,2, zz) (1.7.3.7)
1771 e 3z 9z =
2 2 <z =1jz = 0
1 2
and that
-
n n
a 1 d 1
y xgxen az) 1P F) ) UV E N Zl, a0z 20
2 - "2 =" 2
and
= 3" L 3" “y
zeixz-xi-u(zz) = ;—:'G[E—, zg]/{—j; GLE-' z, ) (1.7.3.9)
z 2 ?Z 2
2 -2 z =0 2~ 0
From the well-known expressions
E(Xz) = %E* Gx (z }] (347910}
Ty 1 Y=
1
d
E(Xg) = -a-;-Gx (22):' i and (1.7.3:11)
- 2 2 z =1
2
E{Xlxz) = -?—z-;T_!:G(ZI, 12)] 3 €1.7.3:12)

31'22'1

the covariance, Cov(X , X,), is easily cbtained by evaluating

Cov(Xi, Xz) = E(Xixz) - E{Xl) , E(Xz) (1.7.3.,13)




It is, of course, clear that

[~ 2
z z, ]
Var(x ) = [2—iog Gle?, &*2) (1.7.3.14)
321 Jz =0,z =0
;| 2
3? z z
and Var(X,) = |—logcle?, e 2) (31.7.3.15)
0z = 5
-2 -z =0,2 =0

1 2

Correlation and similar properties of bivariate distributions can be
easily studied by expansion of the bivariate frequency function in canonical
form. The canonical form of the bivariate Poisson has been derived by
Campbell (1934). Those for bivariate binomial and bivariate hypergecmetric
have been given by Aitken and Conin (1935). Hamdan and Albayyati (1971)
have derived the canonical form of the bivariate negative binomial.
Lancaster (1958) gives the general theory of canonical expansion of
bivariate distributions and Eagleson (1964) applies this to bivariate
distributions derived by the additive property of the corresponding
univariate distribution e.g. Poisscn, binomial, and negative binomial.

The regression of X1 on X2 is anocther property commonly of interest,
When the regression is linear, analysis is comparatively easy. Kenney

(1839) has pointed out that linearity of regression can be characterizec

by the differential equation

d
— G(z, , z )] = ¢ — 6o, z_ ). {1.7.3.1€)
[ s 1 2 o dzi 2

Tt hastﬁlso been shown by Eagleson and Lancaster (1967) that the
regression of X, on X is linear if and only if X, and X, have additive
random elements in common i.e. iff Xl and X% are such that X = Y1 + Ya
and X = Y, + & where . A Y;, Y, are mutually independent and belong to

the same additive family.
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1.7.% Chance mechanisms generating bivariate discrete distributions

As in the univariate case, most bivariate discrete distributions
arise from either the mixing or the generalising (clustering) models.
Khatri (1971) has given a good discussion of these models for multi-~
variate discrete distributions of which the bivariates are a special case.

Hamdan and Tsokos (1971) derive the bivariate Poisson by mixing on

n the bivariate binomial with the pgf
n
Mz, z,) = [1+8(z-1)+8/(z-1)+8,/(zz-1].
where 0 < 6, < 1 and EBi < 1. Arbous and Kerrich (13951) and

Edwards and Gurland (1961) obtain their respective forms of the

bivariate negative binomial distribution by mixing on A the bivariate

Poisson
_ . = - \
h(z,,2) = exp{.l[al(z1 1) + u.a(z1 1)]} (1.7.4,1)
and
h(z , z,) = explio(z-1) +az,-1) +a,lzz~ 1]} (1.7:%:2)
respectively.

Holgate (1969) derives three types of bivariate Neyman Type A from
different generalising (or clustering) models. Kemp and Papagecrgiou
(1982) have discussed the genesis of the bivariate Hermite distributicn

in terms of both the mixing and the generalising models.

1.7.5 Computer generation of bivariate discrete variables

.The most basic way of generating data from a bivariate discrete
distribution is to obtain k = x + (m + 1)x, , the values of k being

the locations when the {P(x

s X, )} array is stored column-by-column in

one-dimensional array, with locations 0; l,..., (m + 1){n + 1) - 1.
The {P(k)} is now treated as a univariate distribution from which random
observations are generated using a general univariate method such as

Walker's alias method (Walker (1374), Xrommal and Peterson (1979)) or
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the modified indexed-search methed (Kemp and Loukas (1978a, 1978b)).
Other general techniques for the bivariate are discussed in Kemp and
Loukas (1%81).

Sometimes, as in the univariate case, the structure cf a bivariate
discrete distribution may suggest a particular method based on the
stochastic model giving rise to the distribution. Kemp and Loukas
(1978a) discuss such methods for generating the bivariate Hermite
variable.

Note that the fixed-parameter and the variable-parameter modes

of usage also apply to the methods for generating bivariate data.

1.8 Summary on "Discrete Distributions”

As a general background to the discussion of generalized Poisson
distributions, the whole subject of discrete distributions has been
briefly considered in this chapter.

The major families of discrete distributions have been described.
These are convenient ways of classifying discrete distributions although
they overlap considerably. Each family or class is defined essentially
along certain mathematical structures. Of all these classes, generalized
hypergeometric distributions, compound distributions, and generalized
distributions will feature most prominently in the remaining part of the
thesis.

The various major chance mechanisms generating discrete distributions
have also been discussed. Mixing models and clustering models will be
discussed further in Chapter 2 in connection with generalized Poisson
distributions.

Methods of generating discrete random variables con the computer
have been considered very briefly. Distribution sampling is often
important in the study of the small-sample behaviour of estimation
methods. It is also frequently employed in pilot studies preceding

complex investications.




The structure and genesis of bivariate discrete distributions
has been discussed. GCenerally, a meaningful bivariate distribution
is produced by extending some special features of the univariate
probabilistic models. Computer generation of bivariate discrete

variates is also considered.
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CHAPTER 2

GENERALIZED POISSON DISTRIBUTIONS

2.) Introduction

A lattice distribution on x = 0, l,... is said to be a generalized

Poisson distribution (GPD) if and only if its pgf can be put in the form

c(z) exp{A(h(z) - 1]} (2.1.0.2)
where h(z) is a pgf. Given X and h(z), then G(z) is unique. We shall

sometimes denote this by G(z) = GPD(A, h(z)). Note however that

6(z) = explafu(z) - 1))
= exp{{%][[(l - 8) + du(z)] - 1}}, 0<8<1
: exp{B[I{l - 8) + du(z)] - 1)}
l.e.
6(z) = G&PD{a, u(z))

. epp(B, (1 ~ 8) + 6u(z)), 0 <8<l (2.1.0.2)

Hence, for a given G(z), the pair (A, h(z)) is not unique.

In this chapter, properties and applications of the generalized
Poisson distributions are discussed. Results from Feller (1968),
Maceda (1948), Warde and Katti (1871), Steutel (1970), and Harn (1978)
are unified to give a clearer picture of the structure of this important
class of discrete distributions.

The expression "classical and contagious discrete distributions"
is common and is indeed the title of the 1963 international symposium at
Montreal, Canada (Patil (editor, 1965)). However until now the distinction
between classical and contagious is unclear. Further complication is
introduced by the subdivision of the latter intc the truly contagious
and the apparently contagious groups. CPDs and all other generalized

discrete distributions are referred to as the truly contagious distributionms,
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in contrast with mixtures or compound distributions which are regarded
as exhibiting apparent contagion. However some discrete distributions
e.g. negative binomial and Neyman Type & are known to belong
simultaneously to both groups.

One may tend to inquire whether the terms "contagious!" and '"non-
contagious™ do not merely describe different parametric forms of
distributions which are basically the same. In other words, is every
lattice distribution necessarily a contagious distributien? And
similarly, is every discrete mixture necessarily a generalized distwibutien,
or vice versa? In particular, is every lattice distribution on x = 0, 1,...
necessarily a GPD? And is every compound Poisson distribution necessarily
a generalized Poisson distribution? These latter two are among the
questions considered in this chapter.

Infinite divisibility characterizes the GPDs among lattice
distributions on non-negative integers and hence this property dominates
the discussion. Some systems of discrete distributions which are subsets
of the GPD class are considered. Certain members of these systems are
identified and the cluster-size distribution of some are determined.

One of the systems discussed comprises 6f mixtures of the Poisson with

inf div continuous mixing distributions supported on the positive half

real line. One of such mixtures of the Peoisson I= that cbtained with the
reciprocal gamma distribution (Pearson's Type V). Its probability function
is derived and some of its important properties are discussed.

!Einally, the different stochastic models giving rise to GPDs are

considered.
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2.2 Properties of Generalized Poisson Distributions

2.2.1 Necessary conditions for a GPD

It is clear that a lattice distribution which is left-truncated or
terminating cannot be a GPD. Hence a necessary condition for a discrete
distribution to be a GPD is that it be a lattice distribution supported
en X% 0, Liuaa

It is important to ask: is every lattice distribution on non-
negative integers a GPD? In other words, is the above condition a
sufficient condition? Suppose that a distribution on x = 0, 1,...
has a pgf G(z). Note that G(z) = exp(u(z)) with Q(z) = logG(z).

Levy (1937, quoted by Lukacs (1870, pp.251-252)) has shown that it is
possible for

6(z) = explv(z) - v(1)] (Z:2:3:1)
to be a pgf while v(z) is a polynomial which is not a pgf. However
v(z) must be such that a term with negative coefficient is preceded
by one term and followed by at least two terms with positive coefficients.

An example 1s provided by

2
viz) = az - Bzz + yzs - ﬁz‘, g > %T" (2.2.1.2)

More recently, Kemp (1978) has shown that the shifted zerc-truncated
Poisson distribution having the pgf (

Az

te™ - 1)/1z(e* - 1)) (2.2.1.3) |

G(z)
is not a GPD. Clearly a lattice distribution on x = 0, 1,... is not
necessarily a GPD.

Ancther necessary condition for a lattice distribution to be a
GPD is

var(X) 2 (PI/P;) {2.2:13.%)

This condition has been stated by Johnson and Kotz (1982) quoting from

an unpublished work of I.R. James, It is easily shown as follows.
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Suppose G(z) = Esz‘ is the pgf of the distribution of X and h(z) = Zp:z,

is that of the distribution of Y where

G(z) = expf{ilh(z) - 11}. (2.2.1.5)
Then
X = Plf(Popf‘) (2.2.1.6)
and
var(X) = AE(Y)

_ a
= [PI/(Popf)]Ey pf
= (B /B2 + (/e |y p)
y=2
= 2 /P) (2:2.1.7)

Another necessary condition similar to James‘'s concerns the property of
overdispersion. For a lattice distribution to be a GPD, it is necessary
that

var(X) 2 mean(X) (2.2.1.8)
This is shown in Section 2.3.2. It is, in fact, a more stringent
condition than James's.

Steutel (1970, p.77) has given yet another necessary condition, but
for only non-increasing lattice distributions. If a non-increasing lattice
distribution has probabilities P, x=0,1,..., then a necessary condition
for it to be a GPD is

x(P -P) € P

=R e BT, Zhees (2,2.1.9)

2,22 Tﬁe GPD as a mixture of an n-fold convolution

Iﬁ section 1.4.6 it was mentioned that any generalized D-distribution
is a mixture, on n, of the n-fold convolution of the generalizer, with the
D-distribution as the mixing distribution. It follows therefore that the
generalized Poisson distribution G(z) = GPD(A, h(z)) is a mixture on n of

the n-fold convolution of h(z) with a Poisson mixing distribution.



Let h (z) denote the pgf of a lattice random variable X. Then
the pgf of Y, the n-fold convolution of X is [hl(z)]n. Considering n
as a parameter of the distribution of Y and mixing the distribution on
this parameter with the Poisson (n; A), we have a mixture with the pgf

N -k;\n
Z[h(z)] e—h—!—

G(z)

. oy D@

n!

= e-kexplkh(z)}

n

exp{A[h(z) - 1]}, (2.2.2.:3)

which, by definition, is the pgf of the generalized Poisson distributien.
Kemp (1970) notes that Lundberg (1909) is probably the first person to

discuss the concept of generalized Poisson distributions in this sense.

2.2.3 The infinite divisibility of GPDs

A random variabple X is said to be n-divisible if, for a given
natural number (i.,e. positive integer) n, there exists independent and
identically distributed random variables Xl,..., Xn such that
X=X +...tX is distributed in the same form as the X!*s. A random
variable X is said to be infinitely divisible if X is n-divisible for
every positive integer n. In terms of characteristic function, a
distribution with the characteristic function C(it) is infinitely
divisible if and only if, for every n € N _, there exists a distribution

with the characteristic function U(it) such that

c(it) = f[uiv))" (2.2:3.:1)

or equivalently, if and only if, for every n € N+,

1
u(it) = [c(it)™ (2.2.3.2)
is a characteristic function. A lattice distribution having the pgf

G(z) is infinitely divisible if and only if, for every n € N, s



h(z) = [e(z)]” (2.2.3.3)
is a valid pgf.
That GPDg are infinitely divisible is obvicus from the form of
the pgf

(=)

exp{Aalh(z) - 1)1}

fexplh{(z) - l]}k. - (2.2.3.4)
However, for GPDs, infinite divisibility is not just a property but a
fundamental property, as underlined by the following theorem which has

been stated and proved by Feller (1968, pp.288-290).

Theorem 2

A discrete distribution om x = 0, 1,... is inf div if and only if

its pgf can be put in the form

6{z) = exp{i[h(z) - 1]} {2.2.3.5%)
where h(z) is also a pgf; that is, if and only if it is 2 GPD.
This theorem means that infinite divisibility characterizes GPDs among
lattice distributions.

Infinite divisibility however is a complicated concept. For example,
while the convolution of twe inf div pgfs is infinitely divisible, an
inf div pgf may factorize inteo two pgfs only cne of which is iInf div
(see e.g. Section 2.5.3). Also, mixing an inf div lattice distribution
(e.g. the Poisson or the negative binomial) on even the exponent parameter
may result in a distribution which is not infinitely divisible.

It is generally difficult to ascertain that a given discrete
distribution is or is not inf div since most pgfs are not usually
presented in a base-exponent form, i.e. in the form

a(z) = [h(z)]".
To reduce the difficulty, some sufficient conditicns have recently been
proposed by which some discrete distributions can be shown to be infinitely

divisible. These are considered elsewhere, particularly in Sections 2.4

and 2.5 in this chapter.
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2.2.4 The cluster-size distribution of a GPD

In the representation G(z) = GPD(A, h(z)), if h(z) is supported on

=0, 1,... then the pair (A, h(z)) is not unique, as shown in Section

i

2.1, but the pair (A, h (2)) in G(z) = GPD(}, h (z)) is unique where
h+(z) is supported on x = 1, 2,... i.e. h+(03 = 0. This latter form is
called the Levy-Feller representation. Note that the former can always

be recast into this representation, since

c(z) expiilh(z) - 1]}

h -
exp{ [‘(i)_ hhéo) ]}

exp{ylh (z) - 11}, = Al1 - h(0)] (2.2.%.2)

In particular if h(z) is a generalized hypergecmetric probability

distribution (see Section 1l.4.4), i.e.

h(z) = _F ((a); (b ); A2}/ F ((a)s5 (b3 A) (2.2.4.2)
then
F ((a,)3 (b, )3 Az} -1
b {2 =
* F o{ta, )3 (2 ); A} -1
P a i J

1, {a_ +1); 2, (b +1); Az)
» (a +1); 2, (1-.»j + 1)5 A}

z F {
prt ot (2,2.4,3)

ptl g+1 [
For example,
Neyman Type A distribution

= Poisson()A) V Poisson(a)

szd)__ﬂ}

o o =5 =3 az)
= exp e ¥ =3 -1
z, F (15 25 Az)
= -1
SRV F AL 21 1)

= exply[((e™ - 1)/(e* - 1)) - 11}

= G(z)

i

1

»
'U
>.
o |

= Poisson(y) V Zero-truncated Poisson(a)

with y = A(1 - &%) (2.2.4.4)
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Boswell et al. (1979, p.109) remark that the use of the Neyman Type A
distribution in studying clustering processes has been criticized on the
grounds that it allows for zerc cluster sizes. This criticism clearly
stems from a lack of awareness that the distribution can be formulated
alternatively as Poisson V Zero-truncated Poissen as shown in expression
(2.2.4.4).

Another example which does not seem to be widely known is

Poisson(A} V Geometric(8), D < 8 < 1

= G(z)

l -8
-
R 1Pc(l; -3 6z2) .

P 1Fo(l; ; 8)
. zsz(l; -; 6z) ,
Py oLy -5 8)
{1 -8
= {2 - 1)
N 1l Gz
= Polya-Aeppli(y, ), v = AB (2.2.4.5)

The Poisson V geometric and the Polya-Aeppli tend to be regarded as two
distinct but similar distributions (e.g. Patil and Joshi (1988, p.49)), but
they are in fact identical, as expression (2.2.4.5) shows. The geometric
distributicn has the interesting feature whereby zero-truncation gives the
same result as right-shifting by one unit i.e. the zero-truncated-geometric
distribution is identical with the shifted-geometric distribution.

The Levy-Feller representation shows that GPDs can arize from a
Poisson distribution of clusters where cluster-size ig z random variable
on x = 1, 2,..., having the pgf h (z). Hence the distribution h (z) is
called the cluster-size distribution of the generalized Foisson
distribution, G(z) = GPD(}, h+(z)). For example, as is cbvious from the
above representation, the cluster-size distribution of the Neyman Type A

iz

is the zero-truncated Poisson with the pgf h (z) = (e = l)/(ea - 1).
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While noting the definition given here, it is convenient to refer to

any generalizing compoment, h(z) or h _(z}, of a GPD simply as its

cluster-size distribution, as has been done by Boswell et al. (1979, p.l110).
When a particular lattice distribution is shown to be inf div

(and hence a2 GPD) it is often difficult to obtain the cluster-size

distribution. Kemp (1878) has presented a method for cbtaining the

cluster-size probabilities. This method requires that the form of

H(z) = [6(2))® be known explicitly or squivalently, that the probability

function of B(z) be available explicitly, where here G(z)} is the pgf of

the GPD in question and o is an arbitrary positive real constant. The

theorem on which this method is based also yields a necessary and

sufficient condition for the infinite divisibility of a lattice

distribution.

2.2.5 éumulants and factorial cumulants

A useful relation exists between the cumulants of a GPD and the
moments of its generalizing component, the cluster-size distributieon.
A similar relation connects the factorial cumulants of the former with
the factorial moments of the latter.

Consider

Gx(z) = exp{hlhv(z) - 11} (2.2.5.,21)

where X and Y denote the random variables of the GPD and its generalizing

compohent respectively. The cumulant generating function of ¥ is given

by
K(t) = logGle') = Alhle') - 1]. (2.2.5.2)

It follows therefeore that the rth cumulant, xkr, is given by

-~ T

[
Q—T'h(et{l !
gt t=0 |

|

A(Yu;). (2.2.5.3)

e
[

A
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Similarly, the factorial cumulant generating function of X is

given by

KF(t) = logG(t + 1} = Aa[h(t + 1) - 1}

from which the rth factorial cumulant is cobtained as

Er
k = A hi{t + l)}
X o(r) dtr
- t=0
= }\(Yu;r)].

2.2,6 Khatri-Patel recurrence formula for the probabilities.
Xhatri and Patel (1961) have given a recurrence formula for

computing the probabilities of any GPD when the probability function

(2.2.5.4)

of its cluster-size distribution is known. A simple derivation based

on a technique discussed by Kemp (1967b) is as follows.

Suppose the pgf of a GPD is G(z) = Eszx and that of its cluster-

size distribution is h{z) = Epfzx.

Glz) = exp{rln(z) - 1]}
G'(z) = Xh'(z) 6(z)
i.e. sxB 2T = MExpiz’ T (IR 2")
x . L
E{(x + 1)P 12" = AN(x + L)p¥ =z . IPz
- x .
- z\_zr :;o(r + 1)ps;=npx_r}z

1.&,

X

‘ (x +2)p . = A (r+Lp* P _.

red

A simple recursive formula often also exists for (r + 1)p¥%

(2.2.6.1)

(2.2.6.2)

(2.2.6.3)

(2.2.6.4)

in which case the Khatri-Patel formula can be implemented in two tiers

¢.g. for the Neyman Type A with the pgf

afz -1}

G(z) = expiBle - 111}

we have

(2.2.6.5)
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-0
pg = e, (r+l)ptr = apf 8 PR30 Yo (2.2.6.6)

and the above Khatri-Patel formula reduces to

a, = i, P, = exp[-B(1 - e )]
Ry = B » =0, Yosse
x
(x + 1P = sraarg_r, XS Oy Lysos (2.2.6.7)

2.2,7 Examples of univariate CGPDs

The negative binomial distribution is the first-known and the
best-known of all overdispersed discrete distributions, that is,
distributions whose variances exceed their means. Anscombe (1950)
recalls that in Todhunter's History this distribution is said to have been
described by Montmort in 1714%. Creenwood and Yule (1820), in their
frequently cited work, discuss it as the gamma mixture of the Poisson
distribution, but later Liders (1934) and Quenoculle (1949) show that it
is not only a compound Poisson distribution but also a generalized Poisson
distribution, the logseries being its cluster-size distribution.

Its probability generating function is

a(z) (L+8-82)""% a>0,8>0

"n

[(L- e} - 8z)1%, 8 = 8/(8 + 1)

IFh(a; -3 Bz}/lPh(u; -3 8)

exp{l[zzFl(l, 1; 25 8z)/,F (1, 15 2; 0) - 1]}

- exp{y[log(l - 8z)/log(l - 8) - 1]}. (2.2,1.1)
A useful recurrence relation between its successive probabilities is
given by
_ o
P, = (1-9)

(x + 1)P g WM TP o« HEF0 Ly Zyess £2.2.7.2)
x+1 x
The properties and applications of the negative binomial have been

reviewed by Bartko (1961) and Johnson and Kotz (1969, pp.122-1u42).
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Liders (1934) considers the convolution of the Poisson and the
negative binomial distributions, a distribution which is a GPD having
the cluster-size distribution
h(z) = 8,z + (1 - 9,) log(l-8 z)/log(l - 8 ), (2.2.7.3)

0<o <1,0<8, <1 (see also section 2.4.4).

The generalising of the Poisson distribution by another Poisson
gives the Neyman Type A distribution having the pgf

Glz) = expiBlealgull

- 11}, a >0, B >0, (2.2.7.4)
As has been mentioned before, this GPD is equivalent to Poisson V
zero-truncated Poisson having the pgf

G(z) = exp{A[(e™ - 1)/(e® - 1) - 1]}, (2:2.7.5)

To compute the probabilities of the NTA distribution two
formulae are available, each of which is a two-tier relation. The
commoner is that given in Section 2.2.6 as a special case of Khatri
and Patel's (1961) general recursive formula for the probabilities of
a GPD. The other is in terms of the Stirling numbers § (n) (Douglas

(1970)) and is given by

S,{k) = 0, § (k) = 0, k=1, 2,...

sk +1) = § _ (k) -ks (k),
d x

P, = Czy LA's(r), r=1,2 (2,2.7.6)
S r=1

r

with P = exp[-B(1 - e™™)], X = Be™", and C = exp(1 - ). Martin and

Katti {1962) have given an approximation for the probability function.
Cresswell and Froggatt (1963) discuss the convolution of the
Poisson and the Neyman Type A distributions and call it the "Short"
distribution, the Neyman Type A being referred to as the "'Long"
distribution. The 'Short' distribution can be viewed as a GPD having
the cluster-size distribution
h(z) = 0z + (1 -8)e™ ™, a>0,0<0<1 (2.2.7.7)

Properties of this distribution have been discussed by Kemp (1867a).
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The Thomas distribution (Thomas (1949)}) is related to the Neyman
Type A distribution, being the generalizing of the Poisson by the
shifted Poisson. Its pgf is

13

Glz) = expiB[ze** ™7 - 1]}, (2.2.7.8)

Neyman's Type B and Type ¢ distributions are rarely used. These
together with the Type A are special cases of Gurland's (1958) distribution
resulting from generalizing the Poisson(i ) with a generalized hypergeometric
factorial moment distribution having the pgf

h(z) = JF (e ot By Az(z -~ 1)), o>0, 8 0. (2.2.7.9)

The subsystem of this GPD for which @ = 1 is equivalent to Beall and
Reacia's (1953) distribution obtained as a generalization of Neyman's.
Neyman's Types 4, B, C respectively are the special cases 8 = 0, 1, 2
of Beall and Reacia's.

The Polya-feppli distribution (e.g. Evans (1953), Kemp (1967b)),

considered as Poisson shifted-geometric, has the pgf

6z} = exp{l[ét%—g—gz} - i}}, A>0,0<8 < 1. (2.2.7.10)
It is in fact eguivalent to the Poisson~-geometric having the pgf
e(z) = expja[:i—:Ji- - i] 0<8<1l,a=2x>0 (2,2.7.11)
l —l - ez | 2 , L] L] -

(see Section 2.2.4). A recurrence relation between its probabilities
is given by

(x + 1P, = [20x + 21 -8)]P -8 (x~1)P . (2.2.7.12)

!

Skellam (1952} and Katti and Gurland (1961) have discussed the

Poisson-negative bincomial distribution. This has the pgf

6(z) = exp{A[{1+8-82)%-1}}, a>0,8>0, »>0, (2.2.7.12)
the special case a = 1 being the Poisson-geometric. Its probabilities

can be computed with the two-tier formula
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a, = (B+ i P, = exp{-A[1l - (B + 1)}
a . = (B/(B + 1))r+ u)ar, 20, Lycee
x
(x + 1B = r_[ﬁ 5 S x = 0, Liews (2.2.7.14)

The Poisson-binomial distribution (Skellam (1952) and McGuire et
al. (1957)) has the pgf
G(z) = expirx ((1 -8) +0z)" =11}, (2.2.7.185)

0 <8 <1, A >3, na positive integer,

exp{ang-}—’l’-] - :'} (2.2.7.16)

@ >0, B >0, na positive integer.

which alternatively, is

"

Gl(z)

The special case n = 2 is equivalent to Kemp and Kemp's (1965) Hermite

distribution, which is more conveniently represented (with v, = 2)8(1 - &),
2

v, =18 ) as

G(z) = exp{ul(z - 1) + vz(zz -1, v >0, v, >0 (2.2.7.17)

1
The probabilities of the Poisson-binocmial can be obtained with

the two-tier recursive formula

a, = (a/Ca+10)", B, = expl-M1 - (a/(a + 1)"]}
a, = -alx-n)/(a+1l)
(x+1)P . = A]aP _. (2.2.7.18)

r=
Shumway and Gurland (1860a, 1960b) aim at obtaining recursive formulae
less sysceptible to rounding errors than the above. However the two
which they have presented are in no way more satisfactory. They regard
the one using the Stirling numbers S (n) as the better of the two, but
this has been dismissed by Douglas (1970) as being "not a practical
method of computation for other than limited cases".

Here we present a simple recurrence relation for probabilities of
the Poisson~binomial distribution. This is an (n + l)-term formula and

since n is usually not greater than 4 (McGuire et al. (19587)), it is



substantially less susceptible to rounding errors then the above two-tier
formula or any of Shumway and Gurland's.

From the pgf G(z), using the approach of Kemp (1967b), we obtain

[ n-J‘In-l r
e = [ 1]{ ; 1] | 1 [n : 1]{31 s
1, ta + i 4 + Jf =0 r QJ
@ n=1
= ¢c¢] Ippz"’ (2.2.7.19)
x=0 r=0
which gives
n-1
(x+ 1P, = elbP _ (2.2.7.20)
r=0
with ¢ = ma" /o + 1)
1" {n -1
and br % . r=0, 1,..., 0 - 1.

The case n = 2 of this formula is given by

s D282

L]

(x +2)P . = VP +2vP (

2
with v 2aa/(a + 1)°, v, = X/(a+ 1)

which, as expected, is the recurrence relation given by Kemp and Kemp (1965)

for the probabilities of the Hermite distribution.

2.2.8 Bivariate Eeneralized Poisson distributions

:

As mentioned in section 1.7.1, in some studies it is the bivariate

o

rather than the univariate form of a discrete distribution which is of
interest. The commonest way of deriving a bivariate GPD is to generalize
a Poisson distribution with a (usually but not necessarily, correlated)
bivariate lattice distribution with the pgf g(zl, zz). The pgf of the
resulting bivariate GPD then is

G(zl, zz} = exp{h[g(zl, 22) - 111, (2.2.8.1)

A bivariate GPD of the same form is cbtained if & bivariate
Poisscn(xl, X, 5 Aal, Aue, lulz) is mixed on X by an inf div continuous

istribution supported on the positive half real line or a univariate
distribut ported h t half 11 b t
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GPD. An example of this type of bivariate GPD is the bivariate Neyman
Type A-I (Holgate, 1966) having the pgf

6z , z,) = expiAlexpla (2, - 1) + az(zz - 1) + a”(zlz - I}1)} (2.2.8.2)

2
which is obtained by generalizing the univariate Poisson(xj; A) with the
bivariate Poisson

gz, , z,) = expla (z - 1) + azz(z2 -1 redze -~ 1)) {2.2.8.3)

Two other methods of forming a bivariate GPD consist of
generalizing a correlated bivariate Poisson with two generalizers,
31(7"1) and gz(zz), in the first case and three, 51(21)’ gz(zz) and

g“(z1 zz), in the second. The resulting pgfs, respectively are

G(zl, zz) = exp{kllgl(zl) - 1] + Az[gz(zz) - 1] + ).”[glizli gz(za) - 1]}
{2.2.8.4)

and

G(zz, zz) = exp{xl[gl(zl) - 1] + Az[gz(zz) = 1] + Au[gu(zlzz) - 1]}

{2.2.8,5)
The latter is equivalent to the joint distribution of the correlated
variables Xl s Y1 + YJ, Xz = Yz + Ya where Y1 % Yz, Ya are three
independent univariate GPD variables of the generalizers. Bivariate

Neyman Type A-II and bivariate Neyman Type A-III of Holgate (1966) are

examples of the two methods. These have, respectively, the pgfs

G(zl, zz) s exp{AI[exp{ul(zl- ) - 1] + Az[exp{uz{zz- 1)} - 1]

+ A, lexpla (z - 1) + o, (z,- 1)} - 1]} (2.2.8.5)
and
6(z, , '2."2) = expiA [explo, (z - 1)} - 1] + A [expla,(z, - 1)} - 1]

+ A lexpla (z 2z - 1)} - 1]]. (2.2.8.7)
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2.3 Mixtures of the Poisson with Continuous Mixing Distributions

2.3.1 Examples of mixtures of the Poisson

The "spells" model and the "proneness" model are the commonest of
the tools proposed for investigating the tendency of a vehicle driver to
sustain traffic accidents (e.g. Kemp (1970)). The former is a clustering
model while the latter is a mixing model. On the assumption of randomness
for the occurrence of accidents, generalized Poisson distributions (GPDs)
are therefore used in the "“spells" model and compound Poisson distributions
(CPDs), i.e. Poisson mixtures, in the proneness model. However, most of
the distributions employed are known to belong simultaneously te both
the GPD and the CPD classes. Hence some discussion of CPDs is necessary
in this thesis. The concept of mixture in general has been introduced in
section 1.5.2. Here we are concerned only about mixtures of the Poisson
distribution and only to the extent of their relationship with GPDs.

Mixtures of the Poisson obtained with the following continuous
distributions supported on (the whole or part of) the positive half real
line, i.e. on AC R s have been discussed in the literature, most of them
in connection with the concept of accident proneness.
(a) The gamma distribution defined by

£(x) = B¥T(eNx*e™®, x>0,a> 0, B>0 (2.3.1.1)

mixes the Foisson distribution to give the well known negative binomial
with the pgf

(1 +8 - 8z)™"

G(z)

= [(1-8)/(1 -82)1%, 8= 1/(8 + 1)

1Fo(ct; -3 Bz)/lfo(u; -3 8) (2.3.1.2)

This CPD is employed in the commonly cited work of Greenwood and Yule
(1920) on accident proneness. The special case a = 1, the exponential
mixture of the Poisson distribution, is the geometric distribution, an

important distribution in its own right.
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(b) The rectangular distribution having the density

f(x) = 8 f A 0 <o <x <B, {(2,.3.1.3)

as the mixing distribution for a mixture of the Poisscn, gives the

CPD with the prcbability function

i

E':'E'ﬁf [T,(x + 1, B) - Ty(x + 1, a)] (2.3.1.4)

where T (c, u), the incomplete gamma function, is given by

u
Tplc, u) = J t* e at,

a
This mixture of the Poisson has been discussed by Bhattacharya and
Hella (1965) who suggest its application in the accident proneness problem.

(c) The Beta-I family is defined by the density

1 1 it O x)Bdl

Fix) Bla, B) TR B

(2.3:1:5)

Q<x<y,a>0,B8>0. With this as the mixing distribution on the
Poisson parameter, the resulting CPD has the pgf

6(z) = irltu; a + B; v(z - 1)), (2.3.1.6)

a member of Kemp and Kemp's (1974) system of generalized factorial

moment distributions ((1.4.4.17)). The standard form is the case

o = 1. Holla and Bhattacharya (1965) have specifically discussed its
application in the study of accident proneness. The special case § = 1

of the Beta-I family is known as the power function. The mixture of the
Poisson obtained with it has been applied to accident proneness by Rai (1971).
(d) The Beta-II family is represented by the pdf

B a-1

Y X
f(x) B(a' g) (

—Fy &3> 0, a>0,8>0, v >0. (2:3:3:7)
X+ v)

Note that it is a gamma mixture of the gamma: Gamma(x; a, u) G Gamma(u; 3, v)
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(see also Johnson and Kotz (1970, p.195)). The pgf of the mixture of
the Poisson with (2.3.1.7) as the mixer is given by

G(z) = [I(a+ B8)/F(B)],F (a3 1 - B3 ~y(z - 1)) (2.3.1.8)

(¢f Gradshetyn et al. (1968, p.l058, entry no. 9.211.2)), which is a
valid pgf only for 0 < 8 < 1. The standard form of the Beta-II family

is the case y = 1, and its associated CPD has been discussed by Holla and
Bhattacharya (1865) who mention accident proneness studies as one of its
possible areas of application. It appears however that they are unaware
that the range of the valid values of the parameters is severely limited.
(e) Wani (1968) has defined a system of continuocus distributions called
the linear exponential family. This is represented by the density

£(x) = E@ET o Bura). (2.3.1.9)

where h(x) 2 0 depending only on x, ranges over an interval A on R, the

real line, and u(B) a finite and differentiable function of 8 is given by
-Bx
u(B) = }e h(x)dx. (2.3.1.10)

It is clear that this distribution has finite moments and its mgf is

given by
u(B + t)

M(t) = T - TR (2.3.1,11)
Since the Poisson parameter takes only positive real values, we are
interested only in f(x) supported on A C R,-

In particular if h(x) is a function of x > O and has the Laplace

transférm (LT) L(s), i.e.
L(s) = [mé"“h{x)dx, s > 0, €2.9.3:12)
cbviously v
~ 1 -fBx
f(X) = m e h(x) (2.3.1.13)

is a pdf. Similarly if h(x), x € AC R, is a pdf and has a moment

generating function, M{(t), i.e.
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M(t) = Je"h(x)dx, (2.3.1.1&)
A
then obviously
f(x) = mlgj—eﬂxh(x), 8 >0 (2.3.1.15)

is a pdf and has finite moments.

The linear-exponential mixture of the Poisson distributicon has
the pgf given by

G(z) = U(B + z - 1)/U(B) {2.3.1.16)

and has been discussed by Sankaran (197Ca).

It is obvious that the gamma distribution is a member of the linear
exponential family., Other members include Lindley's (1958) distribution
and Bhattacharya's (1966) distribution. Both are among the distributions
considered in section 2.5.3 below.
(£} The distribution resulting from truncating that part of the normal

distribution supperted on R_, the negative half real line has the density

- .._l..z_.(x-p)z
f(x) = 1 1 - 20 . x> 0 £2.3.1.37)
o [- E} av2n
0 o
W
where Co(u) = —}-——J et %4z,

/o !

Patil (1964) has discussed the mixture of the Poisson obtained with the
distribution. An explicit form of the probability function of the mixture

is not yet known. However Kemp and Kemp (1967) have provided a recursive
formula. for its probabilities. They also show that it is a special case of
the mixture of the Poisson discussed by Fisher (1931), that is, that obtained

with the three-parameter distribution given by

1 X" 1x . Y
f(x) = T (a) = exp —-5{5 + a] gy X>0 (2.3.1.18)
e m
where c (w) = Ji‘ J 4 ;,u) AL P
27 :
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(g) The density function of the lognormal distribution is

I 1 1 2
f(x) = = exp{- — (logx - u) {2.3.1.12)
ovar * { 26° }

X>0,0 >0, = <y <= The CPD obtained from this distribution has

been of considerable interest in the study of species aboundance since

its use was suggested by Preston (1948), despite the fact that no closed

form of its probability function is yet available. Other discussions of

its application in this context include those of Anscombe (1950), Grundy
(1951), Cassie (1962), Bliss (1963), Brown and Holgate (1971), Bulmer (1974)
and Reid (1981). It is the zero-truncated form which was used by Preston

and Bliss. Grundy, and Brown and Holgate present tables of the probabilities.

(h) The Laplace transform of the function

8
ulx) = x' e X {2.3.1.20)
is given by Y
2
L(s) = 2[-2] KY(2V’§§), s >0 (2.3.1.21)

(e.g. Erdelyi (1954, p.l46)). Hence the function

f(x) = e *u(x)/Lla), a >0
B
° £
= % [%] /KY(2/2QB) x"'le'(“”"), (2.3.1,22)

x>0, aa>0,8>0, =<y <=, is apdf. This is the generalized inverse
normal distribution (e.g. Jorgensen (1982)). The mixture of the Poisson
obtained from this distribution has engaged the attention of Sichel (1971,
1973a, 1973b, 1974, 1975, 1982a, 1982b). The pgf of the mixture is
. | [ "
2
s« —i o2 N bl -7 s
K, (2/a8) Ll

Its probability function is

a
P s |:[——-" ]1}/1«: (2#0?3’)} (fta + DI 5
Y x! x

g + 1

+

Y(?*Bza + 1)) (2.3.1.24)
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A recurrence relation exists between the probabilities. This is

2
= o x+_l Ba 1 N -
P;*l B {“ + l][x + l]Px * [u + 1] x(x + 1) P;,l (2.3.1.25

It is the special case y = -} which has received the greatest
attention. This is the inverse-normal mixture of the Poisson distrib.:tien.
Holla's (1966) seems to be the first discussion of the distribution but
appears to be unknown to Sichel. Others include Sankaran (1968) and Shaban
(1981, 1982). Atkinson and Yeh (13982) consider the subsystem for which
Y = n + 3 where n is an integer. The generalized-inverse-norma. mixt_re
of the Poisson distribution is discussed further in sections 2.4.3 anc 2.5.2.
(i) The Laplace transform (LT) of the function u (x) = xP-IIFI(a; C3 YK},

x>0,b>0is

L,(s) = F [a b; ¢ g}, s >0, s> |yl. 2.:2:1.286
Tf b = ¢ atid ¥ = 1, uo(x) becomes
u(x) = x?ﬁllFl(a; by x)

and the corresponding LT reduces to

_I(») 3
Lis) = b 1Fhla; T E}
s
_  T(b) [ s }'
- b s - 1
s
= rb)s" s - 1), (Z2.3.1.27
Hencq
#Hx) = o ela)/LR)  (see (e} above)

{b=—a)
'AFTET— (r - 1)x" e AxIFl(a; by x) x>0, A>

-2 b=1 =(0+1)x
X e

a

a b
m—y(u+l) lFl(a; b; x)
X >0, a=A-12>0 {2.3.1.28

is a pdf. This is the distribution discussed by Bhattacharya (1966)
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who also obtains its associated CPD and considers the application of
the latter on the accident proneness problem. The mixture of the

Poisson has the pgf

a(z) 5 |3 o = ot ‘-b/1+£-5. (2.3.1.29)
- o+ 1 o+ 1 a af ° EME%S

This mixture will be considered further in section 2.5. The special case
a = 2,b = 1 1is the Poisson-Lindley distribution discussed by Sankaran

(1970b).

2.3.2 The overdispersion of mixtures of the Poisson

As has been noted in section 1.5.3, a common area of application of
generalized distributions is in the study of spatial distributions of the
populations of plants, bacteria, and insects. In this area, the populations
are classified into three types: the regular, the random, and the over-
dispersed, according to whether the variance is less than, equal to, or
greater than the mean respectively. Overdispersed populations seem to be
the commonest.

Generalized Poisson distributions are the most widely used generalized
distributions in investigating spatial pattern. Here we show that it is
not only GPDs but also CPDs which are overdispersed. This feature poses
major difficulties in data analysis.

Suppose X is a generalized Poisson variable resulting from the
generalizing of the Poisson distribution by the distribution of a
(discrete) random variable Y, the latter having the pgf h (z). Then the

pef of X is given by

6 (z) = exp{A[h,(z) - 1]}. (2.3.2.1)
From this we have

Gy(z) = Anl(z) G (z) €2.3.2.2)

Ge(z) = AhJ(z) Gi(z) + AhJ(z) G (2z)

= (2 (h2(z))* + Ann(2)]6, (2) (2.3.2.3)
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Mean(X) = G;(l)
= kh;(l)
= AMean(Y) (2.3.2.4)
E (X') - E (X)
= G:(l)

x’(h;(l))' + AhI(1)

(Mean(x))* + AR (1)

i,e. Bx(x?) = Mean(X) + (Mean(X))® + AhY(1) (2:3.2:5)
var(X) = E(x") - (Mean(x))®
= Mean(X) + Ahl(1)
= A[h'(1) + h"(1)]
= ABY)
= %E%ﬁ%;% BT (2.3.2.6)
i.e
Var(x) _ E,(Y)
Fean(x) - (YT
> 1if W1) = EJY') - E(Y) > 0 (2.3.2.7)
Note that
h"(1) = § y(y - L)pk (2.3.2.8)
y>2

which is greater than zero if p? > 0 for any (integer) y > 1. The
cluster size distribution h(z) = q + pz gives rise to a Poisson distribution
as a trivial GPD. Excluding this and h(z) = 1, every other choice of h(z)
gives h'(1l) > O and hence Var(X) > Mean(X). Hence it follows that if we
exclude consideration of the Poisson as a GPD, all GPDs are overdispersed.
This implies that a necessary condition for a lattice distribution,
other than the Poisson, to be a GPD is that it be overdispersed i.e. that
its variance exceed its mean. This condition is however not a sufficient
condition. For example, Kemp (1978) has shown that the shifted zero-

truncated Poisson distribution is not a GPD. Its pgf is
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G(z) (eAz - l)/[z(eJL =)

L (1, 23 A2)/ F (15 25 A). (2.3.2.9)

It is obvious that it is a special case of Bardwell and Crow's (1964)

hyper-Poisson distribution represented by the pgf

gtz) = 1?;(1; oy Az)/IF;(l; a3 A), a > O.

(2.3.2.10)

However, as mentioned in section l.4.4, when a > 1 the distribution is

said to be super-Poisson since in that case its variance exceeds its
mean, that is, the distribution is overdispersed. Hence the shifted
zero-truncated Poisson distribution is overdispersed despite that it
not a GPD.

To show the overdispersion of mixtures of the Poisson, suppose
that a random variable X is a compound Poisson variable arising from
mixing the Poisson parameter with a discrete or continucus mixing

variable Y. Then its pgf is given by

Je‘y{z-llf(y)dy

Gx(z)

_ {etz-1) }y
= Ev(e )

M, (c(z = 1))

is

(2.3:2.11)

where ¢ is an arbitrary constant, rg(t) is the mgf of Y, and the integral

symbol is to be interpreted in the general Stieltjes sense.

Mean(X) = G;(l)

cM¢(c(z - 1)) S51
CM;(O)

cMean(Y)

1"

2
B (X*) - E (0

G;(l)

czEY(Yz)

[ N

2.

E(X') = Mean(X) + c’E (Y')

{2.3.2,12)

(2.3.2.13)

{(2.3.2.14)
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2 2
Var(Xx) = E (X ) - (EX(X))
2 2 2
= Mean(X) + ¢ [EV(Y ) - (EV(Y))]
= Mean(X) + ¢ Var(Y) (2.3.2.185)
i.e.
Var(X) > Mean(X) {2.3.2.18)

Hence all compound Poisson distributions are overdispersed.

2.3.3 Factorial moments and factorial cumulants

A simple relation exists between the factorial moments of a
compound Poisson distribution and the moments of the compounder, and
a similar one between the factorial cumulants of the former and the
cumulants of the latter.

Let X be a compound Poisson variable and Y the (discrete or

continuocus) mixing variable

n

Je""*”f(y)dy

Gx(z)

]

Mv(c{z - 1)) {2:8:3,:1)

The factorial moment generating function of X is given by

Gx(z + 1) Mv(cz} (2.3.3.2)
Note that

-

r r
d 2|d
—r'-Gx(Z + 1) c —'TMY(CZ)

dz z J

(2.3.3.3)

The rth factorial moment of X is

df
xl.l“) = :;Gx(z + 1)

r
= c'{ém—-ﬂ (ez)
dzr Y

- z=0

r L
c (YurJ

=
= ' 2
P i CRURTO R (2.3.8.4)
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If Y is a continuous variable, it is usual to have ¢ = 1. In this case

- 1
Wy T W (2.3:3:5)

Similarly, the factorial cumulant generating function of X is
given by

logG (z + 1) = logM (cz) (2.3.3,6)

from which we have

d’ d’
o logG (z + 1) = ¢ o logM_(cz) (2.3.3.7)
z

The rth factorial cumulant of X is obtained as

dr
—mrvlogcx(z + 1)

k =
X (r)
92 z=0
-I'
s ¢ g—r logH@cz)
dz -
r
= ¢ (Ykr)
i.e.
= r
xk{r) = c (Ykr)' (2.3.3.8)

2.4 Mixtures of the Poisson with Infinitely Divisible Continuocus

Mixing Distributions

2.4.,1 Maceda's theorem

It has been mentioned already that a mixture of an inf div
distribution is not necessarily infinitely divisible. It follows thereZore
that the inf divisibility of the Poisson distribution does not necessarily
extend to every mixture of the Poisson. However an important type of
mixture of the Poisscn is inf div, as stated in the following theorem

which is from the literature (e.g., Maceda (1948)).
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Theoven 3

A mixture of the Poisson distribution produced by a discrete or
continucus inf div mixer is alsco infinitely divisible. In other words
every compound Peisson distribution arising from an inf div mixing
distribution is also a generalized Poisson distribution.

It is obvious that if the (inf div) mixing distribution is a discrete
distribution then its mixture of the Poisson is a GPD. Generalizing a
GPD yields another GPD. Mixing the Poisson by a discrete distribution, D,
is equivalent to mixing, on n, the n-fold convolution of the Poisson and
hence the resulting mixture is a generalized D-distribution (see Section
2.2). That is, the D-mixture of the Poisson is a generalized Poisson
distribution. If D is continous and inf div, the infinite divisibility
of the D-mixture of the Poisson is not quite ocbvious but has been shown

in the literature (e.g. Maceda (1948)).

This theorem is applied here in showing the infinite divisibility
of certain mixtures of the Poisson distribution.
Recently a great number of continuous distributions supported on
A E.R? have been shown to be infinitely divisible. However because the
relevant integrals are not yet obtainable, the derivation of mixtures
of the Poisson with these distributions as mixers has not received attention.
Bondesson (1978) has shown that the distributions of powers of
a gamma variable are inf divisible. These include members of Stacy's

(1962)“system represented by

2| tay
f(x) = ;E?E?—; %Y 1exp[: [g} ], (2.4.1.1)
o

Xx>0,0>0,B8>0, vy >0 as well as the reciprocal gamma distribution

with the density
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o
f(x) = ?%ET g Ord, (2.4.1.2)

®>0,a>0, B>0, The latter will be discussed further in Section 2.4,3.
Steutel (1970, pp.41-%2) has shown that all completely monotone
densities on (0, #) (and all their mixtures) are infinitely divisible
(see also Feller (1971, pp.416-417)). Harn (1978, p.26) states that
completely monotone densities are equivalent to mixtures of the exponential
distribution i.e, a pdf on (0, =) is completely monotone if and only if it
is a mixture of the exponential distribution. Steutel (19€8) (also Coldie
(1967)) separately proves that all mixtures of the exponential are inf
divisible. Note that a pdf f(x) x > a # 0 is said to be completely monotone
if it possesses derivatives of all order with

n d

(-1) — f(x) 20, n€N,. {2.4.1.3)
axt *
Examples of such dengities are
f(x) = o/lx + l)a+l, x>0, & >0, (2.4.1.48)
fix) = u/x“‘l, x>1l,a >0, (2.4.1.5)
f(x) = anB—lexp(—axB}, Xx>0,0<a<l, 0<8gs], (2.4.1.6)
and f(x) = ~g « exple - x), x > O. 12:4:1.7)

Note also that if u(x) is a completely monotone density so are u{ax),

u(x + o) and u(x) - u(x + a), and if the densities u(x), v(x) are
completely monotone so are their sum and product u(x) + vi(x), u(x) v(x).
With these properties the number of available infinitely divisible
conting?us distributions f(x), x € A C R, can be considerably extended.

Of course, a continuous distribution f(x) may be inf div while an f(x)-
mixture of the Poisson does not exist. For example, expression (2.4.1.4)
gives an infinite divisible special case of the Beta-II distribution. The
existence of a mixture of the Poisson with this distribution as the mixer

depends on the finiteness, or otherwise, of
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P = .8 J” -A A% da
= Ty
) = {x # 1™
o
. a
- e Io (2.4.1.8)
i.e. on the convergence of the integral
B - ax
Iﬂ - J‘ne "“__H - (2.4.1.9)

s (A + 1)

This integral is not convergent as x tends toc infinity.
Steutel (1970) has shown further that mixtures of certain special
cases of the gamma distribution are infinitely divisible. These will be
discussed in section 2.4,2 below.
The same author (1970, p.88) remarks that if f£(x) is inf divisible,
then
h(x) = Ce™ £(x) (2.4.1.10)

is an inf div density, where
fAx .
g = je fx)dx, {2.8.%.11)

provided that C is finite (see section 2.3.1(e)).

The Laplace transforms or moment generating functions of some
densities on A E_R+ are known in a base-exponent form with an arbitrary
positive number as the exponent parameter. Certain Bessel-type densities
are of this form.

Feller (1971, pp.503 and 60, 437-438) discusses a Bessel-type density

"

P : ) .
f1(X)' T8 IA{x), x>0,A2>0 (2.4.1.12)

A A=l =
- estmmm— 2

22r(a + 1)

TR+ D O+ D+ (+ ;2 (2.4.1.13)

having the Laplace transform

L(s) = [(1+s) - AT+ -1]N (2.4.1.18)

The pgf of the Fltx)—mixture of the Poisson obviously is

G (z) = [(2-2)-/A2-22% -1]* (2.4.1.15)
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A two-parameter variant of f (x) is easily obtained by using Feller's

(1971, p.436) result and thereby having

Qix

o K #
fz(x) = ;e

IA[?:&], x>0, A>0, a>0 (2.4.1.16)

with its Laplace transform as

Lb(s) = [(1 + ag) = V(1 + as)® - 1 ]h. €20 3.07)

The pgf of the mixture of the Poisson obtained with this distribution is

G(z) = [(1+a-az)- AT Fa-as)? -1 - (2.%.1.18)

The same author (1971, pp.5%8, 177, #437-438) gives another Bessel-

type density. It is

fs(x) = [A-afze-k]xafae-ka(Q/fg), x>0,a>0, A>0 (2.%.1.19)
Its LT is given by

L(s) = (1+8) %exp(al(1+s)” - 1]} (2.4.1.20)

Hence the pgf of its mixture of the Poisson is

6,(2) = (2 -z) Yexp(al(2 - )™ - 1]} (2.4.1.21)
= hY(z) H(h (2)) (2.4.1.22)
where
H(z) = ektz-ll, the Poisson

h (z) = (2 - z)" , a geometric distribution

hT(Z) (2 - 2)7Y, a negative binomial

Thelander (1979) has discussed a distribution with the density

A 2
£,(x) = [ru + l}/[ellz}-_lx" 21, (2/x%) (2.4.1.23)

which is the Peisson-mixture of a gamma, given by

Gamma(x; u, 1) A Poisson(uj; X) (2.4.1.24)
a
and has the Laplace transform

L(s) = exp(Al(1+s)” - 1]} (2.4.1.25)
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The pgf of the f (x)-mixture of the Poisson is
g,(2) = exp(A{(2 - )7 - 1]} (2.4.1.26)

which is a Poisson-geometric (i.e. a Polya-Aeppli)}. This relationship of
£, (x} and G4(z) indicates that, in a cyclic manner, many, and possibly
all, generalized Peisson can bhe construed as mixtures of the Poisson
distribution with continuous mixers, these continucus mixzing distributions
being Poisson-mixtures. Note that the Polya-Aeppli is usually given as
the typical example for true contagion, but Gﬁ( ) is a Polya-Aeppli which
is a mixture of the Poisson and hence can. alse be viewed as an apparently
contagious distribution.

Twe other Besgsel-type densities are given in Johnson and Kotz
(1970, pp.28-30). They are the three-parameter McKay's distributions.
Here we consider only two-parameter special cases. A two-parameter form

of one of the densities is

- 2 )L
(o + 1) = J.J /‘i:/?()\) . X)\—-lfze—x/(a-rl)l{k%(x)

f (x) =
5 2(a + l)z

x>0, a>0, A>0, (2.4.1.27)
with the moment generating function

M(t) = {([Ca+ 1)° - 1]/[(a + 1® - (1~ (a+ ISR u Pt (2.4.1.28)

and an associated mixture of the Poisson having the pgf

2
G {z) = (e + 1) - 1]/0Ca + 1)°- (e + 2) - (o + l)z)zl}A (2.4,1.29)
A gimilar two-parameter special case of the other McKay's distribution

has the density

- A
£(x) = “_[%]((a + 1)~ 1)] /%/ru) LT L () (2.4.2.30)

with the moment generating function
M) = (o + D - DI/ + 1)° -0 - 1. (2.4.1,31)
Hence the pgf of its mixture of the Poilsson is

Ge(z) = {l{o + 1) - N/ + 1) + 1) - 2)° - J.]})k (2.4.1.32)
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2.4.2 Infinitely divisible gamma mixtures

Steutel (1970, p.25) has shown that all mixtures, on B, of the
gamma distribution

8
f(x) = T—?ﬁ-)-xe"‘e's", x>0,0<08<1,B>0 (2.4.2.1)

are infinitely divisible., The case 8 = 1 is the exponential distribution.
Steutel (1967) (also Goldie (1967)) separately proves that all mixtures
of the exponential distributicn are infinitely divisible.

The Laplace transform (LT) of f(x) is

8 B
LB(S} - [m) (2.%.2.2)

and the LT of its mixture g(x) arising from a mixing distribution v(x),

x € ACR, is given by

8
o 8
A

It is clear that the pgf of the g(x)-mixture of the Poisson is given by

o
- 8
G(z) = J [m—) v(B)ds (2.4.2.4)

A

which obviously is the pgf of the mixture, on 8, of the negative binomial

-8
h(z) = (l + %-- %} . B>0,0<06<1 (2.45.2.5)

with v{x) as the mixing distribution. This implies that all mixtures,
on B8, of this negative binomial are inf div i.e. they are GPDs. The
case 05 1 in h(z) is the geometric distribution. Steutel (1967, and
1970, pp.60-61, 78) separately proves that all mixtures of the geometric
distribution

h (z) = (1- 8, )/(1-812), 0<8 <1 (2.4.2,5)

are inf div. These are discussed further in section 2.5.
The following is an example of inf div mixtures of the gamma

distribution. A detailed discussion of the properties of this distribution

is not of interest here.
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Mixing, on u, the gamma distribution

¥=1 =ux

Y
flx) = T%?Y x' e, x>0,u>0,y>0 (2.4.2.7)
with the general Beta-I distribution

-{a+B-1) 1

TCEY Rt S T s 0<u<i  (2.4.2.8)

viu) = A

gives the distribution with the density

LY T{a + B) Y-1 ) .
fix) = A I R ks (et y;a+B+y; - ax)
= CxY-le-kxxFl{B; a+ B+ vy Ax) (2.4,2.9)

where 3 AYIIF(Y) F(R, vy o + 8 + vy 1)].

The Laplace transform of f(x) is obtained as

L(s) = ije-tk+"xY'llF1(B; a + B8 + y; Ax)dx
0

- o T ; LA )

o (r + s)Y ZFI[Y' Pra kg s)

s >0 (2.4.2.10)

~ A
R L 211[7' Byat B+, X’;‘g}
A+s 2FI(Y,B;G+B + yv; 1) 4

From this the pgf of the f(x)-mixture of the Poisson is cbtained as

Y
" A : . S ; ;
G(z) = [TT-I—:—Z] zFI[Y’ B'a+B+Y'l+l-2]/2F1(Y' B;a +B + vy; 1)
= hY(Z) H(hl(z)) (2.4.2.11)
where
H(z) = _F (B, ys a+8+y;2)/,F (B, v;a+8+y; 1) (2.4.2.12)
i.e. the generalized Waring distribution,
=Y
_ 1 z
hY(Z} = {l + e 'A—J i (2.4,2.13)
a negative binomial, and
1 z -
hl(Z) = [l 1‘?—;] § (2.4.2.14)

a geometric distribution.

PpP.8Y, Ll/b}). 'The intinite divisibility of f(x) has been shown by

Grosswald (1976) and Bondesson (1978). Its rth moment is given by

o= 8" r(a - r)/T(a). (2.4.3.3)
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By the above result of Steutel, G(z) is a GPD at least for the
cases 0 < Yy € 1. The infinite divisibility of G(z) for 0 < y € 1 can
be shown in another way. Note that h (z) and hY(Z) are GPDs. This mixture
of the Poisson will be a GPD for the cases of H(z) which are GPDs,
When C < y < 1, H{z) is logconvex {(see section 2.5) and is therefore inf
div, Hence G(z) is a GPD at least for the special cases 0 <y < 1.

The probability function of G(z) is given by

A
p = 1 U & 1) (x4 Y) =F1[x *¥e BierBF Y Ao+ 1
x  T(y) \x + 1) {x+1 x! 2E (Y, By o+ B + ;3 1)

Y e1 s pi¥ I(x + y) S {x + v, By a+ B+ vy 8) 1 2D
T(y) F(x + 1) 2E (Y, By a4+ B+ y3 1) A TAENEN

1

with 8 = A/(Ax + 1), O < & < 1, a representation which, while in itself
is not quite useful for computation, can be a basis for the derivation

of a recursive formula,

2.4.3 The reciprocal-pamma mixture of the Poisson distribution

Here we present a compound Poisson distribution whose derivation is
simple but which does not seem to have been discussed before.

Given that a random variable u follows the gamma distribution
having the density

a

. B a=-1_ =3u
glu) = TGaT Y e , u>0,a>0,B8>0 (2.%.3.)1)
then the density of the distribution of x = %-is given by
f(x) = 8 P x>0 >0,8>0 (2.%.3.2)
x - W xu."‘l 5 5 O 5 T e,

The distribution defined by f(x) is the reciprocal gamma distribution,
or Pearson's Type V distribution (see e.g. Kendall and Stuart (1969,
pp.89, 176)). The infinite divisibility of f(x) has been shown by

Grosswald (1976) and Bondesson (1978). Its rth moment is given by

ut = 8" Ma - r)/T{a). (2.4.3.3)



- 82 =

The mixture of the Poisson with the reciprocal gamma as the
mixing distribution has the probability function, P _, obtained as

follows.

® ey
Px % J' Tffu}du
0
Su 1 “ (x=@) =) —(u+B/u)
x =) =) ={u+fu
5 r(a) =! j 4 e du
o
o2 xil2
= ??u} Bx‘ K;_u{Q/E), a>0,8>0 (2.4.3.4)
2" b
FlaT 37 K (®)s @a20>0,b=VB>0, %x=0,1, ... (2.4.35)

It is well known that Kh(y) denoting the second-kind modified Bessel
function is finite and positive for y » 0 and -» < A < », The definitional
theorem for a mixture (section 2.1) implies that if the integral above is
finite then the resulting P is a valid probability function.

Since the mixing distribution f(x) is inf div, so is its mixture
of the Poisson distribution. In other words, the reciprocal-gamma
mixture of the Poisson is a generalized Polsson distributicn.

Computation of the probabllities is eased by use of the recursive

formula:
X+ 1-a b2
P = i B oy PR TER ] Po x=0, 1, ... (2.4,3.8)
with P = 2b K (2b)/r(a)
a -a
and P, = PL.bKl_.(Eb}/K_.{Eb)

The rth factorial moment of the distribution is given by

M, = b rla ~ v)/r(a) (2.4.3.7)

which is finite for all non-integral a, and all integral a > r. In

particular the first two factorial mowents are
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b* /(a ~ 1) (2.4.3.8)

o
1

1)

" b
and Vs ¥ o =3 (2.5%.3.9

from which the mean and variance are obtained respectively as

b’ /{a - 1), a>1 (2.4.3.10)

=
1]

=
n

H a2 31
u[l + g 2] (2.4.3.1%

Note that some other important discrete distributions (e.g. the
generalized Waring distribution) also have this feature of non-existence
of certain moments for some parameter values.

The moments estimators of a and b respectively are

2 + X /s - &) (2.%.3.12)

1

a

and

b o= (X1 + %/ -0N" (2.4,3.13)
Since all non-trivial GPDs and all mixtures of the Poisson are overdisoersed
i.e. are such that in all cases a > u (see section 2.3.2), presumably

they would not be fitted to any data for which s° & %. This implies

that the estimators a and b are applicable in all the situations in

which the fitting of the Poisson A reciprocal gamma distribution is
particularly appropriate.

Note that this distribution is distinct from the generalized-~
inverse-normal mixture of the Poisscn, Sichel (1973) remarks that the
generalized inverse normal is intermediate to Pearson's Type III and
Type Vfand tends to either only in the limit. The reciprocal gamma is
a Type V. The mixture given here is simpler than Sichel's generalized-
inverse-normal mixture of the Poisson, since it has only two
parameters in contrast with Sichel's three. However there is an
interesting relationship between the two distributions.

Steutel (1970, p.88) observes that if f(x) is an inf div density,

then the functicn
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folx) = em‘f(x)/fecxf(x)dx (2.4.3.18)

is also an inf div density. This is the relationship between the
density f(x) of the reciprocal gamma and the special case y = -a,

a > 0 of f,(x) the generalized inverse normal since

— X Y—ze-fo

£.(x) = Ce . X -0 <y < w (2.4,.3.18)

L]
The same author observed further that if P, is the probability function
of an inf div lattice distribution, then another inf div lattice

distribution is defined by

E:. = é‘P /zgxl:;‘ s D<«<f <1 (2.4,3.15)

x
This is the relationship between the distribution defined above and the
subsystem Yy = ~a, a > 0 of Sichel's; 4 coprresponding to the probability

function of the former and Ef to that of the latter. Specifically,

P = 28"/T(a) 2K _(2b), a>0,b>0 (2.4,3.17)
x X. x —a
and
2 ——— (b6)"
PR = [}l - 9)7/K_ (2bV/T - 8'] o« ——— K (2b}, {2:4.3.13)
x —a Xe x —-a
d>0,b>0, 0<8 <]1.
The special case y = -3 of the generalized inverse normal is the

well-known inverse normal distribution (e.g. Tweedie (1%57)) and, as
mentioned earlier, its mixture of the Poisson has generated a

corpus of literature. It is observed that the correspending special
case a = 3 of the reciprocal gamma is also an important continuous
distriﬁution. It does not appear to have been given a specific name.

We shall refer to it as Feller's stable distribution (Feller (1971,
pp.173, 432, 436-437, 463)). A discussion of the mixture of the Poisson

obtained with this distribution follows.

The density of Feller's stable distributicn is given as

i
S

/.

=
. o 3, ~w 2 . "
flx) = E— (nx ) Juxpf—a Ju%), x> 0, &> 0 £2.4%.3.1
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and using the relation

its Laplace transform is given by

"
() = X (u) = [%%) e ", (2:4.3,20)
L(s) = exp(- a/s) (2.4.3.21)

from which the pgf of its mixture of the Poisson is obtained as

G(z) = expi- a(l - 2)") (2.4.3.22)

G(z) = expla(ll -~ (1 - 2)*] - 1)} (2.4.3.23)

which is a generalized Poisson distribution if

is a valid pgf.
Kemp and Kemp

as

G(s)

Wz) = 1~ (1L -2)" (2.4.3.24)

(1968) give the pgf of the lost-games distribution

(2)™" ({1 - (L - upgs)™1* (2.4.3.25)

(ps)laf;(%a, {a + 1); a + 1; 4pgs) (2.4.3.26)

This provides us with the relation

[L- (1 - ﬂpqs)w]'

B (5)'(“PQ$).2F;(56= I(a + 1); a + 1; upgs) (3.8,.3.27)

On making the substitution z = Upgs, we have

[ - (1 ~ z)*]"

Putting a = 1 gives

1={1L-2z)"

(32" F,(3a, 3a + };5 a + 13 2) (2.4.3.28)

(%JzzFlf%, l; 2y z)

"

z,F (3, 15 25 2}/ F (3, 15 25 1) (2.4.3.29)

which is the pgf of a shifted Waring distribution. Hence

n(z) = 1 -(1-2)" (2.4.3.30)

is not only a pgf; it is in fact the pgf of an important discrete

distribution. This shows that like the Poisson-inverse normal (PIN)

distribution, the mixture of the Poisson with Feller's distribution is



- 95 -

an important generalized Poisson distribution. This distribution has no

moments. An estimator of o is -{log(22f;x/N-l)}ff5. {See section 3.2.4.)

2.4.4 The f(x)-mixture of the Poisson where x = a > 0

If F(x) is a pdf on (0,«), the pdf hix) = f(x - B), x 28 >
can be regarded as the shifted form of f(x). An example is the

generalized gamma distribution

. oY
e - Fi——jJ J, x> A>0 (2.4.4.1)

h(x) = [y/(8*T(a))](x - A) exp 3

(Johnson and Ketz (1970, p.197)) which is the shifted form of

Stacy’s (1962)

- - VY
£x) = [y (B8*1(a))1x™ lexp]‘-— [?BEJ ], X > O (2.5 M4.2)

It is noted that if f(x) is inf div, so is h(x) (see e.g. Steutel (1970,
p-42)). Infinitely divisible random variables bounded below have been
discussed in detail by Baxter and Shapiro (1960) (see also Feller (1971,
Chapter XVII) and Tucker (1961)).

Let L (s) and L (s) denote the Laplace transform of f(x) and the
corresponding definite integral of h(x) respectively. The relationship

between L (s) and L (s) is given by

Lf(s) = J e fx)}dx (2.4.4,3)

(1]
= J o VB er, o Bdu (2.5 .4.4)

8
s eB’Jme-'"h(deu (2.6.4.5)

8

= eB'Lh(s) (2.4.4,6)
ie. L(s) = e 'L (s) (2.4.4.7)
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From this relation it is clear that the h(x)-mixture of the Poisson
is the convolution of a Poisson distribution and the f(x)-mixture of
the Ppisson, provided that the latter exists.

If £f{x) is inf div, so is its mixture of the Poisson and hence sc is
the h(x)-mixture of the Poisson its shifted form. For example, if hi(x) is
the three-parameter gamma distribution (Johnson and Kotz (1970, p.166))

n(x) = [B7%/I(a)l(x - M expl- (x - 2)/B], @ >0,8>0, x>1>0
{2.4.4.8)

which is the shifted form of the standard gamma distribution, then the n(x)-

mixture of the Poisson 1is the convolution of a Poisson distribution and

a negative binomial distribution. This mixture has the pgf

Afz -1) -t
=)

G(z) = (1L + 8 - Bz) (2.4.4.9)
This is the distribution discussed by Luders (1934). It is a generalized
Poisson distribution having the cluster-size distribution

h(z) = 8,z + {1~ 8,) log(l - 8,z)/log(l ~ &) (2.4.4.12)

0<6 <1,0<8, <1 (see section 2.2.4).

2.5 Other Classes of GPDs

2.5.1 Mixtures of the geometric distribution

All generalized geometric distributions are GPDs, since generalizing
a GPD gives another GPD. Steutel (1967, and 1970, pp.60-61, 78) has given
an important result which states that all mixtures of (and all mixtures,
on 8, of all distributions resulting from generalizing) the geometric
distribution, GB’ with the pgf

hi(z) = (1 - 8)/(1 - 6z), 0<H <1 (2.5.1.1)

are infinitely divisible. This means that it is not only all generalized
Ge-distributions but also all compound GB-distributions that are infinitely

divisible. Hence this parametric form of the geometric distribution is
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very important in a discussion of generalized Poisson distributions.

Harn (1978, p.20) has observed that a lattice distribution on
non-negative integers is completely monotone if and only if it is a mixture
of the parametric form Gy of the geometric distribution. This system of
lattice distributions is the main focus of Harn (1978). The following
theorems about mixtures of this geometric distribution are due to Harn.

Theorem 4(a)

A lattice distribution, G(z), on x = 0, 1,... i5 a mixture of the

parametric form Gg of the geometric distribution if and only if

H(z) = % (2.5.1.2)

is a pgf.

Theorem 4(b)

If H(z) is any pgf, then G(z) = h (z) . h,(h,(2)H(2z)) is a mixture of
the geometric distribution Ggs where
h(z) = (1- 91)1{1 - 6,2), (2:541.3]

0<o <1,1i=1,2,3,6 <68,

Theorem 4{(c)(i)

If G(z) is the pgf of a mixture of the geometric distribution Gy

then so are

_ o
HI{Z) e o - lOgG Z 3 > 0 {2-51.1‘“‘)
~ G{z)
Hz(z) A ey a >0 (2.5.1.8)
- 6
and . Hs(z) Sl S T e 0 <8<1, (2.5.1.6)

Theorem 4(c)(ii)

If G, (z) and G,(z) are mixtures of the geometric distribution Gy

then so is
Gl(z) Gz(z)

{2.5,1.7)
G, (z) +6,(z) - G (2) G,(z)

H(z) =
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An example of the mixtures of the geometric distribution Gy is
that with the standard Beta-I distribution as the mixing distribution.
This mixture is usually called the beta-geometric (e.g. Chatfield (1970))

or the Waring distribution (Irwin (1865)}). 1Its pgf is given by

"

1
&(z) J {l 73 ] 2 67 (1 - e)B"’ de (2.5.1.8)

l - 8z} B(a, R)

F1(1, a; a + 8 + 1; z)

- 2 =
- z?lkl, G" o + E * l; l) (2--&.1.9)

(see e.g. Kemp and Kemp (19564 ). KNote that this distribution is
logconvex (section 2.5.2) and hence satisfies another sufficiency

condition for infinite divisibility.

2.5.2 Logconvex lattice distributions

A lattice distribution on x = 0, 1,... is said to be logconvex, if

2 B
PK X-‘PX‘].’ = - l, 2,.«‘ (203.2.1‘)
i.e. if the ratiocs
P
1
R, = -%1-, x® @ L (2.5.2.2)

form a monotone increasing sequence. Warde and Katti (1971) have
proved that logconvexity is a sufficient condition for infinite
divisibility. This result is stated here as a theorem.
Theorem 5

A discrete distribution on x = 0, 1, is infinitely divisible if
it is iogconvex.
That this condition is not a necessary condition for inf div is obvious
with the Poisson distribution and the cases a > 1 of the negative
binomial

6(z) = (1L+8~82)"" (2.5.2,3)

as counter-examples.
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Barn (1878, p.21) alsc gives the following ordering of some
of generalized Poisson distributions.

the set of all mixtures of the gecmetric

Suppose A denotes

distribution G,, B denotes the set of all logconvex lattice distribution,

01
C the set of all generalized geometric distributions, and D the set of
all generalized Poisson distributions. Then
ACBCCCD (2.5.
where all inclusions are strict,
The following are some examples of logconvex lattice distributions.

=P /P  which determines
x+1 x

With each is given the form of the ratio R

logconvexity.
The special cases of the generalized hypergeometric distributions
of the form
G (z) e e Rl s Wil L Baiag 8<1, Zb > 0 (2.
3, (z) = — . P ——— O < » L 2.5
1 S I 7 (ql), (ui + D'), 1) 1 i 1
are logconvex. For these the ratio R 1is given by
J-:+E?1 fx+a1 (x + a_ \|‘
R = - . - . (2.5,
x x+ 1 jJ|x+a +0D xt+a +b |
1 1 m mj
These include the Waring distribution with
G(z) = Cafl{l, ;. &+ B+ 1y 3) £ 2:5:
and Kemp's (1980) convertible distributions
o 1L 3 5 5 o -
G(Z) = \,3:2(5, ‘Z)', 2; 3, ‘j; ZJ L..'.'J.
f 5 3
and 6(z) = u‘l'zl‘l, 3 A :'?'*; 7 3 32 Zle (2.5
Another set of logconvex special cases of the generalized
hypergeometric distributions are those of the form
T a )i (z b )y 8.2
6, (z) = moafm' %y (308 73 B8 %) 0<8 <1,0<8 <1, (2.5
2+ ® F (8 ,(a); a +b )3 8 ) ° "1 . 2 ¥ e
m+l m 1 i i i 2

2.4)

2:5)

D

4

2.10)



with

[x + el X ¥ a1 X+ a_
R B 9'.*t-.u+l xt+ta t+b x+ta +b )"’ (2.5:2.30)
1 1 m n

Note that the relationship between G (z) and G,(z) is of the type
mentioned in section 2.4.3 (Stentel (1970, p.88)). Distributions

of the form G (2) include the shifted logarithmic distribution
G(z) = czrl(l, 1, 2y z), 0O0<@8 <1 {2:5.2.12)
and the lost-games shifted-to-zero
6(z) = CF (3, 1;2; 4(1-0)2), 0<8<1 (2:.5.2:13)
Note that if o(z) = CpF;((q £ (% )3 z) is a logconvex pgf,

so is &(z) = € F ((a )s; (B
P a i

)3 82), 0 <6 <.

2.5.3 The geometric with-added~zerces and related GPDs

The inf div lattice distributions discussed in this section and
the next are al)l convolutions of pseudo-binomials. A function w(z) is
called a pseudo-binomial if it is in the form

wz) = (q +pz)¥, v non-integral, G <p <1, q=1-p
(g +1 -~ 8z)%, @ >0, g > 0. -‘”1117

or wl(z)

Convolutions of pseudo-binomials have been discussed by Kemp (1973) who
gives conditions under which they can be pgfs and presents examples, some
of which are infinitely divisible e.g. the geometric with-added-zeroes and
Bhattacharya's mixture of the Poisson. Some examples of pseudo-binomials
have also been given by Feller (1968, pp.290-291). A pgf can, in general,
be represented (in several ways) as a product of two purely mathematical
functions, The objective here is to present some infinitely divisible

pseudo-binomial convolutions as products of clearly recognizable inf div

pgfs.
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The expressions "with-added-zeroces" and "with-decreased-zeroces"
are due to Johnson and Kotz (1969, pp.204-206) whe give to a distribution
with pgf of the form
G(z) = 0+ (1 -9)h(z), |8] <1 (2.5.3.1)
the name "h(z)-with-decreased-zeroes" if 8 is negative and
"h(z)-with-added-zeroces" if 6 is positive.

The pgfs of two geometric distributions G G, with0 <8, <8, <1

can be represented as
hl(z) = (1- Bl)/(l - 913) (2.5.3.2)
1 Z =
= [l b - E} » B = 1/(a + 1), o >0 (2.5.3.3)
h(z) = (1-2¢6,)/(1~8,2) (2.5.3.8)

1/(a + B + 1),

1 z |7
=[l+u+ﬁ-u+8] 'Bz
x>0, 8 > 0. {2.5.3.5)

Their quotient is

6(z) = h,(2)/h,(2)
-1 -1
_ 1 Z % a Z
'[l+?;_€] /[l+a+6 u+B]
. 1 __z | iz
= [l ¥ = BJ/[l = u] {2.5.3:8)

(a convelution of pseudo-binomials)

8 + (1 - 8) h:(Z)

where 8 = a/(a + B), @ > O, B > O, Hence G(z) is the pgf of the
geometric distribution with-added~zeroes. Note that any geometric
distribution can be put in the form hx(Z)’

Considering h (z) in the form G, i.e. h (2) = (1 - 8)/(1 - 8,2},

%

it is obvious that 6(z) is a mixture of h (z) where the mixing distribution
is the binomial with unit exponent parameter. Therefore since all mixtures

of Ga are infinitely divisible, G(z) is inf divisible. The infinite

1
divisibility of G(z) can be shown in another way. The Levy-Feller form of
G(z) is K ASHIN :f.ri-i- ST R T
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G(z) = expiilu(z) - 1]} (2.5.2.7)
h A = - logll - g >0 8)
whene - g_ B +ala + 8 + 1) SR
and u(z) =} pfzx (2:5.3.9)
x=]1
i R a+1 )"
el v s [;} [m] L ) [WH <

Since u(z) is a pgf and X > 0, G{2) is a generalized Poisson distributicn.
In other words it is infinitely divisible.

The function

u(x) = x " F(a;b;8x), x>0,b>0 (2.5.3.10)

has the Laplace transforn

a
(s} = [3 - BJ " s > 0. (2.5.3.11)

This provides a pdf

b a
f(x) = F%ET [I—iééi e_Yxxb_llFl(a, b; Bx), x>0,y >8>0 |
= F%gj-u,(u + S)b-'e-‘u+a’xxP_llF1(a; by Bx), x>0, a =y -8 >0,
B >0 X 2:5.3.12)

having the Laplace transform

a a-=b
L(s) = <« EX K ) (2.5.3.13)
(« + 8)°"°° (s + o)

The f(x)-mixture of the Poisson has the pgf
a 5 =
o Llo+ B +1-2)

CEY il ,

1 z &0 1 gl
1+ o B) [l + - E) (2.5.3.18)

in its representation as a convolution of pseudo-binomials. The special

Glz)

{a + 1 - 2)

case B = 1 of f(x) is Bhattacharya's (1966) continuous distribution and
G(®), the f(x)-mixture of the Poisson derived by the same author

(see section 2.3.1). The distributions f(x) and G(z) will therefore
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be referred to as the extended versions of Bhattacharya's distributions.

We observe that

1 Z v 1 z 3
Glz) = {l Ye T B o+ B) (l ta T E}
d
-b -1 -1
_ 1 2 i _z 1 z =
- [l Y3 TE o+ B {[l te o a]///[l Yo B ‘e B] ] (2.5.3.25)
\ =D "
3 1 _ Z - £ _z
= [l ity e ] [} ¥ {1 8)[1 * = u] J
= Hl(z) Hz(z) (2.5.3.26)
where
3 z -
Hl(z) = [1 + s e lJ £2.8.3:.27)

a negative binomial distribution, and

a
11
[; + {1 - B)[l - Eﬂ }
n s § (5 ]

[u(z)]" (2.5.3.2.8)

n

Hz(zJ

with u(z) being a geometric distribution with-added-zeroes, which is
infinitely divisible. This representation exhibits clearly the infinite
divisibility of G(z) by showing it as a convolution of two infinitely
divisible distributions.

Note that if a > b we can have, alternatively,

G{z)

1]
———

[

+
=
+{
o

]
(=]
=+t
f
ekl M

[T

—

s

+
2=

I
2N
| L

o

1
d—,
}.—(

+
&l
'
2|n
R e

&
Ry
'_J
._i.

R”
+{
=
I
a
+ |
el
| —
\.“\
—
'_l
+
H
|
s
f
[—
-

-b saj| e
_ 1 Z : | z _ =
B [l + -5 —*} (ﬁ + (1 - 9)[1 + -4 - -3 j’ = HI(Z) Hz(Z) €2.5.3.29)
1 -B
where, similarly, Hl(zl - (l t= - E] , 4 negative binomial
and Hé(z) = [u( }]“_b}, a-b>0
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Both H, (z) and H,(z) are again infinitely divisible.

The density

372 -0 X
f(x) = B (L +28xle = 4>0,e>0,8>0 (2.5.3.27)

(a + B)V7 Vi

"
J
3

is the mixture of Gamma(x;-%, u] and Gamma[x; %, a] and has the LT
L

3/ 2
L(s) = [“;3+“]{ = } (2.5.3.22)

from which the pgf of its mixture of the Pecisscn is obtained as

1 z 1 2 2
G(z) = {l+a+5-a+ﬁ}/[l+a__;j (2:5.3.22)

wn

a convolution of two pseudo-binomials. This distribution is actually

the special case a = 3/2, b = 1/2 of the extended version of Bhattacharvya's
discussed above. Therefore following the procedure for the general form,
in this case the latter alternative, the pgf G(z) in this special case can

be represented as

[ 3/ 2
@2 = l1+uj;s uis}/{l'*i"i]
=1
c feed-gpra-ofe2-g7]
= H (z) H (z) (2.5.3,23)
where
( 1 z_“
H (z) = ll i = E] , @ negative binomial
and H(z) = 8+ (1 -8)|1 + S . E-_l 8 = a/(a + 8)
2 a ? ?

a geometric distribution with-added-zeroces.
Sankaran's (1970b) mixture of the Poisson by ‘the Lindley distribution

(i,e. by the mixture of Camma(x; 2, a) and Gamma(x; 1, a)) with the density
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2

= - x .
f(x) —ﬂ——a N (z + e (2.5.3.2u4)
« 1.3 o o %%l & o {;e_uf] (2.5.3.25)
- a + 1 ‘Jf2) a + 1} - CEREAEE
has the pgf
1 z 1 z)?
G(Z) = [l +0‘» o) - g l)/[l +E_E] s (2.5.3,28)

another convolution of pseudo-binomials. It is the special case a = 2,

b = 1 of Bhattacharya's. It is obvious that

. : 1.z
G(z) = [l+a+l a+l]/[l+c; a]
_ 1 = 1 =z 1 z |
_{1+5 *} _(l+5 a] [1+u+l Cl'l'lJ}
_1- -1
= (1+%-5] Le+(1-e)[1+i-i]}
= Hl(z) Hz(z) (2.5,3.27)
where
¥ @™
H:(z} = [l + o EJ » a geometric distribution
1 -1
and H(z) = 8+ (1 - 9)[1 + = - 5} ,» 8 =2 af(e + 1),
2 s o

a geometric distribution with-added-zeroces.

2.5.4 The geometric with-decreased-zerces and related GFDs

In his discussion on infinitely divisible pgfs, Feller (1868,

pPp.290-291) gives the following, among others, as an example:

Yz
Gulz) = Yq - p [%——_*—ﬁ—:—] (2.5.4.1)

where 0 < p <1, g =1 ~p > p. Considering G4(z) in the form



"

I ¥
G*(z) yq -p tmz_]

q - pz
. 1 - (p/q) 11" P .
= l(q - pz)[; =TT s 0 < s 3

we have a convelution of pseudo-binomials.

Here we show that

_ . 9
alz) = (q+ W)B - ‘pﬁq’zj

the base-component of G,(z) is in fact the geometric distribution
with-decreased-zeroes, and alsc that G(z) is infinitely divisible,
which explains the inf divisibility of G,(z). Then we present another
inf div convolution of pseudo-binomials, the convolution of G(z) with a
negative binomial distribution.

On putting p = 1/(a + 2), @ =1-p = (a + 1)/(c + 2) we have

c(z)

i )m]
A p[q-pz

(g - p)-1 + (2g)(g = pz) 7]
- I -0 S
L!-l-?] * ]_1' [n+2]}[1+5-3}

n

31

where 8 = -~ ag/(a + 2), a >0, 0 < [8] <1

Y
(g + pz)%l:l_:%’%)ﬁ] (2.5.4,2)

-1
8 + {1 ~ 8)[1 + 11; - 5—] (2.5.4.3)

i.e. G{z}) =8 + (1 - GJhJ(z} (2.5.4,4) (

-3
with hi(zJ = [l +‘% - E} and 8 = - a/{a + 2), Hence G(z) is a

geometric distribution with-decreased-zeroes.

The infinite divisibility of this distribution is more easily shown

when G(z) is put in the Levy-Feller form

G(z) = expiAlu(z) - 1]} (2.5.4.5)
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) = fl + 621
where u(z) = (1/1) logil — 5z
= (2/%) § (e2)®" /(2% + 1)
x=0
= IR 2 (2.5.4.6)
with
8 = 1/(a + 1), 0<h <], (2.5.8.7)
o 1-8 -
A - lcg{—“—e] > O, {L.D.u.e)
and P o= (2/))8 /x, % = 1 35 5 (2.5.4.9)

x
It is obvious that u(z) is & pgf. It can be regarded as the logseries
on positive odd numbers. This shows that G(z) is a GPD. The infinite
divisibility of G(z) implies that of Gu(z).

Now consider the expression

-(a+l)

{
(1 +2z)1 - 2) = _r ta, + l;-%; z], (2] < 1, & > 0 {2.5:4.,20)

rofm

(see e.g. Mangulis (1965, pp.l1l, 14)). This implies that

1+ez)( 1 ) ( a a . . Y
T6z)(T=0z 2F1[a,§+l;§, 6z], 0<0<1, |z|] <1, a>0. (2.5.4.11
Hence the distribution with the pgf

S ¥ q + pz) fg—pr 4

G(z) = L(q- P)[q—pz_} Q- pZ) (2.5.4.12)
1+82¥f2 -2 ~-2}) P

: : : - l“. 3

[yl i }{l = BzJJll 2 az] L 8RBl (2.5.4.00)

( a ) [ a .. & )
= 2}—1 ;La, 5‘*‘ 175 bz ’Qri la, vl + 13 =3 e (2.5,4.14)

is inf div since it is the convolution of a geometric with-decreased-zerces
(an inf div distribution)with a negative binomial (another inf div

distribution).
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The probability function of this generalized hypergeometric

probability distribution is

a
T{x + a) P(x Lk 5} Ei

Flx + =
2
and a recurrence relation between successive probability is
_ X +ati2x +a + 2 o
oy = ofrrd)(zrardy —

2.6 Genesis and Applications of GPDs

2.6.1 The clustering model

The clustering model was described in section 1.4.6, and the
application of GPDs in the study of accident proneness was mentioned
in section 2.4.4 to illustrate the clustering model. A comprehensive
review on this has been given by Kemp (1970)., Another area of application
of GPDs already mentioned (section 2.5.2) as an example of the clustering
model is the spatial distribution of populations of insects, plants, and
bacteria, to which the review papers of Patil and Stiteler (1972, 1974)
and Westman (1971) are closely related, as is a brief discussion by
Boswell et al. (1979, pp.103-111).

Among the many other phenomena which can be studied by the clustering
model is the emission of cosmic ray showers. It is generally supposed
that the number N of cosmic ray showers has a Poisson distribution with
parame:ter' A where A is the expected number of showers per unit time-
interval. TFor any given ray counter the number of registrations caused
by a shower is a random variable having a distribution with pgf h(z).

Then the number of registrations during a unit time-interval is a GPD
having the pgf

6(z) = expirlh(z) - 1]1}.
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2.6.2 The stutteriqngoisson model

The stuttering-Poisscn model is widely used in operational research

e.g. in queueing and inventory problems (e.g. Galliher et al. (1959),

Cox (1967, pp.95-96), and Adelson (1977)). It is desired to fit a
theoretical probability distribution to "demands". The assumption is
that orders of sizes 1, 2,... arrive simultaneously as independent
Poisson streams of means a (i =1, 2,...) orders per unit time
respectively. The distributicn of total demands per unit time is
therefore the convolution of Poisson singlet, doublet, triplet, etc.,

distributions, and its pgf is

G(z) = exp{la (z' - 1)}, a >0 (2.6.2.1)
= expi{A[h(z) - 1]} (2.6:2:2)
where
A o= Ia, (2.6.2.3)
and h(z) = I(a /A)z'. (2.6.2.4)

Kemp (1967b) has discussed stuttering-Poisson distributions as
generalized Poisson distributions. Galliher et al. (1959) use the
Poisson-gecmetric distribution in their inventory study, although a
GPD with a finite cluster-size distribution is considered more
appropriate (Adelson (1977)). Kemp and Kemp's (1965) Hermite distribution
having the pgf

6(z) = expla (z ~ 1) + a, (2 - 1}, (2.6.2.5)

Gupta and Jain's (1974) generalized Hermite distribution with the pgf

6(z) = expla(z ~ 1) +a (2" - 1}, (2.6.2.6)

Patel's (1376b) triple and quadruple stuttering-Poisson (i.e. the three-

parameter and the four-parameter Hermite) distributions having respectively

the pgfs
G(z) = expla (z - 1) +a,(z° - 1) +a,(z° - D}, (2.6.2.7)
G(z) = expla (z - 1) +a(z - 1) +a(z -1)+a(z"- 1)},(2.6.2.8)
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and the Poisson-binomial having the pgf

G(z) = exp{Al((1 - 8) +8z)" - 11}, @ = 1/(8 + 1) (2.6.2.9)
* i
= expila,(z -1) (2.6.2.10
E
. ~ g 1"{m) s
R 3, = [e_Ti'] {1]3

are particularly suitable for studying the stuttering-Poisson in-flow

of demands.

2.7 Summary on "Generalized Poisson Distributions"

In this chapter, the definition and several functional forms of
generalized Poisson distributions have been given. Properties and
applications of this family of discrete distributions have also been
discussed.

A discrete distribution is said to be a generalized Poisson

distribution if its pgf can be put in the form
G(z) = exp{i[h(z) - 1]}

where A > 0 and h(z) is a pgf. In a case where h(z) takes values on

x =0, 1,... the form can be recast as

G(z) = exp{Y[h+(z) - 1]}
by putting
y = A1l - h(0)}
and h,(z) = {n(z) - h(0)}/{1 - h(O)},

thereby giving h (z) supported on x = 1, 2,... This latter form is
called the Levy-Feller representation and is useful, in particular,
for describing the spatial pattern of an aggregated population whose
members are in randomly dispersed clusters.

It is often not obvious that a given discrete distribution is or

is not a GPD when the pgf is presented in forms different from the above
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two. Certain conditions have been given for identifying some distributions
which are clearly not GPDs. For example, terminating and truncated lattice
distributions are not GPDs, neither is a discrete distribution whose
variance is less than its mean or less than lepo where Po’ P1 denote

the probabilities of the variates zero and one respectively. Also, if a
lattice distribution is non-increasing and

x(Px_1 - Px) > P,

for any of x = 1, 2,..., then it is not a GPD.

It does not follow however that all other types of lattice
distributions are necessarily GPDs. To ascertain that a given distribution
is actually a GPD is in general not easy. ©Some sufficient conditions are
however available for identifying certain types of GPDs. For example, if

a lattice distribution is logconvex, that is, has probabilities 2

satisfying
X+l Px
— 2 for all x = 1, 25...
P P
x =1

then it is definitely a GPD. 5o is any completely monotone discrete
distribution, that is, any distribution arising as a mixture of the
geometric distribution having the pgf

h(z) = (1 -8)/(1L - 8z), 0<B <1,

Some theorems have been stated, which can be applied in determining whether
a given pgf is the pgf of such a mixture.

A lattice distribution with the pgf G(z) is a GPD if and only if

V(z) = lim[[{G(z)}Y - (a1} /{{a(D)}Y - {G(o)}Y]]
y+0

is a pgf (Xemp (1978)). 1If G(z) is indeed a GPD then its cluster-size
distribution is given by V(z).

Another necessary and sufficient condition is given by the property
of infinite divisibility. A discrete distribution is a GPD if and only

if it is infinitely divisible i.e. if and only if its pgf G(z) is such
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that

niz) = {g(z)*

where h(z) is a pgf and o is any real positive number. The mixture of the
Poisson by an infinitely divisible distribution is alse infinitely
divisible and is hence a GPD (see e.g. Maceda (1948)). Huff (1978)

has even shown that if the mixing distribution from which a mixture of the
Poisson is derived is not infinitely divisible then the mixture of the
Poisson is not infinitely divisible.

Mixtures of the Poisson (compound Poisson distributions) have natural
applications in models of heterogeneity while generalized Poisson
distributions are useful for studying clustering models. The former
are known as models of apparent contagion and the latter are called
models of true contagion. Hence an infinitely divisible mixture of the
Poisson is generated by chance mechanisms exhibiting both apparent contagion
and true contagion simultaneously. The negative binomial is a well known
example. Some other infinitely divisible mixtures of the Poisson have been
derived in this chapter, from infinitely divisible continuous distributions
supported on the whole or part of the positive half real liﬁe. One of
these is the Poisson A reciprocal gamma distributiocn.

The types of GPDs discussed include infinitely divisible convolutions
of pseudo-binomials. A function w(z) is called a pseudo-binomial if it
is in the form

_w(z) = (q ¢t pz)Y, Y non-integral, 0 < p < 1l,q=1-p
or w(z) = (B + 1~ Bz)u, a >0, B>0.

(Kemp (19749)). Some infinitely divisible convolutions of pseudo-binomials
given in the literature are re-cast into conventional forms.

Analytical aspects which are not directly of practical importance
are excluded from the discussion. Hartman and Wintner (1942}, Gnedenko
(1973), and Cuppens and Lukacs (1969) have given interesting expositions

on such aspects.
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CHAPTER 3

THE POISSON INVERSE NORMAL DISTRIBUTION

3.1 Introduction

Chapter 1 is about families, genesis, and applications of discrete
distributions in general, while Chapter 2 is a discussion of the particular
family of interest, the generalized Poisson distributions. In this
chapter, we narrow down further and consider a specific generalized
Poisson distribution, the Pcisson A inverse normal (PIN) distribution.

Our interest lies mainly in parameter estimation: in Section 3.2, the
major parameter estimation methods in use for generalized Poisson
distributions are reviewed. The rest of the chapter then dwells on the
PIN distribution alone.

The Poisson A inverse normal (alsc commonly called Poisseon A inverse
Gaussian) distribution is the compound distribution obtained by allowing
the Poisson parameter to follow the inverse normal distribution.

The inverse normal distribution (e.g. Johnson and Kotz (1870,

pp.137-153) and Tweedie (1957)) has the density

2(x) = fa/2m))" expl- alx ~ 8)° /(28" %)) (3.1.0.1)
with x > 0, @ > 0, 8 > 0. It is otherwise called the inverse Gaussian
or the Wald distribution. The distribution is widely used in sequential
analysis and in the study of the motion of particles influenced by
Brownian movement. Relatively simple estimators of its parameters have
been shown to have desirable asymptotic as well as small-sample properties.
Furthermore, many of its features are closely related to the corresponding
features of the normal distribution. In particular, there is an inverse
relationship between its cumulant generating function and that of the

latter. Also, its cumulative distribution function, F(x), is given by
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oo+ ol o] -l - B

(3:1.0:2)

where ¢(y) denotes the cumulative distribution function of the standard

normal variable Y. Like the normal distribution it is unimodal and also

has the property of reproducibility. All these properties recommend the

distribution for consideration as a mixing distribution.

The moment generating function, M(t), of the inverse normal

distribution is

f

M(t) = exp [%}ll - [; ~ {221J€]»}

(3.1.0.3)

from which the probability generating function, G(z), of the Poisson A

inverse normal distribution is easily obtained as

alz) = exp [%J ll - [1 + [gg‘]‘z ’ “T]

This pgf can be recast as

ool e o]

exp{a(b - 1) [b E lJ(l - /1 ~ 82) - i]}

n

Gc(z)

"

expir[h(z) - 1]}

where

b
1]

alb -1) >0

g
o h(z) = lb 2 1) (1 - /T =%z

\

zafx(i, 1s 23 Bz)/aFl(i, 1; 2; 8)

with
a = a/B
z"'z
» e o2
a
2 2
and B = [E—]/[l-t-g—J
o a

(3.1.0.%)

(3.1.0.5)

(3.1.0.6)

(3.2.0.7)

(3.1.0.8)

(3.1.0.9)
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This form cleavrly shows that the PIN distribution is a generalized
Poisson distribution. Its cluster-size distribution has the pgf hi(z)
given in (3.1.0.6). The form of (3.1.0.8) and (2.%.3.29) shows its
relationship to the mixture of the Poisson obtained with Feller's stable
distribution, a special case of our new distribution, the Poisson A
reciprocal gamma distribution (Chapter 2, Section 2.u4.3).

On putting

p = 1 +vV1-8), q=1-p,0<pc<l {3.1.0.10)

it is easy to see that

n{z) = z,F (§, 15 2y 4pqz)/,F (3, 1; 2; 4pq) {3.1.0.11)

i.e. that h{z) is a lost-games distribution {(Kemp and Kemp {1968})
having unity as the value of the exponent parameter, a.

The mean and variance of the PIN distribution are given respectively

by

E(X) B (3.1.0.12)

2
and Var(x) o+ %;— (3.1.0.13)

Certain properties of the distribution have been discussed by
Holla (1968), Sankaran (1968), Sichel (1971, 1973a, 1973b, 1974, 1975,
1982a, 19682bJ), Shaban (1981, 1982) and Atkinson and Yeh (1982). Sankaran
fits it to a European-corn-borer data-set and Sichel considers jts fit
to word-frequency data (1971, 1975), diamond-stones-density data
(1973a, 1973b), and data obtained on customers' repeat~buying of
household nen-durable consumer-goods (1982b).

Sichel obtains the joint maximum likelihood estimators (1971) and the
corresponding asymptotic covariance matrix for the estimates (1982a) of
the parameters in a particular parameterization. He however expresses
digssatisfaction with the parameterization because of substantial negative
correlation between the two parameter estimates. In Section 3.3 we

consider Holla's (1966) parameterization of the distribution which we

find to be free of the defect in Sichel's. L
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For the parameters in Holla's parameterization, joint maximum
likelihood equations and expressions for obtaining the corresponding
asymptotic covariance matrix are derived. Shaban (1981) remarks that
maximum likelihood estimation for the two parameters in this form of
the distribution is intractable and he therefore settles for a particular
case involving only one parameter. The main approach followed here
(Section 3.3.1) is that based on the probability generating function,

a technigue proposed by Kemp (1967b). The mathematics involved are
straightforward. Section 3.3.2 derives the same expressions from the
probability function, thereby verifying the correctness of the expressions
and providing a comparison of the two methods of proceeding.

The maximum likelihood equations cbtained (in Section 3.3.3) are used
to £it the PIN distribution to some sets of data to which Martin and Katti
(1965) have fitted similar generalized Poisson distributions. The
pattern of the iterative procedure in the fit of the PIN distribution
is exhibited for two data sets. One is McCuire et al.'s (1357) frequently
used European-corn-borer (short-tailed) data, which is also the Empirical
Distribution No. 15 of Martin and Katti's. The other is Bertram's (1942)
filarial worms (long-tailed) data. The equations are also used (in Section
3.3.4) to compute the asymptotic correlations of the maximum-likelihood
estimates of the two parameters. All the results are discussed in
Section 3.3.5.

As a further contribution to the study of the Poisson inverse normal
distribution, we present in Section 3.4 the even-points estimators of the
parameters. Maximum-likelihood estimation for this distribution is an
iterative procedure and requires initial values of the estimates, values
provided by explicit estimators such as those from the even-points method.
Explicit estimators are, of course, also important in their own right.

Besides those of the even-points method (Section 3.4.1), explicit estimators

obtained from three other methods are given (in Section 3.4.2). The
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expressions required for computing the asymptotic efficiencies of these
four sets of estimators are derived in Section 3.3.3.

In Holla's (1966) parameterization the prcbability function of the
PIN distribution is given by

. w 1 (as8y| ,f | « 7"
£ {2a/n) 1 © [;/12[1 + ;E;J} : K(x-h) 2a(l1 + ;;;-J

o
1

{3.1.0.14;
w! x
2 oy (wx) K:x~m3(“n) (3.1.0.15;
where
L
W, = l2a[1 ¢ = = ab £3,2:0.16]
28
¥ 3 a/(ab) = GWO/E = B/b 4 0 % v 78 '
" ( a “ (a8
and w, = (20/7) ja/421 el e
HEEET
= (2w /m)e" (3.1.0.18;
with a, b, and © as given in (3.1.0.7), (3.1.0.8), and (3.1.0.9)
respectively.
In Sichel’'s (1971, 19875, 19B2a, 1982b) parameterization, the
probability function is given by
Pz (2y/m expiv(l - 8)"} L (yes2)* L x (y) (3.1,0.19]
x Y PL . Y Ki {x-’h) Y s bhada lT,

that is, in relation to Holla's, Sichel's parameters & and y are given by

21 2
[3.:5_}/[1 +.2.@_] A
[ o

8 =
L]
o 2Ba
and Y = l‘é"] 1 +T 13.2:0.21;

The recurrence relation for the modified Bessel function of the
second kind is given by

(y) = 2 (y) + K, _

c+1 y

1(y) (3.1.0:22)
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From this, the recurrence relation for the probabilities of the PIN

distribution is easily obtained as

% _ ] : =
(x + )P~ = 6(x 3P+ (w /x)P, % 8 Y; Rpven (3.1.0.23)

oy ¥
with

P, @ exp(- a(b - 1)), P, & WP, (3.1.0.24)

Although theoretically the parameters a and 8 can each take any
non-negative value, only limited ranges of values are important from
the point of view of application. Firstly, since the distribution is

. . " -2 5

a GPD, it is clear that P, > 0. For practical purposes, Po > 1.0 x 10
is a very non-restrictive requirement. The corresponding limits on the
parameter values follow accordingly. The second requirement affecting
the range of parameter values is the tail-length, the effective support.
One way of determining this is to compute percentage points, such as has
been done to obtain Table 1.

Entries in the table are the minimum values of m such that

m
T = 1- )P < 0.000l. (3.1.0.25)
m X
x=0

Entries greater than 300 in this table correspond to parameter
values which are rarely encountered in practical situations. A
few empirical distributions with non-trivial support of up to x = 1000
have been cited in the literature (e.g. Herdan (1964)). However the
sample size required to reasonably represent distributions with such a

wide effective support is rarely attainable.

2.2 Parameter Estimation Methods for GPDs

3.2.1 Maximum likelihood estimation

The maximum~likelihood method is generally regarded as the standard
estimation method. This is mainly because of its desirable asymptotic

properties. The method also has the advantage that the estimators it
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provides for different parameterizations of a given distributicn are
invariant. However the (asymptotic) superiority of maximum-likelihood
does not necessarily apply in small sample situations.

Suppose we have a sample of size N = Zf; where f, is the number of
members of the sample taking the value x, and we wish to estimate the
parameters of a distribution by the maximum-likelihood method. Let P
be the corresponding theoretical probability based on the particular values
of the parameters under consideration. Then the loglikelihood of the sample
is

L = If logP . _ - (3.2.1.1)
o X

Note that maximizing the loglikelihood is equivalent to maximizing the
likelihood.

The subject of Nonlinear Optimizatien has provided technigues for
performing such maximization. Most of these techniques are presented as
minimizatien procedures. In this case then the objective functien to
minimize is the negative loglikelihood. In general we ars dealing with
unconstrained minimization (e.g. Kennedy and Gentle (1880, pp.425-475)),
except that for lattice distributrion positivity constraints are often
attached, since in most cases the parameters being estimated are
positive-valued.

Most of the good minimization techniques usually requipe that
first or second derivatives of the objective function be provided.
Fisher's scoring method (see e.g. Rao (13973, pp.366-374}), a version
of the well-known Newton-Raphson method, uses the matrix of the expected
values of the second derivatives instead of the actual Hessian matrix.
Like the Newton-Raphson and all its other modifications, when a
stationary point is reached the Hessian matrix is available for use in
determining the precision of the minimum. It is the method preferred
here because of this advantage of having the Hessian matrix for computing

the asymptotic covariance matrix of the maximum likelihood estimates and



hence obtaining at least an indicative measure of their precision.
The method is alsc relatively easy to set up.

Those minimization techniques like Nelder and Mead's (1865) and
Hooke and Jeeves' (1961) which do not reguire any derivatives, although
generally regarded as less satisfactory, have been found to be adequate
for most ordinary purposes (Ross (1970)). These are the so-called
“"direct search" procedures. A locally written direct search algorithm
called MAXIM is used as a verification tool in this work (see Tables IIA,
IIIA).

Except in the case when the likelihood is maximized directly or
an equivalent nonlinear optimization is performed, most discussion of
maximum-likelihood estimation is about the derivation of a set of
likelihood equations, usually from the partial derivatives of the
loglikelihood. These equations are then solved, in some cases explicitly,
but most often iteratively.

Without loss of generality, suppose we have two parameters o and £

to be estimated by the maximum-likelihood method. Then

sl _ 3
Su = ol Efx o long (3.2.1.72)
. ] @
= fo Px 7 P; {3.2:2:3}
= If A (3.2.1.4)
x X
and similarly,
oL _ 1 3
SB = —3-8- = Efx P—x's-é- Px (3.2.1.5)
: sz (3.2.1.5)
x %
where
- l a -
Ax = T’Hﬁpx' {3.2:1:7)
x
.13
and Bn = Px 38 E_. (3.2.1.8)



22 - |

The joint maximum-likelihood equations then are ‘

1"

S. = LIf A 0 (3.2.1.9)

o x X

and S = IfB = Q. £3:2:1:20)
g x x

This set of equations can often be simplified, but in this particular
form it is relatively easy to solve by the scoring method. We shall
therefore refer to it as the scoring form of maximum-likelihood equations.
) ° . .
sa-Px and 5§-P; can be easily obtained
from the probability generating function G(z) (e.g. Kemp (1967a, 1967b)).

Note that the partial derivatives

The asymptotic covariance matrix of the joint maximum-likelihood
estimators o and 8 is the inverse of the Fisher information matrix, I,
Because of the complexity of the second derivatives of L with respect to
the parameters, it is usual to replace them by their expected values

(see e.g. Kemp (1967a)) and use can therefore be made of the well-known

relationship
2
3L Y . 3L aL)
B[aaas] S E[aa : ae)
= - NEjo2 logl. . <5 logP (3.2:1.11)
aa u aB x - - - -

where N is the sample size. This means that, with

Sm ~ foa& and SB = LiB ,

the corresponding elements of the information matrix are estimated by

»

Itm - NIPxA* {3.2:1.12}
_ 2
IBB = NEPxBx, (3.2.1.13)
and I = NIP A B .
of x % Tx

The asymptotic correlation coefficient T8 is computed from the elementary

expression

T.g = cov(a, B)/[var(a) . var(B)]“. (3.2.1.15)
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All the discussion here is in reference to first order asymptotics.
Shenton and Bowman (1963, 1967) and their school have lately given
attention to higher order asymptotic properties of marimum-~likelihood
estimators, and other types of estimators for different discrete
distributions. Much of their discussions tend to be clouded by heavy
algebra. Their results mainly serve to reiterate the common warning that
first order asymptotic properties of estimators are better regarded as
screening tools. Evidently estimators with poor first-order asymptotic
properties are unlikely to be satisfactory in small samples.

Sprott (1965) has observed that many generalized Peisson distributions
have a maximum-likelihcod equation of the form

If (x + 1N, /P ) = Nx (3.2.1.16)
together with

caB = X (3.2.3.17)
or a similar one, where a, B are the estimators for the parameters being

estimated, ¢ being a constant. Sprott shows that distributions having

(3.2.1.16) as a maximum-likelihood equation have pgfs of the form

G(z; a, B) Gl[Hl(l - z) u(8)]; a)

6, ((1 - 2) u(B); o (3.2.1.18)
The ghfd's with pgfs as given in (1.4.4.17) are of this form.
The maximum-likelihood estimation of the parameters of the

negative binomial

G(z) = (L+8-82)", «>0,8>0 (3.2.1.19)
has been discussed by Haldane (1%41), Anscombe (1950), Bliss and Fisher
(1953), and Simonsen (1876). Note that the maximum-likelihood estimates
of the parameters of another form of the distribution are asymptotically
uncorrelated. It is desirable to ascertain and use the parameterization
of a given distribution for which the maximum likelihood estimates are

asymptotically uncorrelated. One of the contributions of this thesis
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is the observation that Holla's (1966) parameterization of the Poisson
inverse normal distribution is of this type (see Secticn 3.3 below).

Haldane derives the likelihood equations for the negative binomial

as
us = ; (3:2.1-20)
Nlog(l + %/a) = ] r /(a + %) (8.2.3.81)
x=0
where r, = z fj.

j=i+l
Bliss and Fisher obtain the "scores" and with these the asymptotic
covariance matrix for the estimates produced by the equations. They
also suggest the use of the scoring method for solving the equations.
However if the scoring method is to be used it is much better to have

the equations in the scoring form. In the case of the negative binomial,

since
= 2 _
(x + .l}l:’:“x = [E‘Tfj(x * G)Px 4 (3.2.1.22)
we have for the scoring expressions
= 1 3
A % % %
x
- 1 @
and B,t ¥ ir'EE'P;,
*
the simple recursive fermulae
B, & smeeecd ik x 20,1 (3.2.1.23)
x+1 X + a x ? H pr e PR o

with A, = -log(B + 1), and

x+1 B + Bx’ x= On lr--- (3.2.1.2“)

with B, = -e/(8 + 1).

Anscombe uses the zero frequency, instead of the sample mean, to
derive a set of likelihood equations similar to Haldane's and conjectures
that these equations may not have a sclution under certain given conditions.
Simonsen has discussed these and other conditions relating to the existence

of a solution to Anscombe's equations.
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Pieters et al. (1977) have conducted 2 simulation study of the small-
sample properties of the estimators in Haldane's equations. Second- and
higher-order asymptotic properties of the estimators of the negative
binomial parameters have been investigated by Shenton and Wallington (1962).

The maximum~likelihood equations for the Neyman Type A distribution

6lz) = exp{s[e®™™ -1} (3:2:2,95)

are
af = X (3.2.1.26)
If (x + 1)P /P = noB. (8.2.2.217)

Douglas (1955) has discussed the equations. For the scoring form of the

equations we have, corresponding to &, B, the scoring expressions

A = [—’-‘—L-‘-l-] [P /P] - l—J-‘-], (3.2.1.28)
3 a x+] x s}
(
amd B = [—“—-'—'—i] [P /P ) - 1. (3.2.1.29)
P of x+1 " x

Evans (1953) has presented another set of likelihood equations. Shenton
and Bowman (1967) have discussed the first and second order asymptotic
properties of the maximum-likelihood estimators of the Neyman Type A

parameters.

Kemp (1967a) has derived the scoring form of the maximum-likelihood

equations for estimating the parameters a, b, ¢ of the Short distribution

G(z) = Exp{(b + c)[[{g—-‘?;c—]e”"‘” + [b E C}z:! - 1” (3.2.1.30)

For this distribution,

_ x+b ®x+ 1 ] b .
Ax = [ = ) - [ = }[Pxol/ij - [E-] [Px i /Px) (3.2,1.,31)
- |®xt1 _ b
Bx = s }[qu XP") - Ll ac] (3:.2:3.32)
C‘ = {P‘_I/P ] -1, (3.2,1.33)
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The estimation of the parameters of the Poisson V binomial
6(z) = expi{il(q + pz)" - 1]} (3.2.1.3=)

by the maximum-likelihood method has been considered by Sprott (1958).

The likelihood equations are

nip = X (3.2.1.3%)

IE (x + L /2 )

NnAp. (3.2.3,38)
The special case n = 2 of the Poisson V binomial is Kemp and Kemp's (19€5)

Hermite distribution

G(z)

"

expla (z - 1) + ‘alz(z2 - 1)} £3:2:1:37)

2
) 2kdpq and a, = Ap ,

with a

for which the scoring form of maximum-likelihood equations is obtained
with

A

x

(p__, /) -1, (3.2.1.38)

i

and B (P z/Px) - 1. (3.2.1.3¢)

x x=
Patel et al., (1974) have discussed the first and second-order properties
of the corresponding maximum-likelihood estimators.
Katti and Gurland (1962b), in their discussion of the properties
of the Poisson V negative-binomial distribution
Glz) = exp{Al(Q -Pz)™™-1]}, Q=P +1 (3,2.1.8)

obtain the scoring expressions A , B , C for a, P, A respectively as

5 1 »

A, = - [ﬁ] logQ'_Q(x £ XMP L) - xP:|
e [y § e [Hlocr 1 -me - pix - mip
aP x Gy i X+1l=-r x =r
{3.2.1.41)

B, = (1/P)[x - (x + 1)(P__ /P )l (3.2.1.42)

- Q X a
C. {-&-ﬁ]ix + L)(P /P ) - [H] (3.2.1.42)



Shumway and Gurland (1960b) have derived another set of equations,
in matrix form, for which they and Gebski (1975) suggest solution
techniques.

The Poisson V geometric, otherwise known as the Polya-Aeppli, is

a special case of the Poisson V negative binomial. Its pgf is

6(z) = exp{x[[%—}—g-;) - 1]} o (3.2.1.44)

Evans (1953) and Kemp (1967b) have discussed the maximum-likelihood

estimation of the parameters in its Polya-Aeppli form

6(z) = exp{u[zﬁ—}%] - ]}, a = A6. {3.2:1.45)

The scoring form of the likelihood equations can be obtained with A , B,

corresponding to 6, A and given by

A= {éx - [1-6(1-8)](x+1)P_ /P )}/6(1 - 8) (3.2.1.46)
B, = |==|(x+ 1)(P /P)-l+3‘—] (3.2.1.47)
x  |A€ x+1" " x J\J‘ -

3.2.2 The moments method

The moments method of estimation consists in equating the first k
population moments to the first k sample moments respectively, resulting
usually in an explicit estimator for each of the k parameters.to be
estimated. Moments estimators are often the easiest to derive and are
therefore commonly the estimators presented when a distribution is being
newly proposed. When (as is often the case) they are explicit estimators,
they can also be employed in obtaining initial values for an iterative
maximum~likelihood procedure. Because of the low precision of the higher
moments, only the first and second are normally used. This means that
usually when more than two parameters are to be estimated, other statistics
are combined with the first two sample moments. Such other statistics are

discussed in Sections 3.2.3 and 3.2.4 below.



- 128 -

The first-order asymptotic covariance matrix, V, for moments
estimates has been derived by Fisher (1941) as follows (see alsc
Kemp (1967a)).

Let m 5 m, 5eeey M, be the first k sample moments and Koo ks Ky

etc. the theoretical cumulants of the distribution. Denote by M the

asymptotic covariance matrix of the m 's (e.g. var(m ) = k, /N,

i

covim, , “E) = k, /N, etc.) evaluated at N = 1, e.g. for the first three

sample moments

—

[k, Xk, k,
2
M = | k, Xk, + 2K, k, + Bk k_
. 3
k, k, +Bkk k + 9){ + 9k k, + 6k, (3.2.2.1)

Suppose there are r parameters 2, ,..., 2 To be estimated using some or
all of the first three moments Ty Wy, Wy Then their estimators denoted

-~ -

Lamers @ are each a function of W, W, , Wy O whichever subset of

(na, m, ms) is used. In general, suppose

51 = ulm,m,m), = devnen X
Let H = [aul/amj] be the Jacobian matrix of the transformation evaluated
at the expected values of m , m,, m, and denote its transpose by H'.
Then the matrix V is given by

V = HMH', £3.2.2.3)
With the matrix V the asymptotic efficiency of the moments estimators
is then computed using

E = |F|/]|v]| (3.2.2.4)
where F = I' is the asymptotic covariance matrix for the corresponding
maximum-likelihood estimates, I being the information matrix.

First-order asymptotic efficiency of moments estimators for the

negative binomial parameters has been discussed by Fisher (1841),

Anscombe (1950) and Katti and Curland (1%62b). Pileters et al. (1877)

have performed a simulation study of the corresponding small-sample
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properties. Higher-order properties of these estimators have been
considered by Shenton and Myers (1965) and Shenton and Bowman (1967).

For the Neyman Type A, Katti and Gurland (1962L) compute the
first-order asymptotic efficiency while Shenton and Bowman (1967)
discuss the higher-order asymptotic properties of the same moments
estimators. Kemp (1967a) has computed first-order efficiency for the
moments estimators of the Short distribution parameters. A similar
efficiency study has been done for the Poisson V binomial by Katti and
Gurland (1962b) and for its special case n = 2, the Hermite distribution,
by Patel (1976a).

For the Poisson V negative binomial, Katti and Gurland (1961) have
evaluated, at certain values of the parameters, the expression which they
have derived for the first-order asymptotic efficiency of the moments
estimators. Evans (19523) obtains approximations for the asymptotic
variances and covariance of the moments estimates of the Polya-Aeppli
(Poisson V geometric) parameters. Shenton et al. (1967) have discussed

the second- and higher-order properties of these estimators.

3.2.3 The method of first two frequencies and their ratio

When a high proportion of the cbservations in a random-count
investigation take the variate values zero and one, the corresponding
frequencies can often be used in the estimation of the parameters.

The statistics derived therefrom are usually, but not always, utilized
in comgination with the sample moments.

The first order asymptotic covariance matrix, V,» of the statistics
x and logf is given by

k, ¥
V') = (3.2.3.1)
-k (T =% }E

(see Katti and Gurland (1362a)). The matrix V, for X and £, /£, is given by



r .

. P1 |

K —
v o= © R (3.2.3.2)
s = i I -vof

) ( ]

i lJ s 11 + EL

P PIIP (|- "%} |

o o)l el

for the parameters of the negative binomial. The same author has also
computed the asymptotic efficiency of the estimators. Evans (1953),
considering the estimation of the Neyman Type A parameters, derives an
equation involving the statistics X and f, and states that cov(a, 1) for
the resulting estimates of a, A is approximately a. Kerr (1969) computes

b . . . - B =
the efficiency of the estimators obtained with x, s and logf° for the

jbe

Short distribution. Katti and Gurland (1962b) have done a similar

efficiency study for the estimators obtained with X and f for the
special cases n = 2, 3, 5 of the Poisscn binomial. The special case
n = 2 is, of course, the Hermite distribution, for which the same type
of efficiency study has been separately carried out by Patel (1976a).
Katti and Gurland (1861) present tables of the efficiency attained
at certain parameter values by the estimators derived from the set x, s
and logfh and also from the set x, sz, flffu for the parameters of the
Poisson V negative-binomial distribution. Evans (1953) also uses the

statistic in the estimation of the parameter of the Polya~Aeppli

distribution.

3.2.4 The even-points method

The even-points method introduced by Patel (1876z) is based on the
relationship
G(1) + G(-1) = 2IF (3.2.4.1)
2x
and G(1) - 6(-1) = 2IP (3.2.4,2)
2x+1

where G(z) denotes the pgf of a lattice distribution and Pi the

probability that the random variable takes the value i.
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Let fI denote the observed frequency for the variate i, and let

Ui

s = Lf S If and Tx = fox. (3.2.4%,3)

e 2x ? [ 2x+1°?
The statistics with which the even-points estimators are derived are
S, or S, together with X = T /N, £5, £, or the ratio of the latter two.
The derivation of the asymptotic variances and covariances of the

statistics S- s 5y and Tx follows.

Note that
G(z) + 6(-z) = Zszx + E(-l)’?ﬁz'
= Pz +Pz +Pz +P.2 4 ...
0 1 2 3
+ {Pm:co - P121 + Pzzz - Psz3 . PR
= 21p, 2" (3.2.4.4)
Similarly,
6(z) - 6(-z) = 2IP,  z° " (3.2.4,5)
On putting z = 1, we obtain
z{6(1) + &(-1)} = LF, . = 0 (3.2.4.6)
3{e(1) - 6(-1)} = IP, .. = § (3.2.%.7)
as stated above. Note however that G(1) = 1.
An unbiased estimator for N8 is S, and that for Nﬂa is Sy »
where N is the sample size. Note that 6, + 8, = 1. Hence we can
consider S as a random variable following the binomial distribution
with the parameters N, 8§ . Similarly § is distributed as binomial
with the parameters N, 8+ Therefore the means, variances, and
covariance cf S, » So are given by
Ds. - NB. 2 uso - Nan’
var(S,) = N8 (1 -8 ), var(§ ) = Neo(l - 8,04
and cov(s_ , So) = -N§ 6, . (3.2.4.8)

To obtain cov(S, , T,) and cov(S,, T )}, note that if the joint

moment generating function of two random variables Y, Z are given as
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M(t, s), then the joint cumulant generating function K(t, s) is
K(t, s) = logM(t, s)
and the covariance of Y, Z is given by

2

o
cov(Y, z) = F——-—-K(t, si]
Lad <4{t=0,s8=0)

So we first require an expression for the joint mgf of S , § , T

. . t .,
Substituting z = e 1in

3le(z) + 6(-z)] = 1P, 2"

3(6(z) - 6(-z)] = B, 2",
we have

%[G(et) + G(-e")] = EPaxezxt = A

iele' ) - 6l-e')] = P, ., BRevilt o 3
Note also that

A+3B = g(e).

Evaluating these at t = 0 gives

(A+B), = 6(1) = 1

(), = 3l6(1) + 6(-1)1 = 8,

(B), = 2[6(1) - 6(-1)] = 8,

Let Xu be & random observation from the distribution under

consideration, i.e. the lattice distribution with the pgf G(z).

observation, each of S., S can take the value 1 or 0. The random

o

variable § = (S., So) takes the following values with the associated

probabilities
(1, 0) with prob €
and (0, 1) with prob € .

Hence the joint mgf of S, » So’ X; is given by

M.(u, v, w) E{exp(uS. + VS, + ka))

E(eHJ, say

E(e"[s = (1, 0)) . & + E(e"|s = (0, 1))

(3.2.4,9)

(3.2.4.10)

(3.2.4.11)

(3.2.4.12)

(3.2.4,13)

(3.2.4.14)

(3.2.4.15)

(3.2.4.16)
€3.2.4.17)

(3.2.4.18)

For this

(3.2.4,19)
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However, when S = (1, 0),

Prob(X, = i) = PIXB., if i is even
= 0, ctherwise (3.2.4.20)
lle.
H _ _ u u+2w Uu+2xw
Efe |S = (1, 0)) = (1/8, )[Pe + P,e t ses t B, @ ..
u 2xwW
- (l/B.)e Zsze " (3:2.4.,21)
Similarly, when S = (0, 1),
Prob(X, = i) = Pifeo, if 1 is odd
= 0, otherwise. (3.2.4.22)
i.e
H +3 +{2x+1)
E(e |8 = (0, 1)) = (1/30)[P1e' + Pae' Y io. # P2x+1e' BRSENE aend
_ u (2x+1)w
= (l/ﬂu)e EP::+1e . (3.2.4.23)
Hence, we have
Mi(u, v, w) = E(exp(uS. + v + ka))
= E(e'|s = (1, 00) . 8 +E(e"|s = (0, 1)) . @
_ u 2xw v ,(2x+1}w
= e Esze + e EP2x+1
u v
= eA+eB (3.2.4.24)
with
A = Ip, e = ic(e”) + o(-e")] (3.2.4.25)
2 1 w
and B = 2R, , e " = jae”) - a(-e")] (3.2.4.26)

Therefore for N independent observations, X , k

distributed as G(z), the joint

M(u, v, w)

The joint cgf of S, S

o?

K(u, v, w)

1, 2,..., N, identically
N

L X,

iw]

mgf of S, , §

- and Tx

is given by

[M,Cu, vy "
(e"A + ¢'B)" (3.2.4.27)
T , denoted by K = K(u, v, w), is given by

logh

Nlog(e'A + e'B) (3.2.4.28)



== = (Nae")/(e"A + e'B) (3.2.4.,29)

n

3 K ([ u, u v, 8A| (Nae" u BA v 331]‘ u V., .2
b AL o I fickelidl (S 1 i b il
F— {'?e (e A+ e B}aﬁ_ [ {Ae )(e ™ + e 3HJ_J (e A+ e B)

u 3A [« 3A v 3B ,
(Ne /Mi)[%* == Ake s ke 3;]]. (3.2.4.30)

Evaluating this at ¢ = 0 where ¢ = (u, w, W), we have

3 K]
covts, %0 =[] |
aa _ ,(aa  3B)]
N}‘T A‘I\BW + Bw]jc=o (3.2.4.31)
Similarly,
.
_ [k
Cov(s§,, T,) = ':TFBIJC__.O
= 2B _ .[8a _ 3B|]
B N[ﬁ B[_aw ! BRMczo. (3.2.4.32)

Patel (1976a) cbtains the even-points estimators of the parameters

of the Hermite distribution

G(z) = explalz - 1) +b(z® - 1)}, a>0,b >0 (3.2.4.33)
as a = 3 -v (3.2.4.34)
b = 3% - d) (3.2.4.35)
2s,
where v = logl=— - 1, (3.2.4.36)

which are admissible provided that

and -2% < v < 0, (3.2.4.37)

N 2

s, <
For Gupta and Jain's (1974) generalized Hermite
6(z) = expialz - 1) + b(z" - 1)}, m specified, (3.2.4.38)
the form of the even-pcints estimators depends on whether m is odd or

even. If m is even, the estimators are given by

a = =3v (3.2.4.39)

3

n
—
>

|
i
~—
~
g

(3.2.4.40)




provided that -2x < v < O,

a

o>

3 = 2
provided that -2x < v < i

-

If m is odd, they are given as
-3(2% + mv)/(m - 1)

2% + v)/(m - 1)

(3.2.4.41)

(3.2.4,42)

The even-points estimators of the parameters of the Poisson A inverse

normal distribution are derived in Section 3.3.3.

3.2.5 The minimum-chi-square method

The underlying principle behind the various versions of the minimum

chi-square estimation method is the minimization of the functicn

2
X

N[Z(f:/NPl w1

(3.2.5.1)

(where N is the sample size and fi, P, are respectively the frequency and

the probability of the ith variate), or a modified form of it (e.g. Rao

(1873, pp.352-353). This method of parameter estimation has been
reviewed by Rao (1957) and Berkson (1980).

used for the estimation of the parameters of GPDs and other lattice

The version of the method

distributions is due to Gurland and his schocl (see e.g. Katti and Gurland

(1962a, 1962b), Gurland (1965), Hinz and Gurland (1967), Curland and Hinz

(1971), Gurland and Tripathi (1975), Tripathi and Gurland (1977)).
version is actually not a distinct estimation method but rather a

refinement technique, a kind of variance-stabilization procedure.

a form of weighted least-squares.

Given the linear relation

2 = E8

where T is a k x 1 vector of population statistics;

8 is an m x 1 vector of parameters to be estimated;

Cis ak xm (k2 m) matrix of known constants;

This

It is

(3.2.5.2)

then the estimator of 8 is obtained by maximizing with respect to 8 the

quadratic form



(t-D' @ -1 (3:2:8,3)

— —

1=

where t is the sample counterpart of T;
V is a consistent estimator for V the covariance matrix of t.
The minimization yields explicitly the estimator
s w L N e
8 = (C'V'C) C'V t. (3.2.5.4)
The efficiency of this estimator depends on the elements of t and of V.
An important advantage of this method is its implicit goodness of

fit test. This test has the statistic

Xe = Nmin(z - TV (2 - 1) {3.2:5,5)
.

= N(x-C8)'vi(t-C8) (3.2.5.6)

which is distributed asymptotically as an exact chi-square distribution

and does not require artificial grouping of data.

3.3 The P.I.N. Distribution; Maximum Likelihood Estimation

3.3.1 Partial derivatives of logP : Method I

The objective of this sectien is to obtain, from the pgf G(z),

expressions for

-1 2
A* - "?':’?&"Px, (3-3-1-1)
_ 1 @2
and Bx = -PTEP“’ {3.3.1.2)

which are required in the derivation of the scoring form of the maximum
likelihoecd equations for estimating the parameters of the Poisson A inverse
neormal distribution. These same expressions are also cobtained from the
probability function, P » in the next section (Secticn 3.3.2), thereby

verifying the correctness of the derivation here.
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Note that

From these, we have
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on
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o
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&l
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3.3.3 The maximum likelihood equations

With the partial derivatives of logP obtained in Section 3.3.1

(see also Secticn 3.3.2), the maximum likelihood equaticns for estimating

[T

tting the distribution to some data is alsc discussed,

[rH

n E

e

of the equations

The maximum likelihood equations are

g = 3: = If A = 0 {3.3.3.1)
a aQ x X
oL & B
Q B e E TF = 0O 9 9 A
Sg 38 u-xBx (o {3.3.3.2)
where
l 8
s = .S
Ax P Bo “x
x
7 ) ")
- ’__ [8(8x + @) = (8% + o)(x + 1)(P.._ /P )|
2 I x41 x|
laB | - -
= i W
Bx 3 "E-E Px
x
(Q i j
- e | ] P / - !
[g"afx t LR, /7Y - B

The equations are usually left in this form if they are to be solved by

4

the scoring method. These equations simplify to

B {3.3.3.3)

-4 ]
i

If (x + 1){Pt’1fo) = Nx, (3.3.3.4)

a form which shows that the sample mean is a maximum-likelihood estimator
for the parameter B. This feature is one of the advantages of Holla's
parameterization.

The sceoring form cof the likelihood equations has been used in fitting
the P.I.N. distribution to two empirical data sets as shown in Tables 1IA,
IIB and IIIA, IIIB. The data in Table IIA is McGuire et al.'s (1957
European-corn-borer data to which several generalized Poisson distributions

.

nn the literature. Sankaran (1968) has fitted the P.I.N.

e

have been fitted

distribution to it by the moments-estimation-method. It is fairly short-
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tailed. The other data (Table IIIA) is Bertram's (1349) filarial worms
data to which Sichel (1971) has fitted the PIN distribution using the
method of zero~frequency. It is long-tailed. Tables IIB and IIIB show
the iteration values obtained in the process of the scoring method of

the respective maximum-likelihood equations. The purpose is to provide

a feel of the convergence. In each case the initial values (i.e. values
at Iteration Zero) are obtained using the method of frequency at zero and
the ratio of fb and fl. As a check on the accuracy of the scoring

method, the estimation has also been carried out by minimizing the
negative loglikelihood using a locally-written direct-search no-derivatives
aigorithm called MAXIM. The latter method, of course, is much slower;
however, on convergence it gives to many decimal places the same estimates
as given by the scoring method.

Apart from data-fitting, another application of the scoring
expressions in this work is the computation of asymptotic correlations
of maximum-likelihood estimates (Section 3.3.4). The latter application
is in fact considered the more important. Since both computations are
based on the same scoring expressions, a satisfactory performance of
the scoring method employed enhances confidence in the values of the
asymptotic correlations discussed in Section 3.3.4.

Martin and Katti (1965) have fitted six lattice distributions to 35
sets of empirical data by maximum-likelihood. They present the value of
maximum log,  (likelihood) in each case. The distributions which they
fit ar; the Poisson, the Poisson-with-added-zeroces, the negative binomizl,
the Neyman Type A, and the cases n = 2, 3 of the Poisson V binomial. The
latter four are generalized Poisson distributions. However, our interest
here lies not in the distribution fitted but in the respective final
values of the likelihood.

The second column of Table IV contains the maximum of the six values

of max loglo(likelihood) given by Martin and Katti, and the third column
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the corresponding upper-tail probability for the xz test. The remaining
columns are the corresponding values obtained here in the scoring-

method fitting of the PIN distributions. In computing the Pearson
goodness~-of-fit statistic, some cells have been pooled so that, as in
Martin and Katti's, no expected frequency is less than 5. In the table,
an asterisk on a figure in the fourth celumn indicates that convergence
had not been reached at the 25th iteration when the process was
terminated, and dashes in the last three columns indicate that the computer
program encountered inadmissible values, negative values of the parameter
estimates, and hence terminated the process. The closeness of our values
of the max loglo(likelihood) to those given by Martin and Katti provides
further re-assurance about the accuracy of our computer program used to
implement the scoring method and hence about the correctness of the
scoring expressions, A*, B_. These same expressions are used in the
computation of the asymptotic correlations of maximum likelihood estimates

of the Poisson inverse normal parameters discussed below (Section 3.3.4).

3.3.4 The asymptotic correlation of the estimates

This section is a study of the asymptotic correlation of the
maximum-likelihood estimates of the parameters a and B in Holla's form
of the Pcisson inverse ncrmal distribution. As detailed in Section 3.3.1,

the correlation, r . = Corr(&, #), is obtained as

af

v
¥sg = ‘\Tmﬁ/'(\?[m . VBB) (3.3.4.1)

where Vuu’ V,, and Va = V, are elements of the asymptotic covariance

BB 8 Ba
matrix V, which is the inverse of the Fisher information matrix I.

For each set of parameter values, I is computed by the formulae
given in Section 3.2.1 except that we have used N = 1. Irprespective of

the value used for N, the correlaticn remains unchanged. Note that the

elements of I are infinite series with terms corresponding to the values
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x = 0, 1,... of the random variable, but in the computation one has to
decide on a maximum value for x. We have used the same truncation rule
employed by Katti and Gurland (1961) (see also Kemp (1967a)). Let alj(x)
denote the (x + 1)th term in the series comprising the (i, j)th element

of I, and let A|1(X) = i a‘i(r). We compute sequentially for x = 0, 1,...

r=0
until we reach a value of x for which

I a G/a (%) < 107, (3.3.4.2)
i)

The resulting values of Ai,(xi are then taken to be the appropriate
element of I. An upper limit of x = 500 was placed on x but was seldom
needed. Katti and Gurland's work is an efficiency study. They show that
the truncation rule is expected to result in computed efficiencies correct
to three decimal places. For efficiency, I and another matrix are
involved but for correlation cnly 17 is needed. Hence we expect the
computed correlations to be correct to at least three decimal places

with the same truncation rule.

Table V gives the correlations computed for parameter values
corresponding to entries not greater than 300 in Table I, These ranges of
parameter values are the important ranges from the point of view of
application. It is interesting that the correlation values correspeonding
to them are virtually zero, indicating that the maximum likelihood
estimates of the parameters a, 8 in Holla's form of the PIN distribution
are (virtually) asymptotically uncorrelated. . This result is discussed
further in Section 3,3.5 below,

Sichel (1982a) gives the following explicit expression for obtaining
the covariance matrix, U, of the parameters 6 and y in his own form of
the PIN distribution. With U Ua =U,,,and U denoting U U

11¥ 12 2 88° "oy

and UYY respectively, the matrix U is given as

y(2 - 8) -26(1 - 8)
U = e kS . (3.3.4.3)
| -26(1 - @) 4e(l - 8)*R
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¢ being a constant, and
1 = ¥
-1 iy !
R = [-y + (1 = B)J E lP
- n=0
Let V be the covariance matrix for the maximum-likelihood estimates of
the parameters a, 8 in Holla's form. Since the maximum likelihood
estimators for the respective parameters in the various parameterizations
of a given distribution are invariant, it follows that, subject to rounding
errors, the matrix U obtained directly from Sichel's formula should be
equal to the matrix U, obtained by a transformation such that

Up = J,V3¢ (3.3.4.4)

where J, is the Jacobian matrix of the transformation T, : {a, B) = (8, Y).

1
Similarly, the matrix V which we have computed directly with the scores-
related formulae should, except for rounding errors, be equal to the

matrix V, obtained by a transformation such that

Ve = J,U3) (3.3.4.5)

where J, is the Jacobian matrix of the transformation T; i (8; v) » (a, B).
We have used the former, the relation U, = U to verify the correctness of
our values of the correlation Tug" The elements of U, are identical to

those of U to five decimal places.

3.3.5 Discussion of the results on maximum likelihood estimation

The main contribution in Section 3.3 is the result obtained
computationally that maximum likelihood estimates of the parameters in
Holla's form of the Poisson A inverse normal distribution are asymptotically
uncorrelated. It is obvious that a parameterization having this property
is very important from the point of view of application., Anscombe (1950)

has established theoretically that the parameterization

-a
G(z) = [l + %-— E-z] s a>0,8>0 (3.3,5.1)
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of the negative binomial also has this property. A unified thecry which
explains this feature has been given by Huzurbazar (1950, 1956) but has
received little attention in the literature. The term "orthogonal
parameters'" is used to describe the parameters in any parameterization
having this feature.

Huzurbazar (1956) shows that when a probability distribution
depending on two parameters admits joint sufficient statistics, which
essentially implies that its probability (density) function is of the
form

f (%3 0 ,0) = exp{ul(ul, a,) v (%) + ula ,a) v (x)

+ A(x) + B(ul, 33)}, (3:5:5:2)

then the problem of finding orthogonal parameters is solvable. In fact,

the transformation

_ . 8B
£, % Uy, Bz B E £3.3.5.3)
gives B and B, as orthogonal parameters. In the like manner, it
follows that the transformation
- 88 -
31 = -é-a:— " 52 = M (3.3.5.4)

also yields orthogonal parameters.

Since the parameters of a mixing distribution are unaltered in a
mixture, it is not surprising that, if these parameters are orthogonal
in the mixing distribution they remain so in the mixture. Using
Huzurbazar's result it is easy to show that the parameters a and 8 in
the inverse normal distribution (3.1.0.1) are orthogonal. These
parameters remain orthogonal in the associated Poisson mixture i.e.
Holla's form of the P.I.N. distribution. However this orthogonality
was first discovered computationally (Table V) without any prior

knowledge abcut Huzurbazar's work.
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The correctness of the computations was verified in four
different ways. The expressions A , B on which the formulae used
for computing the correlations are based were derived by two methods.
A good fit of the P.I.N. distribution to two data sets was obtained
using the scoring method, a method resting essentially on A B .
Also the same method produced values practically identical with Martin
and Katti's values of max loglo(likelihocd) in each of 3l cases. And
fourthly, the expected equivalence of the covariance matrices U, and U
was obtained.

The derivation of the maximum likelihood equations for Holla's
parameterization is important in its own right and much more so in view
of the above mentioned property of orthogonality which has shown the

high rating of the parameterization.

3.4 The P.I.N. Distribution: Even-~Points Estimation

3.4.1 The even-points estimation-method

The even-points estimation-method (Patel, 1976a) has been
described in Section 3.1.4. Since the sample mean X is a maximum
likelihood estimator of the parameter B, the even-points estimatiocn
for the P.I.N, distribution consists of obtaining an estimator for
a involving S {or So}' The estimator is derived as follows.

hote that (S./N) = (l/N)Efax is an unbiased estimator of
x

8 = EP. . Note alsec that
e g
3(e(1) + 6(-1)] = @
implies
G(-1) = 28 ~1 = A, say. {3.:4.1.1)
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From the pgf which is

1"
®
¥
o
-
e —
w(e
| eSS
i
—
(]
I_“,__,‘_1
-+
——t
%)
2 lw
1 5]
R
—~
Fl
|
M
L=
\—q—uf-)

c(z) (3.4.1.2)
L
we obtain
1 g\ %
= G | B 4% :
G{-1) = exp [—B—J l:l [l . wem } :] {(3:,8.2:3}
i.e,
(.. ug?)® 8
- | —— s . T T
1 ll+ ] [u]logh (3.4.1.4)
2 [ 2
1+ 4w = 1 - £ 1ogﬂ} (3.4.1.5)
a ke a
2 B 2 )
i.e. g = 5—(1ogA) /(28 + logh) (3.4,1.8)

" Using B = X, we obtain

5, = (%/2)(1ogh)"/(logh + 2R) (3.4.1.7)
- - S.
where A = 26. -1 = 2 g & 1

3.4.2 Three other types of explicit estimators

Three other sets of explicit estimators of the parameters of the
P.I.N. distribution are listed here. These three are already well-known.
They are the moments estimators and the sets of estimators cbtained by
combining the sample mean with logf and f /i respectively. In each
case the sample mean is used as the estimator of the parameter B.

Note that it is in fact alsc the maximum likelihood estimator of B.
The following discussion then is the derivation of estimators for the
parameter o using the respective statistics.

Since the mean and variance of the distribution are given by

W = g (3.4.2.1)

"

S

2 8 + 8" /a, (3.4.2.2)
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the moments estimatcocrs of B and o are

) - 2 ; . g i
where as usual x and s denote the sample mean and sample variance

respectively.

a

2

From the pgf, we have

n
xi

/(s

- X)

) 18

(g2 " 8
I‘l + tIE—(;--J'{.'!. - z}i} = 1~ {a-]logs(z
Since P, = 6(0),
221" _ ¢
ll % —E—J = 1- = logP
2 2
afa + 26°) = {(a - BlogP )
i.e a = §-(lo P Y /(g + logP )
- - 2 g 0 u

1
~
bl |
M‘\
L8]
St
M
=
2]

g

£1°
&y )/ (* * log

fh}
V)

(3.4.2.3)

(3.4.2.4)

{3.4.2,8)

(3.4.2.6)

(3.4.2.7)

(3.4.2.8)

{3.4:2/9)

(3.4.2,10)

Note that this takes the same form as the even-points estimator, with

-~

P_ corresponding to ﬁ = 25. - 1.

From the pgf we also have

logG(z)

G'(z)/6(2)

"

6 -k Be -]

282
B.} + [ - }
1+ {gﬁ:}]
C o)
L 2——4
| &

(3.4,.2.11)

(3.4.2.12)

(3.4,2.13)

(3.4.2.14)

(3.4.2.15)
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£
- - il 0
(1‘ = 2% % -f-- - 11, (3.4.2.16)

3.4.3 Asymptotic efficiencies of the four sets of explicit estimators

Sichel (1982a) has computed the asymptotic efficiencies of the
estimators obtained for his parameters ® and y by the moments method,
the methods of zero frequency and of the ratio of f, and £ . Since the
estimators which these methods produce are not invariant, the efficiencies
of the analogous estimators discussed here cannot be derived from Sichel's
results. Expressions for computing these efficiencies, and that for the
newly proposed even-points estimators are derived here.

The joint asymptotic efficiency, E, of the estimators a ,..., a

1 m

of a given set of parameters is defined as

-1
E = |17 (/1w] (3.4.3.1)

where W is the covariance matrix of G aeens A, I is the information

matrix of the corresponding maximum likelihood estimators, and the

notation |A| denotes the determinant of the matrix A. Suppose tyaeres b

are the statistics used in obtaining each of the at's,

i.e. g = ai(tl,..., tu)' i=1l,..., m. The matrix W is given by

W = JHJ! (3.4.3.2)

(see e.g. Kemp (1967a)) where H is the covariance matrix of Toaeees £

and J is the Jacobian matrix of the transformation a = a (t ,..., t)

evaluated at the point (E(t ),..., E{(t )) i.e. at the expected values of
the statistics,

Let W, ‘H, J, 1 =1, 2, 3, 4 be such that the subscripts

i

i=1l, 2, 3, 4 correspond to the methoeds of even-points, moments, zero

frequency and of ratio f;/fb respectively. It is convenient to refer
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to these methods simply as method &(S.. N%), method a(X, 52),
method (X, logfo), and method a(x, fllfu) respectively to show the
arrangement of the elements of the matrices and toc show what have been
used as the statistics t,t,.
The matrices , Ho i =2, 3, 4 have already been given in Section 3.1.1

as the matrices Vl, V;, Vs respectively. The elements of the matrix

. B {1H113, the covariance matrix of the even-points statistics S and

T = Nx, are given by

L
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(n&)[l + Ea—} (3.4.3.3)

"

These expressions have been cobtained using the formula derived in
Section 3.1.4.
The Jacobian matrix  J corresponding to the even-points method
a(s, , Nx) is
[ ad(2 - d) (¢ - 2a)(c/b)
(3.4.3.4)

0 1

(a/f’s)[l . [1 + “52]*},

where V¥ =
a=2B, b=2(a+wv),
2
c=y, d=(vb) exp(-¥

The Jacobian matrix, ,J = (2J’jJ for the moments method a(i, s°) is such

that
gy, = R (3 - 2WIs - R,
J, = EAS -2,
2J21 = 1, 292, = 0. (3.4.8.5)
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Let u = log(f, /N). Then corresponding to the method a(x, logf ) we

have the Jacobian matrix ,J = (/J ) given by

3 - 3
395, ° (u /2)/(x + u) ,
> G 2 2
Yy T (ux/2){(2x + u)/(x + u) ,
oy T 1. 49, = O (3.4.3.6)

Similarly, with r, = f /f , we have, for the method alx, rlo). the

Jacobian matrix o {4Ji;) where

- -2 2 2
i ORI /e, ) - 1),
. LRz a2
oV, T X /(% r:o) 5
Jgg = L 2Jas = 0. (3.4.3.7)

3.5 Summary on "The PIN Distribution"

While Chapter 1 discusses discrete distribution in general, and
Chapter 2 considers generalized Poisson distribution - the family of
discrete distributions of interest in this thesis, this chapter dwells
mainly on one particular GPD, the Poisson A inverse normal distribution.
Attention is devoted mainly tc the methods for estimating its parameters.

Properties of the distribution are briefly considered. In particular
it is shown that it is not only a compound Poisson distribution but also
a generalized Poisson distribution. The pgf of its cluster-size distribution
is given.

After a brief outline of the various parameter-estimation-methods
used for generalized Poisson distributions, maximum-likelihood estimation
of the PIN distribution is considered and some explicit estimators of
the parameters are also discussed. One of the two commonly used forms of
the distribution is shown to be preferable because it consists of orthogonal
parameters. This means that maximum likelihood estimetes of the parameters
in this form are asymptotically uncorrelated. For this form also, the

sample mean is a maximum likelihood estimator of the one of the parameters.
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A new estimator, the even-points estimator, is presented for the
other parameter. Expressions are given for computing the asymptotic

efficiencies of these estimators and of the other explicit estimators.
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CHAPTER &4

THE FROBLEM OF DISTRIBUTION SELECTION

4.1 Introduction

Suppose a phenomenon under investigation has been represented in
a2 model which requires a generalized Peisson distributicon to study it.
Assume that some data are already available from a pilot study cr even
the main study itself. A number of GFDs have been fitted to the data
using an efficient estimation method such as the maximum likelihcod
method. A goodness-of~fit test has indicated somé of these distributions
as giving a good fit. The problem is how to select from a given set of
plausible GPFDs the one most appropriate for the situation.
In some studies, the model would have been derived systematically
in such-a way that it points te o¢ne particular distribution. An example
is the manner in which Neyman (1839) derives the Neyman Type A distribution
for the study of the spatial distribution of the eggs and larvae of insects.
More often than not, all that is known at the beginning of such a study is
that the members of the population are in randomly distributed clusters,
in which case several generalized Poisson distributions may be plausible,
The problem of distribution selection has received relatively
little attention in the literature although it is of considerable
theoretical and practical importance. This problem is briefly discussed

here in the context of future work.

L.2 Distribution Selection, Model Discrimination, and the Global

Superiority of a Distribution

It is important to distinguish between three separate problems:
that of selecting the distributicn hest fitting a data set, that of
model discrimination, and that of ranking of distributions by their

global importance,
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Whether a given phenoménon is a result of true contagion or otherwise
pertains to model discrimination. The fact that the selection of a
theoretical distribution providing the best fit to a given data set
is often inveolved in such a situation is only incidental. Froggatt (19870)
has given a discussion of medel diserimination in the study of aceident
preneness., Patil and Stiteler (1974) have similarly considered the
problem as it relates to the study of the spatial distributions of
plants and insec¢ts. On the other hand, ceonsider a phenomenon for which
a model has been established., Tor example, it is generally assumed that
the spatial pattern of the distribution of the European corn-borer larvae
exhibits true contagion., The prohlem of deciding which among a given
set of distributiongs such as the negative binomial, the Neyman Type 4,
the Hermite, the Poisson A inversce normal etc. Ffits e.g. McGuire et al.'s
(1957) data best is an example of distribution selection.

-Uﬁlike the other two, the third type of problem seems to relate
directly to theoretical rather than practical considerations. Members
of a given set of theoretical distributions are ranked according to a
given criterion, such as skewness or "tail-length", which is purported
to be an index of global practical importance, Anscombe {1950, p,363)
proposes the ranking of distributions by the gquantity

_ 2 2
R: = uk(S}/(c 1) (4,2.1)

or, alternatively,

2 2
‘ R, = M k(d’/(u

3

- w (4.2.2)

where k(31 and k(é) denote the third and fourth factorial cumulants, &
method which has been used by Katti and Gurland (1961) and Katti and
Rac (1970) to support the claims that their respective distributions,
the Poisson V negative binomial and the log-zerc-~Poisson, are superior
to some other distributions. The guantities Rl and Rz are known as
indices of flexibility. A third index, R , proposed by Ord (1967a) is

given by



a 1
Ra = uusfuz {4.2.3)

vwhere v denotes the rth central moment,
An immediate objection to the use of these indices as criteria for
determining global superiority is that, except for a few special cases,

they are not independent of the parameters of the respective distributions.

4.3 Gurland's Graphical Method

Gurland (1965) and Hinz and Gurland (1967) have proposed a
graphical method for discriminatiﬁg between four particular generalized
Poisson distributions viz. the negative bincmial (Poisson(1) V logarithmic(8))
the Neyman Type A (Poisson(l) V Poisson(a)), the Poisson()) V binomial(n, 8),
and the Poisson(A) V negative binomial(c, 8). The method consists simply
in plotting the ratio

T = Kk /K (5,3.1)

x (x+1) {x)
against %, where k(r] is the rth factorial cumulant.
Corresponding to each of the four distributions a straight line
y = bx+c¢ (4.3.2)

is expected. It is suggested that the distribution apprecpriate for

the data is

D1 : negative binomial, if b>0and ¢ = 0;
Dk : Poisson V negative binomial, if b > 0 and ¢ > 0;
D, : Neyman Type A, if b =0 and ¢ > 03
D, @ Poisson V binomial, ifb<0Oand ¢c <0,
since, respectively,
I 3
;T ™y 8 {1 - B]x (4.3.3)
; W r 8 8o :
2Tx y 7= S]X + [—-—-——-l ~ B] (4.3.%)
gL &y 5 g (4,3.5)
and T = y = =-6x - né (4.3.6)
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Two main difficulties arise in the use of this criterion.
The third and higher factorial cumulants (like other higher noments)
are subject to considerable variability and hence, even in a case when
one of these distributions is indeed appropriate for the given data the
expected straight line would be very difficult to obtain. Secondly, the
criterion, even at its best, is appropriate only for nmaki ng a choice
anong these four particular distributions and not anmong all GPDs. It is
difficult to inmagine a practical situation in which these and only these
four are to be entertained to the exclusion of all other GPDs. Furthernore,
except for the case y = a corresponding to the Neynan Type A, it is
doubtful that the respective forns of y = bx + ¢ uniquely deternine these

particular distributions anmong all generalized Poisson distributions.

4.4  Ranking by Likelihood

A criterion for determning the best of well-fitting distributions
is torank by the likelihood or equivalently by the |oglikelihood, L,
gi ven by

L = En logp (4.4.1)

This is the criterion favoured by Katti and Rao (1970), for exanple.

Revi ewi ng the cases where the values of L or its equivalents are
published in the literature of discrete distributions, it seens that
such a quantity pertains to the quality of the parameter estination
process rather than to the theoretical distribution being fitted. For
exanpl e, the tendency is for several (PDs fitted to a set of overdi spersed
data by the maxi mum likelihood rmethod to give essentially the sane val ue
of L (e.g. Martin and Katti (1965)). Katti and Sy (1965), in a work
prinmarily on nodel discrimnation but which also involves distribution
sel ection, give the fits of three different GPDs to three sets of data.

For each data set, while the probabilities of the conputed Pearson
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chi-squared statistic differ widely, the values of L are essentially

the same. It is interesting that in one case the probabilities are
respectively 0.04, 0.23, 0.65 while the corresponding values of the
loglikelihocod L are -1987.94%, ~1991.89, and -1989.11, showing a distributiom
which does not give a good fit to the data having virtually the same value
of L as distributions which fit the data well. It appears that the worth

of the guantity L or any of its equivalents as a criterion for distribution

selecticon requires further attentien.

4.5 Goodness-of-Fit Statistics and Criteria for. Distribution Selectien

The goodness-of-fit test statistics are designed primarily for
determining whether or mot a particular distribution gives a good fit
of the data. Each of the distributions in the set being considered in
this chapter i1s assumed to have been adjudged as satisfactory on the
strengtﬁ of a goodness-of-fit test. A method for determining the best
distribution in this set consists of ranking the distribution according
te the computed values of the statistic or of the probabilities of these
computed values (see e.g. Sichel (1971} and Shaban (1981)).

The well known likelihood ratio goodness-of-fit statistic is

given by
Y = 2 logR (4.5.1)
n |t
with R o= I fo (4.5.2)
i P,

f

where n 1s the frequency of the ith variate, P, ig the probability of
this variate, and N the sample size. This statistic asymptotically
follows the y? distribution. Lindsey (1974} has suggested the quantity

Y, = logR (4.5.3)

as a criterion for distribution selection. The distributions under
consideration are ranked according to their values of Y,, which is

equivalent to using the goodness-of-fit test statistic, Y.
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A criticism of the use of the values of a goodness-of-fit statistic
or their corresponding probabilities for determining the best in a given
set of distributions pertains to the issue of comparability. TFirst
consider the use of the values of the statistics. The pooling of
frequencies is often required, especially at the tails. Generally, the
amount of the required pooling differs from distribution to distribution
and hence the numbers of degrees of freedom would differ. The computed
values of the statistic would therefore not be comparable. On the other
hand, if their corresponding probabilities are obtained, the difficulty
with the degrees of freedom is taken care of but that however does not
mean that ranking by probabilities is free from difficulties. The value
of the statistic, and consequently of the corresponding probability,
depends on the minimum expected frequency to which the pooling is done.
It is possible for the ordering of the distributions to change if another
minimum.expected frequency is adopted. Although 5 is the commonest, 3
and 1 are sometimes aléo used. In a case when these produce different

orderings of the distributicn, which of the orderings is to be accepted?
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CHAPTER 5

POSTVIEW AND PROSPECTS

A major cbjective of this thesis is to highlight some particular
aspects of the c¢lass of generalized Poisson distributions which have
special bearing on applications. A large body of literature has been
reviewed and some new results are also given,

Az a general background to the discussion of this class, the
major aspects of the subject of discrete distributiong are reviewed in
Chapter 1. Although certain topics such as characterization are
excluded, the chapter provides a bread introduction to the subject.

In Chapter 2, the structure, properties, and applicatians of
generalized Poisson distributions are considered extensively. The
discussion is pivoted on the property of infinite divisibility. Much
attention has been devoted here toc distributions which are simultanecusly
generalized Polsson distributions and cempound Peoisson distributioms.
Compound Poisson distributions have their genesis in the models of
hetercgeneity, the so-called models of apparent contagion, while
generalized Polsson distributions are usually assoclated with the
clustering models, the models of true contagion. Although the dual faces
of the negative binomial in relation to both true and apparent contagion
have been noticed long age and have been menticned occasionally in the
literature, & detailed study of the type of distributions simultaneously
exhibiting these features is lacking.

The properties of logconvexity and of being completely monotone
(i.e. being a mixture of the geometric h(z) = (1 -~ 8)/{1 -~ 6z)) have been
used to identify some discrete distributions as being infinitely divisible
and hence of being generalized Polsson distributions. However the

determination of the cluster-size distributions of most of these
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distributions is yet to be carried out, e.g. that of the Waring
distribution. Also, it appears that the relationship of the Waring

te the generalized Waring is analogous to that of the gecmetric to

the negative binomial. While the geometric is logconvex and hence
infinitely divisible, the negative binomial is not logconvex although

it is infinitely divisible. The infinite divisibility of the generalizec
Waring is being investigated. It is known that the distribution is a
mixture of the negative binomial on the non-exponent parameter; but that
is not a sufficient condition for infinite divisibility.

The properties and applications of the newly derived reciprocal-
gamma mixture of the Poisson distribution are being investigated
further. Maximum likelihood estimation of its parameters is also
being studied. An interesting feature of the distribution is that it
arises from a continuous distribution which possesses no moments. Of
mixtures of the Poisson by continuous distributions the cnes discussed
extensively in the literature tend to be those for which the continuous
mixing distributions have moment generating functionms.

In most of the distributions considered, a means of computing the
probabilities has been mentioned. A distribution known to have desirable
properties but whose probabilities are difficult to compute is unlikely
to be readily adopted by practitioners. In particular, simple formulae
for the computation of the probabilities of the Poisson A lognormal are
being sought.

Et is widely believed that, due to rounding errors, probabilities
computed by recursive formulae are likely to be inaccurate and should be
viewed with great reservation. There is little evidence in the literature
to substantiate this belief - it may well be a carry-over from the pre-
computer era. A systematization of the process for computing the
probabilities of, for example, the Polsson by the so-called direct

formula either by computer or otherwise would indicate that some
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recursiveness is implicitly involved. Besides, the probability
functions of most GPDs do not exist in closed forms and often the

best means of computing the probabilities is by recurszive formulae.

The performance of recursive formulae for the probabilities of the
negative binomial and some other common distributions is being compared
with those of the direct means. The preliminary results already
obtained are encouraging.

Concerning the aspect of parameter estimation the thesis focuses
on one particular distribution, the Poisson A inverse normal distribution.
One of the two commonly used forms of the distribution is shown to be
preferable because it is such that the maximum likelihood estimates of the
parameters in the form are asymptotically uncorrelated. This result has
prompted the desire to know which of the prameterizations of other
common distributions have this property.

Certain explicit estimators for the parameters of the Poisson A
inverse normal have been derived. Expressions for obtaining their
asymptotic efficiencies have also been presented. These expressions are
being programmed for the actual computation of the efficiencies.

In the application of generalized Poissen distributions the
phenomenon under study is often such that it is not always possible to
derive a single specific GPD from the underlying chance mechanisms
besides knowing that the required distribution is a generalized Poisson
distribution. Usually many GPDs are fitted to the data and whether or
not the fit of each of these distributions is satisfactory is decided by
a goodness-of-fit test. How to choose the best out of the set giving
satisfactory fit is yet unresolved. This problem has been briefly

outlined in Chapter 4. Work in this area is also in progress.
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Asymptotic correlation, Corr(a, 8)
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TABLE IIA

The P.I.N. Distribution fitted to McCuire's data

Observed and Expected Frequencies

% f; P.I.N. (M-L)
6] 423 425,922
1 414 412.617
2 253 246,354
3 117 120.055
- 53 53.084
5 22 22,381
6 4 5,226
7 5 3.767
B8 3 1.534
3 2 0.625
> g 0 0.434
Total 1296 1296.000

4.16471 = 0.71033

1.30710 + 0.03805

(x° < Pearson's chi-square)

n

0.825 with min NP =1

0.722 with min NP 25

= 0.08221
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TABLE 11B
The P.I.N. Distribution fitted to Bertram's data
Observed and Expected Frequencies

X £, PoLoNo (M-L) % £ P.I.N. (M-L)
0 {1155 1153.258 20 5 4,940
1 553 555.294 21 2 4,433
2 265 267.779 22 - 3.993
3 150 150.783 23 5 3.607
u 98 96.201 24 3 3.268
5 70 66.793 25 5 2.969
B 48 49,131 26 1 2,703
7 36 37.656 27 0 2.467
8 28 29,756 28 2 2.256
9 27 24.073 29 0 2.067
10 15 19.841 30 5 1.898
11 13 16,602 2l 6 1.745
12 21 14.067 32 “ 1.607
13 8 12.044 33 2 1,482
14 1l 10.405 34 1 1.368
15 5 9.059 35 2 1.265
16 9 7.940 36 “ 1.172
17 9 7.000 37 1 1.086
18 g 6,204 as 0 1.008
19 8 5.524 39 0 0.936
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TABLE ITE - CONTINUED

* f; P.I.N. (M-L} * fx P.I.N. (M-L)

40 0 0.871 60 4 0.237
4l 2 0.710C 6l 0 0.223
42 0 0.755 62 1 0.210
43 ¢ 0.704 63 1 0.198
i 0 0.657 = 1 0.187
y5 1 0.613 65 O 0.17€
4g 0 D.573 535 4] 0.167
u7 0O 0.536 &7 1 0.157
48 0 0.502 68 0 0.148
49 o 0.470 9 o) 0.140
50 O O.440 70 0 0.133
51 1 0,413 71 6] 0.125%
52 0 0.387 72 O 0,119
53 0 0.363 73 a 0.112
B4 ] 0.341 74 0 0.1086
55 4] 0.321 75 0 0.101
56 0 0.301 76 0 0.085
57 8] 0.284 77 0 0.0%80
58 O 0.287 78 3 0.0BS
59 1 0.251 > 78 0 1.653
TOTAL 2600 2600,000

@ T 0.48005 * 0.02807

B = 2.60808 * 0.13503
Prob (xz < Pearson's chi-square) = (.,080 with min NP =1
= 0.03]1 with min NPx & 5

Asymptotic Corr(a, B) = =0.,0829%
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TABLE IIIA
The P.I.N. Distribution fitted to McGuire's data
The Scoring Method Iteration Points
Iteration No. a é
0 L, 360 675 282 b 5 307 098 765
1 4, 134 694 298 ) [ 307 498 992
2 L. 168 186 092 5 307 017 607
3 4. 164 246 790 l. 307 108 739
- H, ley 771 217 | 1. 307 097 450
5 b, lek 702 673 L 307 098 937
& L. léu 711 651 ) 307 098 TL3
7 b 164 710 575 1. 307 098 768
g 4. 164 710 €29 1 307 098 765
Loglikelihood (at last iteration peoint) = -1986.04364

By Direct Search algerithm:

a = 4,

¥

= 1.

16k

307

707

098

Max loglikelihood

738

765

-1886.0196
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TABLE TIIIB

The P.I.N. Distribution fitted to Bertram's data

The Scoring Method Iteration Points

Iteration No. a B
0 0. 47y HE5 735 2. 608 Q076 923
1 0. 480 271 246 2. 605 428 113
2 0. 479 982 380 | 2. 608 714 820
3 0. 480 aeu 308 2. 607 916 573
4 0. 480 43 951 2. 608 117 Qul
5 0. 480 049 059 | 2. 608 066 874
& 0. 480 Q47 780 | 2. 808 079 439
7 0. 480 048 100 | 2. 608 Q76 293
8 0. 480 Q48 Q20 y 2, 608 Q77 08l
9 0. 480 ous auo 2. 604 Q76 884
10 O. L80 ous 035 2. 608 076 933
Loglikelihood (at last iteration peint) = -5040.0850

By Direct Search Algorithm:
& = 0. 480 0u7  BO9

= 2. 608 C75 602

s

Max loglikelihood = -5040.0850

.
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TAELE IV

FITTING

WITH MARTIN AND KATTI'S FITTING

..1.

Data No. Martin & Katti's P.1.N. Distribution
Upper Prob Upper-tail Prob
-Log L {(Min Freq=5)| -Log, L [{(Min Freq=5) | (Min freq=1)
1 989.03 0.415 986.24 0.123 0.127
2 227.24 .548 228.22 Q0.325% G.0ll
3 133,94 0.533 134,14 Q.802 0.84u8
4 177.97 0.546 179.01 ¢.391 0.536
5 120.08 0.567 120.34 0.97u 0.955
6 129.75% 0.543 128,57 0.572 0.793
7 117.13 0.973 121.52 0.571 0.884
8 86.99 C.880 87.08% ¢.998 0.870
9 87.8Yy 0.086 86.50 ¢.285 Q.u78
1c 30.24 ., 799 29,54 0.922 0.982
11 57.01 0.517 59, 2u% 0.000 0.000
12 2699.76 0.001 2701.21 .00z ©. 000
i3 2517.52 0.084 2520.46 ¢ .009 0.013
14 507,59 0.938 697.06% 0.000 0.00C
15 862.99 0,919 862.53 Q.722 0.825
16 352.29 0,237 352.02 0.u426 0.593
17 477.04 0.705 478.68 0.237 0.285
18 240.38 0.511 240,57 ¢.854 0.861
19 265.51 0.791 266.07 0.841 0.739
20 154,19 0.760 154,83 D.808 0.759

/econtinued

-----



- 171 -

TABLE IV - CONTINUED

Data No. Martin & Katti's P.I.N. Distribution
Upper Prob Upper-tail Prob
-Log, L | (Min Freq=35)| -Log L |(Min Freq=5) | (Min Freq=1)
21 96.00 G.u77 9B ,.92% 0.002 0.007
22 344,580 0.546 342.00 0.881 0.988
23 193.83 0.189 183.83 0D.673 0.767
24 165,91 0.570 165.87 0.988 0.967
25 986.80 0.730 1000.249 0.023 0.036
26 537.63 O.456 537.86 0.854 0.941
27 81,85 0.818 92 .64% 0.813 0.645
28 184,28 0.983 188,04 0.852 0.819
28 182.66 0.097 194 .60 0.09% 0.00z2
18] 165,33 Q.665 167 .30% 0.0bY 0.026
31 123.44 0.268 124,33% 0.237 0.187
32 134,86 0,995 - - -
23 113.71 C.e6l - - -
34 £8.53 0.084 - - -
35 9y, uy 0.017 - - -
+
Nptes:

1. The 2nd column gives the maximum of M & K's 6 values of
max log,  (likelihood).

2. In the 4th column, an asterisk indicates that convergence has
not been attained at the 25th iteration when the process was
terminated.

3. Dashes in the last three columns indicate that the iterative

process was terminated because negative values of parameter

estimates were encountered.
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