| SOMORPH SM CONDI TI ONS FCR THE ST MPLE MCDULAR LI E ALGEBRAS CF

BLOCK TYPE

by
| SA MOHAMVED

A DI SSERTATI ON

Presented to the Departnent of Mathenatics
and the Graduate School of the University of O egon
in partial fulfillnent
of the requirements for the degree of
Doct or of Phil osophy

Sept enber 1974



APPROVED : Qﬁﬂm 6 ; 2

(Dr. Jobh B. Jacobs, Aflvisor for the Thesis)




444

VITA

NAME OF AUTHOR: Isa Mchammed
PLACE OF BIRTH: Bauchi, Nigeria

DATE OF BIRTH: April 5, 1942

UNDERGRADUATE AND GRADUATE SCHOOLS ATTENDED:
Ahmadu Bello Unilversity, Zaria, Nigeria
University of Oregon, Eugene :
DEGREES AWARDED:
Bachelor of Science, 1266, Ahmadu Bello University
Master of Science, 1968, Ahmadu Bello University
AREAS OF SPECIAL IKRTEREST:
Lie Algebras
Representation Theory of Finite Groups
Crystallographic Polnt Groups
Chevalley Groups

PROFESSIONAL EXPERTIENCE:

Tutorial Assistant, Department of Mathematics, Ahmadu Belle
University, Zaria, Nigeria, 1966-1967

Assistant Lecturer, Department of Mathematics, Ahmadu Bello
University, Zaria, Nigerda, 1967-1969

Lecturer, Department of Mathematics, Ahmadu Bello University,
Zaria, Nigeria, 1969-1974

Graduate Fellow, African-American Institute, New York, 1969-
1974



AWARDS AND HONORS:

International Chemical Industries Prize for the best final
year Physics Student, 1965-1966

iv



ACKNOWLEDGEMENT S

I am greatly indebted to Professor John B, Jacobs under whose
supervision the research was undertaken. His valuable suggestions and
his close supervision are worthy of my sincerest thanks and appre-
clation.

I have to expreas my appreciation to Professor Charles W.I
Curtis for the keen Interest he has shown in me and my work; and
also for the numerous and useful academic advice he offered me over
the years.

The acknowledgements will be incomplete without the mention
of my wife and children for their patience, encouragement and help
during the entire period of our stay in the United States.

Finally, I wish to acknowledge gratefully the support I
received for all the work from the African~American Institute of

New York and the Ahmadu Bello University of Zaria, Nigeria.



DEDICATED TO

Wife: Shola

Children: Sanusi and Mairam



CHAPTER ONE:

CHAPTER TWO:

CHAPTER THREE:

BIBLIOGRAPHY. .

TABLE OF CONTENTS

INTRODUCTION....vc... PRl eareasr s et bann R s
PRELIMINARIES . . veuetenenrnnansananns rerssearresaanaan

MAIN RESULTG .. vavinneenanassnnasansssacsnacartsestvn

------ LRI N L L R O B I O N B B N N B T R A B R R O B N LN I 3

vii

14

54



CHAPTER 1

INTRODUCTION

The purpose of the dissertation is to discover some necessary
isomorphism conditions for the simple Lie algebras of Block. If L
is any simple Lie algebra of Block, we will seek to imbed L in a
smallest restricted Lie algebra R'(L) which has the property that
any restricted Lie algebra in which L is imbedded also contains R'(L)
(up to isomorphism). By examining the dimension of R'(L) we
hope to find some necessary isomorphism conditions for the simple Lie
algebras of Block type.

Since L is a simple Lie algebra, the center of L is zero.
But the center of L is the kernel of the adjoint representation of L.
Hence the kernel of the adjoint representation of L. is zero. Thus we
can identify L. with ad L, the algebra of inner derivations of L; and
then attempt to find a smallest restricted Lie algebra R(L) contain-
ing ad L.

If D(L) is the derivation algebra of L, then
ad LgR(L) ¢D(L). With this we can compare the dimension of R(L)
with that of D(L); and then determine when L itself is restricted
(previously determined by Block in [2] using a different method).
Furthermore, we seek to find a necessary condition for two algebras

L and L' of Block type, which are of the same dimension, to be



isomorphic.

We also intend to discuss briefly how the work can be
utilized to discover nonisomorphic simple modular Lie algebras
among some of the different types of non-restricted simple Lie

algebras of the same dimension.



CHAPTER II
PRELIMINARIES

It will be assumed throughout the chapter that Lie algebras

are finite dimensional.

DEFINITION 1: A restricted Lie algebra L is a Lie algebra over a
field ¢ of prime characteristic p which has a "p-map" a+alPl from

L into L such that

(i) (la){p] = Apa[P]

(11) (ad a)P = ad(a[p]) for all acL, Ae®;
p-1
(i11) (a+b)[P] = alP) 4 plpP] 47y sy (a,b) for a,bel,
i=1
where isj(a,b) is the coefficient of xi-1 4
the expansion of a(ad(aX+b))P~1, and X is an

indeterminate over ¢,

REMARKS 1: For Lie algebras with trivial center, and in particular
for simple Lie algebras, condition (iii) can be dropped. A Lie
algebra L of characteristic p can be given the structure of a

restricted Lie algebra if and only if (ad x)P ¢ ad L for all xeL.

In fact it will be enough to have (ad u P¢adl for every uy in a

)
basis {u;} of L. The proof can be found in [6]; pg. 188-191.



DEFINITION 2: Let L be a Lie algebra over a field ¢ of prime charac-
teristic p. R'(L) is the smallest restricted Lie algebra containing
L provided that any restricted L.ie algebra in which L can be imbedded

also contains an isomorphic copy of R'(L).

DEFINITION 3: If R'(L) ¥ L, then L is said to be a restricted Lie

algebra.

REMARK 2: 1If L is a gimple Lie algebra, then L can be identified
with ad L, the algebra of inner derivations of L; while R'(L) can

be identified with R(L), the smallest restricted Lie algebra contain-
ing ad L. Since we will only be concerned with simple Lie algebras,
our consideration will only be for the smallest restricted Lie
algebra R(L) containing ad L. We will sometimes refer to R(L) as

the smallest restricted Lie algebra of L.

LEMMA 1: Let L be a simple Lie algebra over a field ¢ of prime
characteristic p, R(L) the smallest restricted Lie algebra contain-
ing ad L, and D(L) the derivation algebra of L. Then
ad L gR(L) @« D(L); and consequently R(L) is a finite dimensional
Lie algebra. Moreover,
s ]
R(L) = 1 (ad L)P7,
3=0

where k is the least integer such that for all i>0 and all x¢L,
k
i
(ad x)P ¢ 1 (ad L)pj.
3N



PROOF: Every 6cD(L) satisfies the Lelbmniz' rule
k ok k-1
(fa,by6k = 1 (lasd, b6
j=0 J
for a,bel,.. From char ¢ = p>0, we have éPeD(L) also, since
([a,b1)8P = [aéP,b] + [a,6bP] by Leibniz' rule. Since, by the Jacobi
identity in L, ad x is a derivation it follows by taking & = ad x
that (ad x)P is a derivation on L for all xeL. Hence every vector in
k J
£ (ad L)P 1is a derivation on L. We thus get ad L €R(L) &D(L).
j=0

The finite dimensionality of R{L) is a consequence of that

of P(L).
k pj :
To show R(L) = I (ad L)" , where k is the least positive
j=0
i k i
integer such that (ad )P ¢ £ (ad L)P , for all 1>0 and all xeL,
3=0
k i
we first show that I (ad L)p iz a Lie algebra over ¢. It is
jzo . -

obviously a vector space over ¢. Since ad ze ad L implies (ad x)P

k i
ig a derivation on L 1t follows that I (ad L)p is a P-subspace of
j-o .

k 3 '
D(L). Hence to show that £ (ad L)p is a Lie algebra we only need
=0
to show that it is closed under the bracket product.
k J

To show I (ad L)p is closed under the bracket product, it
j=0



k
1 8
is sufficient to show that [(ad x)P ,(ad y)? ] 1s in I (ad L)F'j
j=0
for l<r,s<k and x,ycL.

For any o,1¢ End¢(L) and n>1 we have, using a straightforward

induction argument and the fact that (jfl) + (?) = (njl)’ ot =

n
pX (?)TH_J(u(ad T)j). Substituting o = (ad x)pr, T = ad y and
j=0

r

= 8 s r 8
n = p® we have (ad x)P (ad y)p = (ad y)p (ad x)P + (ad x)P ad (ad y)P .

r xr s
Hence, [ (ad x)p , (ad y)p ] = (ad x)P ad(ad y)? . Let § = ad(ad y)P ,

Then ¢ is a derivation on ad L. 1t has been shown in [6]; pg. 186
pJ ] r r
that (a )& = (aé)P for all ac ad L. Whence (ad x)P 6 = ((ad x)8)P .
r s 8 T
We thus have (ad x)P ad(ad y)? = {(ad x)ad(ad y)P 1P =

8 T
{[ad x, (ad y)p 11P . For zeL;éeD the following result is proved in
[13]; pg. 22: [ad z,6] = ad(z6). With the use of this and the fact

8
that (ad y)P is a derivation on L we have

T 8 8 r
[(ad x)P ,(ad y)P ] = {[ad x,(ad y)P ]}P

8 _Tr r
= {ad(x(ad y)P )}p ¢ (ad L)P .

r 8 T k |
Therefore [(ad x)P , (ad y)p ] e(ad L)p < I (ad ¥,
3=0



k ]
Consequently, I (ad )P is closed under the bracket product; and
j=0
therefore is a Lie algebra over ¢.

k
The fact that I (ad L)p is closed under the pth powers
j=0

implies by remarks 1 that it is a restricted Lie algebra containing

ad .. Therefore

k
R(L) € & (ad 1)P .
3=1

R(L) being a restricted Lie algebra with ad L € R(L) implies
o k i
by remarks 1 that (ad L)' e R(L) for all i>0. Hence I (ad L)P < R(L);
j=0

and the conclusion of the lemma follows.

LEMMA 2: 1If ¢ is an algebraically closed field of characteristic
p>0, and @1s85,444,8, are 1in ¢ such that a, # 0, then the solutions
of the equation

k k-1 pk-z p
K k-lx + .0+ azx + alx-O

form a k-dimensional vector space over the prime field Zp.

PROOF: The formal derivative of the polynomial

k k-1
—— P P
f(x) X + akx + soo + oagx’ + alx in #[x] is a.

highest common factor of f(x) and its derivative is 1. But f(x) has

Hence the

a repeated root in ¢ if and only if the degree of the highest common



factor of f(x) and its formal derivative is positive. We therefore
conclude that f(x) has no repeated roots in ¢. Thus the equation

k-1 k-2

P p 2] P -
x + akx + a, 1% + s + a,x + alx 0

has pk distinct roots in *¢.
Let Yq and Yo be two arbitrary roots of the equation in &,
and let s and ) be in the prime field Zp. Then
k k-1

P « =
(‘1T1+¢2Y2) + ak(“lyl+«272)p AU al( lYl+“272)

k k-1 k k-1

. PT 4 P P a p P

P
+ a272 + alYZ)

= 0,

It then follows that “1Y1+“2T2 is also a root of the equation.
Hence the set of all roots of the equation form a vector

space over Zp of dimension k.

COROLLARY 1: Let 158,50 00ydy be elements of ¢ with a, non-zero, V

2 1

be a vector space over Zp spanned by the solutions in ¢ of the

k k-1
equation < + akxp  sae P ies d azxp + ax = 0, and {v1|i = 1,2,...,k}

be a basis of V over Zp. Then vy i=1,2,...,k cannot all be roots

of the equation of the form



J -1 j-2
P P ¥ P P -
x° + bjx bj—lx - SR S bzx + blx 0

such that b1 is nonzero, and k>j.

PROOF: Assume the result is not true. We know from lemma 2 that the

roots of the equation form a j-dimensional vector space V, over Zp.

Therefore if Vs i=1,2...,k are roots of this equation, then V

will be a subspace of Vl. This says j>k; which contradicts k>j.
Thus, vys i=1,2,...,k cannot all be roots of the equation

pl pl ™! p
xt + bjx o ST SRR - bzx + blx = 0;

such that bl is nonzero and k>j.

LEMMA 3: Let ® be an algebraically closed field of characteristic
p>3, G an elementary p-group of order pn, where n>2, {8i|i = 1,2,...n}
a basis of G, and f a skew-symmetric biadditive function on G with
values in ¢®. Then f is non-degenerate if and only if the matrix

(f(Bi,B ))lii’jin has no non-trivial linear combination over Zp of

]

the rows equal to zero,

PROOF: It needs to be remarked that f:GxG*? is a zp-bilinear map and

not necessarily a bilinear form on G.

Since the conclusion of the lemma is a standard result of

linear algebra, its proof will be omitted.

LEMMA 4: Let ¢ be any extension field of Zp. 1f elements of Zén)



10

are linearly independent over ZP. then they are linearly independent

over ¢ and conversely.

PROOF: Since Zén) is a vector space over Zp we can extend the space

2 (™)

(n)y _ (n)
3 into a vector space (ZP )ﬁ ¢quzp over ¢ relative to

P

“(Z“f‘xi) = Euaﬂixi for all ¢,=1E¢ and x (=)

el .
ip

(n)

p is linearly

It will then follow that {vl,vz,...,vs}ﬂﬁz

independent over Zp if and only 1if

Z
{IQZ‘:’I.].Q 2:;2,. s l® z\l;s}‘d*ﬁzpp

is linearly independent over ¢.

LEMMA 5: Let G be an elementary p-group of order p“ for n>2,

[Bi|1 =1,2,...,n} be a basis of G over Zp, and f a nondegenerate and
skew-symnmetric biadditive function on G taking values in an algebrai-
cally closed field ¢ of characteristic p>3 such that the rank of f

is t. Then at least n-t columns (respectively rows) of the matrix

))

(f(Bi,B contain elements not in Zp.

J771<i,jen

PROOF: It is worthwhile noting that f:GxG+® is a Z _-bilinear map, and

P
not necessarily a ¢-bilinear map, on G. Consequently, the rank of
the matrix (E(Bi’ej))lci j<n need not be n. But in the case where

the image space of f is contained in Zp, the rank will be n.



g ay

Let vy 1=1,2,...,n, where

Vi = (f(Bl’Bi)’f(Bz’Bi)’ L °sos“f(81$si+]_)’° . "f(Bi'Bn))

be the columns of the matrix (f(ei’ﬂj))liigjfn in the basis |
{Bifi=1,2,...,n}, and vy31=1,2,...,t be the linearly independent

columns over ¢.

Suppose, for some s, vy ;k=1,2,...,8 have all thelr compon-
k

ents from Zp’ where 11,12,...,155{1,2,...,n}. Then vik;k=l,2,...,s

(n)

are 1In Zp . Since f is nondegenerate over Zp’ it follows from the

third lemma that vy ;k=1,2,...,s are linearly independent over Zp.
k .

But, by lemma 4, 1f the elements of Zén) are linearly independent

over Zp, then they are linearly independent over ¢, and conversely,

Rence vy ;k=1,2,...s are linearly independent over ¢. Consequently
k

8<t.
Therefore at least n-t columns of (f(Bi,Bj));lgi,jgp contains
entties outside of Zp. By the skew-symmetry of £, the same conclusion

also holds for the rows of (f(Bi,Bj), 1<i,i<n,

LEMMA 6: If & is an extensién field of Zp, A 18 a matrix with all
its entries from Z,, and L(A) is a system of homogeneous equation
whose matrix of coefficients is A, them the solutions in ¢(n) of the
system L(A) are the linear combinations over ¢ of solutions in Zé“)

of the system L(A).
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PROOF: Since the lemma is a standard result, its proof can be found
in any standard textbook on linear algebra, or from the linear alge-

bra references listed in the bibliography.

LEMMA 7: Let ¢ be an extension field of Zp, and let UI.U2 be sub-
spaces of ¢(“). 1§ U1-U2 have bases in Z;“), then Uf’\‘l]2 will

also have basis in Zén).

PROOF: Let V = ¢(™) and v = zlg“). Then V = V @%. The fact that
Uyp,U, are subspaces of V with bases in VO is equivalent to saying
that U,,U, are of the form U; = U100¢, u, = Um'ﬂ’ for some subspaces
UlO'UZO of VO' Let HO - Uld“UZU' The conclusion of the lemma will
hold if we can show that Ulﬁllz = HCPP; for in that case Ulnﬂz will have
a basis in VO.

W(P‘f‘CUII\UZ is obvious. Hence we will have equality if
dim W /8¢ = dim,UMU,. But dim,U,AU, + dim, (U;+U,) = dim Uy + dim,U,.

By hypothesis we have
d1m¢Ul + dim,U, = dim, Ulﬂ + dim, Uy
P P
Therefore

dimQUf\UZ o o dim¢(U1+Uz) = dimzpulo + dimsz20

- dimz Uy Uy + dimz (R 203

= dimz W + dim X

Z 10
p 20
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prove that dimy (U10+UZO) = dim¢(U1+U2)

So it is guf ficient to
P

But dimzp(ulo+020) = dimQ(U1+U2) follows from the fact that U1+U2

{s spanned by a set of vectors in Voi and hence has a basis contained

in VO'
(n)
Therefore if Ul'UZ have bases in Zp , then Ulnll2 will also

have basis in Zé“).
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In [2] Block succeeded in showing that, with the stated
restrictions on f,L(C,48,f) is a central simple Lie algebra, and
its dimension is p"-2; except when G=Gp, in which case it is p"-1,
For the entire discussion of L(G,8,f), it will be assumed
that p>3. This is due to the fact that characteristics 2 and 3
are exceptions to all the results. For those two cases there is
no unified approach to their discussions; in some cases the algebras
turn out to be isomorphic to known simple Lie algebras, while in other
cases they are not isomorphic to any previously known simple Lie
algebras. In the latter case our results will hold true. Some of
the results on isomorphism between the algebras can be found in [2].
We shall denote, from now on, the smallest restricted Lie
algebra containing ad L(G,5,f) by RL(G,8,f), and the derivation
algebra of L(G,5,f) by DL(G,6,f).
Let V(=) be denoted by v,. Block has defined the derivations
D(Yk,-ék), D(4,0), and D(Uij,O) of L(G,6,f) by ch(Yk,—dk) =

m
f(uk,yk) v(m—ék), qu(oij,O) = aij(u)vu, and v _D(5,0) = [-1+i£131(=)]vq

if GO-O; D(8,0) = O if Gy # 0: where Y is any element in G for

any k; 99119022 " ** 290, is the basis of GD over Zp; 011’012""’Uiri’51

0

a basis of G, over Zp such that f (o ) # 0; for 1 = 1,2,.,.3m;

11’61

sij(«) is the coefficient of © in « for 1 = 0,1,2,...,m; and si(«)

ij
is the coefficient of 6; in =. DL(G,8,f) has the following represen~

tations:



CHAPTER I1I
MATIN RESULTS

Block constructed simple Lie algebras over a modular field
by considering an additive group G of order pn>1, which is a direct

G

sum of a finite number of finite elementary p-groups GO,GI,..., o

These groups are then finite dimensional vector spaces over Zp. He
assumed that GD can be allowed to be zero, and p>2, or G # G1. Let

6 =68 +6,+ ...+ Sm be a fixed element of G, where 0 # 61561 for

2
i =1,2,...,m, and let L be a vector space over the modular field ¢
whose basis is indexed by the elements of G other than 0 and =6.
Denote by v(=) the basis element of L corresponding to = in G.

Hence the basis of L is in one-one correspondence V(=)&¥®= with
elements of G such that =« # 0,-6. Furthermore, we assume given, for
each 1, a nondegenerate and skew-symmetric biadditive function f,

on GixG

j to ¢, such that, for 1<i<m, there are additive functions

Byo h; on Gi to ¥, with 31(51) = 0 and fi(ﬂ,ﬁ) = gi(ﬂ)hi(B) -

gi(B)hi(u) for every = and B in Gi‘ Multiplication on L is defined
m

by V(=)ov(8) = ¥ f. (=, ,B,)y(=+B8-6,); where =; and B; are the com-
{=0 P £ ¢ b i

ponents of « and § in Gy, respectively; and where 60 and V(0) denote

zero, With this multiplication L becomes a Lie algebra, which is

represented by L(G,6,f); where f is the biadditive function on G

whose restriction to Gi is fi'

14
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In [2] Block succeeded in showing that, with the stated
restrictions on f,L(G,8,f) is a central simple Lie algebra, and
its dimension is p"-2; except when G=Gg» in which case it is p“—l.
For the entire discussion of L(G,6,f), it will be assumed
that p>3. This is due to the fact that characteristics 2 and 3
are exceptions to all the results. For those two cases there is
no unified approach to their discussions; in some cases the algebras
turn out to be isomorphic to known simple Lie algebras, while in other
cases they are not isomorphic to any previously known simple Lie
algebras. In the latter case our results will hold true., Some of
the results on isomorphism between the algebras can be found in [2].
We shall denote, from now on, the smallest restricted Lie
algebra containing ad L(G,58,f) by RL(G,8,f), and the derivation
algebra of L(G,5,f) by DL(G,5,f).
Let V(=) be denoted by v_ . Block has defined the derivations

D(yk,—ﬁk), D(6,0), and D(o 0) of L(G,6,f) by VED(Yk,-Gk) =

11
m

£ o) v(==6,), vc,D(uij.O) = aij(u)vu. and v, D(5,0) = [-1+i£151(¢)]1-',

if Gy=0; D(5,0) = 0 if Gy # 0; where Y is any element in Gy for

any k; 001’002""’00r0 is the basis of G0 over Zp; 011.012,....01ri,61

a basis of G; over Zp such that f(oil,éij $# 0; for 1 = 1,2,,...5m;

(=) is the coefficient of v,, in « for 1L = 0,1,2,...,m; and si(u)

®ij ij
is the coefficient of &; in =. DL(G,&,f) has the following represen-

tations:
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(@) DLGG,8,f) = ad Va,D(GOi,O)]i-l,z,...JH£>, f G = 6,

(b) DL(G,8,f) = (ad vc,ad V_§ ,0 (Yk_v"ék) yD(GOL so) ,D(o 90) Ry (6k’_6k) |

13

2= 1,2,...,n0;1,k = l,...m; { = 2....,ni-%> o A Go # 0, G# GO
(c) DL(G,E,f) = <L?d v, ,ad vgé.D(Yk.-ﬁk).D(G,O).D(Oij.0).D(Gk.-6k)|

i,k=1,2,,..,m3 §j = 2,...,ni—l> , if Go = 0,

Let iG] = p". In the case where G = GO the outer derivation algebra
L*(G,5,f) of L(G,5,f) is an n-dimensional abelian algebra; thereby
giving dim DL(G,6,f) = p™n-1. For Gy = 0, L¥(G,5,f) is (n+2) -
dimensional, and dim DL(G,5,f) = p™m. 1In the situation where G0 0
and G # Gy, dim L*(G,8,f) = n+l, and dim DL(G,5,f) = pT4n-1.
L*(G,6,f) is always abelian except when m = 1.

We intend to use the multiplication table of Block to deter-
mine the dimension of RL(G,6,f), and then compare it to the already
known dimension of DL{G,d8,f).

If ve denote v ad Vo for all =,8 # ~6 in G by v“RB' we obtain,
using Block's multiplication, a general representation for VERE as
follows:

m
— ~l
vuRg = (vaovs)kg ez fC »By )V(“*'B"‘ﬁil)]Rl;

i
» 1
= L f(=, B, Mv(=+8-&, )RR} .

Continuing we pet
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m
v RP = L £(x, 8, YE(=, =&, B, Deus
«'B 1.4 T L
S REPTERTEE SO 2 "1 "2

f(" =8 =esa—b B )V(“‘-G _uoo""é )
i o i i
P 11 1p—l ip 1 P

Letting the components of « and £ in Gi to be “g and 84» respectively,

we have the following:
= f(« P
V,:Rg f( 0:80) V“
0

P

V“RB

- e P - £8;,8)7 (=, ,8)) Iv,,
where 1 = 1,2,...,m.

From now on we assume that the algebra L(G,6,f) is defined
with respect to a group G of order p" which is a direct sum of elemen-
tary p-groups G, of order pni; i=20,1,2,...,m and a nondegenerate
and skew-symmetric biadditive function f defined on G and taking its
values in the ground field ¢ such that its restriction to G, is

i

f i=0,1,2,...,m. In addition we require that the ground field ¢

i’

be algebraically closed of characteristic p>3, and § = 51+6 +...+6m;

2
where 61561. Unless otherwise stated, it is to be assumed that n>2.

LEMMA 8: Let n>3, G # GO’ and {GOk'oijlj = 1,2,...,ni; o A R,

k=1,2,...,n.} be some basis of G over Z_ such that §_ = o and
0 P r rn,

f(crl,ér) #0; r=1,2,...,m. Then for each i = 0,1,...,m none of
the columns of the matrix of the coefficients of D(°1j!0)3

j L 1,2,.-..“1-1 in ad VE H j = l,z,-.-.ni 18 Zero.
ij
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m
= I

i=0

P

. P P ~1¢(x P
PROOF: With the use of v, ad Yy, B i’"i) —f(ni,éi)P f( i'"1)] v,

we have
v, ad vlr)io = £o(=geng)’V,
and
v, ad vn"i SR CACAR IR N CAR r HCHUDS T

where ®isNy are the components of «,n in Gi’ respectively; and
i=1,2,...,m.

It should be remarked that the nondegeneracy of each fi over
ZP;1-0,1,2,...,m has been established by Block in [2].

From the expressions of v_ad vg 3i=0,1,...,m, it follows that
i

to prove the lemma it is sufficient to consider each of the f; on

G1 in turn. In fact, for 1 = 1,2,...,m, we only need to consider one

Of thl
P = o P
Consider f0 on GO. Since v_ad vno fﬂ( 0'“0) v, for all
n
0! ] m » ooj iql 0 Oil Oj Oi! L] g ey 0.

Hence whenever a column of the matrix of the coefficients of

D(°01'0);1'1'2""'n0 in ad vgoj; = l,2....,n0 is zero, a column of
in the basis o

the matrix of f 3] = 1.2,...,n0 will be zero. This

0

degenerate over Z

03

will make f ps thereby giving a contradiction. There~

0

fore no column of the matrix of the coefficients of D(coi,O);i-l,Z,....no
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inad vP 3 j = 1,2,...,n, will be zero.

0j ¢
We now consider fl on G,. Using v, ad vﬁl = [fl(ul,nl)p -
n-1
£.(n,,8 )p'lf (=.n)lv,, we get ad vP = % (£.(o,,,0. )P =
FIRRERT SN e WR 3 oy  qep 1 1713

-1 . -
( 5,)P fl(oli,alj)]D(oli,O), j=1,2,...,n_, where 6. 1is defined

£ 013’ 1

as o .
1n1

1

Suppose one of the columns of the matrix of the coefficients

of u(cli.O); i= 1,2,...,n1~lin ad vﬂlj; j= 1,2,...,111 is zero.

Since f,(0,,,0 ) # 0, the first column of the matrix is not zero.
¥ Sl 55 lnl

} = 0 and

Assuming the second column is zero, then fl(c
1

12'%14

-1

f = 0; 1 = l,2,...,ni 1. This

P P
£1(072%10) fl(cli"lnl) 10012714

says that whenever fl(ulj’oln ) = 0, then f1(°12'°11) = 0.
1 -

It has been shown in [2] that the Jacobi identity will be

satisfied in the algebra L(C,8,f) if and only if f(!i,Bi)f(yi,Bi) +
£(Byay VE(= 80+ EQyg #)E(Bg48,) = 0; for 1 = 1,2,...,m and all

«, B and v in G.
Suppose fl(olZ’Glﬁ) = 0, for some § . By the nondegeneracy

of fl over ZP’ there exists a o such that fl(olz,c ) # 0. Then

1j
with the substitution of ", - 012'81 = 0

13

, and Yy =0 in the

1% 14

alternative Jacobi identity, we get the following:
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f1(”12'°1z)f1(°1_1'°1n1) ¥ f1(°12'°13)f1(°12'°1nl) *

f ) = 0.

1(°1j'°1z)f1(“1£’°1n1
Since f1(012’01i) = fl(olz,olnl) = (0 and fl(olj,olz) # 0, the identity
reduces to fltolﬁ’olnl) = 0. We have thus proved that if
f1(°12'°1£) = 0, then fl(olﬂ’olnl) = 0,
Combining this with the result that if fltcll’olnl) = 0, then
fl(°12'°1£) = 0, we get f1(°12’°lg) = 0 if and only if fl(ali’olnl) = 0,
1f for some k, f1(°12'01k) # 0, then fl(olk’olnl) # 0, and

=Ll -
{fl(olz,clk)[fl(clk,olnl)] } 1. This implies that fl(olz,olk)

akfl(olk,olnl) for some nonzero ay in ZP.

Suppose for some nonzero a, Ej in Zp, fl(clz,oli) - aifl(ﬁli’clnl

and f_ (o ) = af (o

1 12'01j 4f1 lj'oln ). Then substituting " - 012,81 = 0145

1

and Yy ™ olj in the condition for the satisfaction of the Jacobi
identity, we get fl(clz,cli)fl(ulj,olnl) + fl(oli.ulj)fl(clz,olnl)
+ fl(olj,clz)fl(cli,olnl) = 0, Whence aifl(Uli’olnl)fl(olj’clnl) +

fl(cli,clj)fl(olz.clnl) - ajfl(ulj,olnl)fl(oli,clnl) = 0. Since

fl(clz,nln ) = 0, it follows that (ai—aj)fl(o

s )f (0 y O ) = 0.
1 11 lnl 1983 lnl
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By the assumptions that fl(oli,cln) # 0 and fl(o ) £ 0, we

,a
lj 11'11
will have aj = aj.
Hence for each i = 1,2,...,m, either fl(olz,ali} = 0, or

fl(ch’oli) = afl(oli’olnl) for some nonzero aezp. Since

fl(olz,uli) = 0 1if and only if fl(cli,clnl) = 0, we can write

f1(°l2'°11) - 3f1(°11-51n3f°r all 1 = 1,2,...,m. Inserting the

deduction in the matrix of fl in the basis o0q4;1 = 1.2,....n1, the

second row (respectively column) of the matrix of f, will be a multiple

over Zp of the last row (respectively column). But lemma 3 says this

can only hold if fl is degenerate,
Therefore the matrix of the coefficients of D(olj,ﬂ); j=

1,2,...,n7-1 in ad v5 ; 1= 1,2,...,111 cannot have a zero column.
1i
Using an identical argument, we can deduce that for each

i{=1,2,...,m, the matrix of the coefficients of D(uij,D); j=
P ’
1ij Y

LEMMA 9: Let G # Ggs and n > 3. If {cOk,ain = 1,2,000,043

1,2,...,n1-1 in ad v, = l,2,...,ni cannot have a zero column.

i=1,2,...,m; k = 1,2,...,n0} is a basis of G over zp, then for each
i=1,2,...,m the columns of matrix of the coefficients of D(cij.O);

j = 1,2,...,ni-1 in ad VJ) 3 ) = 1,2,...,:1i are linearly independent
ij

over Zp; and the columns of the matrix of the coefficients of

D(ooj,O); j= 1.2,...,:10 in ad vg) ;) 3=1,2,...,n, are also linearly

0j °

independent over Zp &
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PROOF: Since f1 is the restriction of f to G ; where 1 = 0,1,...,m

it then follows that

n
0
ad vP = % f.(0.,,00:)PD(0~.,0);
GOj f=1 001’ 0j 01

where j = 1,2,...,n_ and

0
n, -1
P j: P p-l
i =1
for j = l.2,...,n1; 1 ow 1,2, i i

To prove the lemma we need to consider the matrices of the

coefficients of D(coj,O); j=1,2,...,n, in ad vg s §=1,2,...,n

0 0] 0’

and D(0,,,0); k = 1,2,...,n.-1 in ad v g= 1,2,..:,n, for

ik 14
i - 1.2,.-..“1-
Suppose the columns of the matrix of the coefficients of

D(0gy»0)5 1 = 1,2,...,n, in ad v os1= 1,2,...,n are linearly
0j

dependent over Z . Then by the skew-symmetry of the matrix the rows
P
will also be linearly dependent over Z . Consequently the rows of

the matrix of f will be linearly dependent over Zp; and thus a

0

contradiction to lemma 3. Hence the columns of the matrix of the

coefficients of 0(001,0); i= l,?.,...,n0 in ad vf s 3= 1,2,...,n

0j L

are linearly independent over Zp.

We now consider the matrix of the coefficients of D(olk,o);
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k = 1,2....,n1-1 in ad vg r i = 1,2,...,n1. Assuming the rows of

ij
the matrix are linearly dependent over Zp; then we can find Ny

1w 1,2, ¢eesty=1 in ZP not all of which are zero such that they give

1

a dependence relation over ZP between the columns of the matrix of

the coefficients of D(Blj,ﬂ); j = 1.2,...,n1-1 in ad vg :

11
n-1

f=1,2,000n. If v = iflnisli, then fl(Blniv) = 0, and

8 p-1 e o
£, (B14MP fl(ali.alnl) £1(By4ov)s 4= 1,200 -1,

We note that y is not a multiple of B) over Zp as otherwise

f(Bln 'Bll) will be zero; which is not possible. Assuming that the
1

coefficient of 812 in y is not zero, then 8;4,v, ""’Bln is again

8
13 1

a basis of G1 over Zp.
With this new basis for Gl’ (ad L(Gl,ﬁl,fl))p will be spanned

by ad vE,ad vg 3 jsl,...,nl~l; i # 2. The following matrix
1j

representation for the expansions of ad v$,ad vP - D T SR, .

...]_;
B1i

1

i# 2 in D(Blj,O),D(Y,O); ij= 1,2,...,n1-l; j # 2 will then arise.
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Therefore we have found a basis {B;;,v,B sennsBy } of Gl

13 1

over Zp such that the matrix of the coefficients of D(Y,O),D(Blj,o):

j= 1,2,...,n1—1; §#4 2 in ad v$,ad vP $ w12, 001 12

Bli

1
has a zero column. BPBut according to lemma 8 this is possible only if
fl is degenerate over Zp. Since fl is nondegenerate over Zp, we will
end up with a contradiction.

Repeating the same proof for the matrix of the coefficient of

D(043,0); k = 1,2,...,n4-1 in ad vg ;1 ] = 1,2,...,ni, where
ij

i=2,3,...,m, we conclude that the columns of the matrix of the

coefficients of D(oij,O); i= 1,2,...,n1-l in ad vg 3 [ I .
ij

for 1 = 1,2,...,m are linearly independent over Z_.

i!

From now on we denote the vector space (ad LG,8,0)P +

2 1
(ad L(G,5,£))P + ... + (ad L(G,6,£))P by D, for all 1 > 1,

i

LEMMA 10: Let G = GU' and let the rank of f be t. Then dim Di =

+ x, such that 1 <x, < t, provided the dimension of the

dim Di-l i

space Dy_, does not attain the dimension of the outer derivation
algebra which is n.

2
Consequently, the dimension of (ad L(G,6,L))P + (ad L(G,6,£))P

*+ 0. 18 1,
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PROOF: let G=G.=2Z xZ X ... xZ (n times), and {Bi|i-1,2....,n}
0 p P P

be a basis of G over Zp consisting of the elements Bi with 1 in the

ith position and zeros elsewhere. Using the formula that for any

=¢G and any neG,v_ad vg = f(u,n)pvu, we get the following:

n n
voad vb = 5 4 £(8,8)Pv, = I £(8 ,Bi)pqu(B ,0); £ =1,2,...,m,
where = = (11,12,....1n). Consequently, ad vgi =

n
b f(Bj,Bi)pD(BJ,O). i=1,2,...,n will be the expressions for
J=1

ad vP § 1w L2 AN D(BJ,D); j=1,2,...,n. Denoting
i
n

Bi) by X, will reduce the identity to ad vP = I xP D(BJ.O);

£ (8 . 6, " (L

j'
such that: i=1,2,3,...,n, where the matrix of the coefficients of

D(Bj,U); j=1,2,...,n in ad VE ;3 1=1,2,...,n has rank t,
i

Let V. be a subspace of 9 () gpanned by rfl); i=1,2,...,n
(1) _ pj p) pj pj p]
with r, ( xli' XZi' i xi-lj'o'xii+l""'xin} for § > 1.

Then the dimension of V. over ¢ is t. We can without any loss of

1
(1),
generality assume that ri s 1

vectors over %, If r£2) is to lie in Vl we must be able to find

= 1,2,...,t are linearly independent

eij; j=1,2,...,n in ¢ not all zero such that réz) -
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n
Bijrjl). This gives rise to the following system of n equations
i=1
no, p2
in 911? I ™ 1,2,.00m% jflxhjeij = xhj; j=1,...,n. Thus we get the
matrix identity below:
- o , : [ 3
P P p . 2
0 X, XPy . XD 841 - xP;
' 2
P - - - _ %P
x12 0 xz:] LI B O B ) xzn | 812 xzi
. . - . pz
L - L] : xi_.li l
- - - - - 0
P P p P
xln xzn x3n LR B B 0 ‘Uin xin
Ao / - 4 L /

We observe that our matrix of the coefficients is independent
of 1, and it is the transpose of the matrix of the coefficients of

D(B4»0)5 3 = 1,2,...,n in ad vé’ ;1 =1,2,...,n. Hence it has rank
s
tl
pP
Due to the fact that for any aezp, a = a for s > 0; it will

(1)

follow that whenever rj has all its components from Zp, then

k
r;k) - r}l) for all k > 1; and hence ad v% ;

]

elements of Dl‘ The biadditive function f will then be a nondegenerate

k > 1 will all be



bilinear form; and therefore will have rank n. Hence dim D1 =q =

dim L*(G,8,f). Consequently, whenever t < n, we can use lemma 5 to
conclude that at least n - t rows (respectively columns) of the matrix
of f will contain a component not from 2

¢azp such that xf = . for some x, then x = =, ¢ follows that at

p* Using the fact that if
least n-t rows (respectively coluwns) of the matrix of the coefficients

of D(Bk,O); k=1,2,...,n in ad vg 3y J =1,2,,..,n have entries not
b)

2
from Zp' Therefore some cof ad vg ; 1i=1,2,...,n are not in Dl.
i .

Hence dim B, = dim Dy + X, for 1 < x,< t.

Supposing some two rows of the matrix of coefficients of

D(Bk,O); k=1,2,...,n in ad vg 3 J=1,...,n are linearly dependent
J

over Zp. Assume the first two rows are linearly dependent over Zp.

Since xp

=y 1f and only if x = y for all x and y in a field of
characteristic p > 0, it follows that the two corresponding rows of

the matrix of f will alsco be linearly dependent over Zp. But this will
contradict the nondegeneracy of f over Zp as proved in lemma 3. Hence

no twoe of the rows of the matrix of the coefficients of D(Bk,U) in

ad vg ; k,3=1,2,...,n can be linearly dependent over Z_.

P
J _
Next we consider the case when the rows of the matrix of the

coefficients are linearly dependent over ¢, Let Ay 4= 1,2,..04n

n 1)
be some elements of ¢ such that I Aiti = 0. We note that, for any
i=1

i, the matrix of the coefficients of 6,.; k = 1,2,...,n i3 unchanged;
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2

and due to the nondegeneracy of f over Zp, one of KEJ; §=1,2,iie,n

is nonzero. Hence the linear system of equations is nonhomogeneous.
Therefore we can use the well-known fact that a linear system

m

of n nonhomogeneous equations Z a v =b (u=1,2,...,n) inm
val HVY ’

unknowns wu(v =1,2,.,..,m) has a solution if and only if every

solution nu(u = 1,2,...,n) of the transposed homogeneous system

n

fa

ta, ¥, = 0 (v=1,2,...,m) satisfies the orthogonality-relation
p=1

H

n n 2
" = E p = P .
given by I bpnu 0 to deduce that the system xkjﬁij xki,
u=1 j=1
k=1,2,...,n has a solution if and only if any solution wij;
n
j = 1,2,...,n of the transposed homogeneous system 3 XP Ok = 0;
k=1 K
n 2
j=1,2,...,n satisfies I xP $,, = 0 for eachi =1, 2,...,n,
ki"ik
k=1
The skew-symmetry of the matrix of the coefficients of Gij; = L2y0man
enables the solutions of the transposed homogeneous system to coincide

with the solutions of the homogeneous system, without transposition.

It then follows that Aj; j=1,2,...,n must satisfy the system

n 2
of equation given by I xiiwik =0; 1 =1,2,...,0.
k=1
h+1
If the vectors r§2) lie in Vy, then ad vFP will all be

By

vectors in Dl for h > 1. That is Dmlgnl for all h > 1. Consequently,
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1__§h+l.)

coefficients of eij= j=1,2,...,n is independent of i we have

will be in Vl for all h > 1. Since the matrix of the

a phtl
kzlxki M =03 1=1,2,...,n, h > 1.

Therefore, if i = 1,2,...,n, every solution Aj: 1w 1.2, ey
of the homogeneous part of the nonhomogeneous linear system will be a

solution to each of the following n homogeneous systems:

n ph+1
I X Y, = 0; h>1.
i "k » =
k=1 5
By the nondegeneracy of f over Zp, none of the n systems will

be a trivial system; and, by all the rows of their matrices of the

coefficients being in V;, the rank of each of the n systems is at most

L.
n
Let W be the space of solutions of £ xijwk w 0 3w 1,200,038
k=1
n h+1
and Ui be the space of solutions of I xP 'wk = 0; h > 1, where

Gl ki
i=1,2,...,n. Then W is (n-t)-dimensional, and w;ui for each
1= L2 0u5M,
We note that none of the n systems with the solution-spaces

as Ui; i=1,2,...,n can have rank t. The reason for this is that if

n el
the rank of the matrix of the coefficients of I XEB wk =0; h>1
k=1

is t for some s, then dim U, = dim W. But Ve U, . Hence W=1_.

Since the vector (0,...,0,1:0,...,0)in 5(™) with 1 in the sth place
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and zeros elsewhere is in UB, it will also be in W. This will force

n
the s-column of the matrix of the coefficients of ¥ XEJBik = 0;
k=1

j=1,2,...,n to be zero, and thus contradicting the nondegeneracy of
f over Z .

P

Assume all the matrices of the coefficients of the n systems

N4l
z xP" ¥p = 0; h
k=1 Ki

I v

1 have rank less than t, and consider the system

Bkl & b
BiX ¥y, = 0;
=1 K1 h

| v

1. Let the matrix of its coefficients have rank

ry- It can, as will be explained later, always be assumed that the
first r, rows are linearly independent over ¢, With this assumption

there will exist y_.; | = l,2,...,rl in ¢ such that xli; 1= 2..:.;n

j,
r
1 r,—-1

r 1

satisfy the equation xP

By lemma 2 and its corollary, the roots of such an equation

will form at most an r,-dimensional vector space over Zp. Therefore

there will exist at most Ty linearly independent elements over Z
among xli; i=2,3,...,n. From the fact that a relation hetween the

xli; i=2,3,...,n with coefficients in Z_ holds if and only if the

P
h

same relation holds among in; i=2,..,,n with the same coefficients,

where h > 1, it follows that the number of linearly independent column

vectors over Zp is at most Ty and hence must be exactly Tye

We now explain why the first r, rows must always be linearly

independent over ¢®. Suppose they are linearly dependent over ¢.
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Then xli; i=2,...,n will be roots of an equation over ¢ whose degree
is lower than prl, and thus making the number of linearly independent
column vectors over Zp less than ry. This will give linear dependence

relation over ZlJ between any r_  columns, which will be in contradic-

1
tion to the existence of ry linearly independent columns over o.
Denote the columns of the matrix of the coefficients of

n

h+
b XEl l¢k =0; h>1 by Ci; i=1,2,...,n. Without any loss of
k=1

generality assume that the last r, columns are linearly independent

over ?. We observe that W, has dimension n-rq.

1

It then follows that for each i = 1,2,...,n-r1, we have a

relation =4,C a ¥ uZiCn-r1+2 t it C +C

; i = 0, where ﬂji

i

are in Zp. The meaning of this is that the system admits the following

n-r; linearly independent solutions over ®:
u'i L (0..-.,0‘1'0'---,O’cxli,azi‘oll.arli; i - l,zla--.n_rl; Where 1
is the ith component of ;. Hence =;; i = 1,2,...,n—r1 form a basis

of U

| over ¢. Thus U; will have a basis in zén).

Let ry be the rank of the matrix of the coefficients of

bl
r xP

XX b = 0; h > 1, where i = 2,3,,..,n. Then U, is (n—ri)-

i
dimensional over #. With the same arguments as for the system

n
ht1
L XP

= 0; h > 1 it can be shown that every Ui has a basis in
k=1

Yk

(n)
Zpn .
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Due to the assumption that the rows of the matrix of

n 2
coefficients of I x{:je“ - Xii; k =1,2,...,n are linearly dependent
i=1

over ¢, we have n > t. Therefore W is never trivial; and has in fact

n
infinite elements. Consequently M Uy is not zero.
i=1

Consider the space UMU,. Since U

1
lemma 7 can be invoked to get a basis of Ull\l.l2 in

(n)
1 and 02 have bases in Zp 2

gfod
P

The consideration of Ulhllz can be extended, inductively, to

n n
nui; thereby getting a basis of (\Ui in Z(n). Let
i=1 i=1 P
(n) .
y = (71,72,....711) be in Zp such that y is in !-\ll]i. Then, for any

h > 1, vy is a solution of the homogeneous linear system

A - o 1,2 From 0= 5 XP oy = (ZX )P
XV sy =05 J=1,2,...,0. rom - Y, = z Y ~d
kel 1K Rt ST Ty T
n
we get L xkjyk =0;j=1,2,..s.yn. Since the matrix of the coefficients
k=1
n
of L ijyk =0; j=1,2,...,n is the same as the matrix of f, then
k=1

Yys i=1,2,...,n will give a non-trivial linear relation over Z
among the rows of the matrix of f. But the nondegeneracy of f, as
shown in lemma 3, prohibits any linear dependence over ZP among the
rows (respectively columns) of the matrix of f.

Therefore there exists a k such that rl-(LZ) is not in Vl. and
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2
hence ad vg is a vector in D, which is not in Dl' This may turn out
k
to be the only vector in D, which is not in Dl’ and there may be as
many as t of them, Thus, as a result of adding (ad L(C.G,f))P2 to
(ad L(G,ﬁ,f))p. the following holds: dim D2 = dim Dl + x, for
1 < % < t.

The case where the n rows are linearly independent over ¢ will

automatically give (ad L(G,d,f))p = Ii o L Boewsg
i

We now consider the vector space D

(1) (2
i

3° Let Vo be the space

spanned over % by r 3 1 =1,2,.,,,n. We want to show that in
the situation where the dimension of Dz does not give us the dimension

of the outer derivation algebra, we can still find some

3 3
P P
ad ka such that ad vﬁk is in D3 but not in DZ'
(3) (2) (1),
Suppose r, =~ were to lie in V,, there should exist ekj ’Bkj :
ji=1,2,...,n in ¢ some of which are not zero such that r§3) =
2
I [8 ik)r£2) ik il)} From this we obtain the following n linear
i=1
nonhomogeneous equations in Bég) 8&;); i = 1,2,...402
n \ 3
p (2) p (1) p -
jz [xijekj + xljekj ] = xik, i=1,2,...,n.

Let U(i); i=1,2,...,n denote the rows of the matrix of its

coefficients, and let Cij); i=1,2,...,n; § = 1,2 denote its columns.
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Suppose U(i)

;3 1 =1,2,...,n are linearly independent over ¢,
then the row rank of the matrix of the coefficients is n. Therefore
its column rank is also n; and some n of the 2n columns will be lin-
early independent over ¢. But the columns of the matrix of the

o

coefficients are all vectors in Vz. Therefore some n of ad vy 3
i

j=1,2; i =1,2,...,n will form a basis of DZ' and thereby contra-
3
dicting the assumption that ad vg for some k, is in Dy but not in D,.
k
1f U(i); i=1,2,...,n were linearly dependent over ¢, then for
n
some uj; i=1,2,...,n in ¢, we will have L wiU(i) = 0. It would then
i=1
follow from the consideration of Vl that the linear nonhomogeneous
system in B£§),Bé}); J=1,2,...,n will have a solution if and only

if the solutions =g 1= 1,2,...,n of the transposed homogeneous

n
system L xiiwk =0; 1 =1,2,...,n; j = 1,2, of the homogeneous system
k=1
n n h+2
2, (2) (1)
L [xP%e + xP o =0; 1 =1,2,... tisfy I X « = 0;
1_1{ 15 kj 1171 ) Pl B Yk_lgi k

i=1,...,n; h > 1.
Let the rank of the matrix of the coefficients of

n
3 xﬁi“k =0; 1=1,2,,..,n3 § =1,2, be £y- If for some s, the system
k=1

n

¢ = 0; h > 1 has rank t
et ks k

1 then its space of solutions will
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n
coincide with the space of solutions of kE xiiwk =0; 1i=1,...,n3
1

j = 1,2, This will make the matrix of f to have a zero column, and
thereby contradicting the nondegeneracy of f over Zp. On the other

n h+2
hand, if all the n systems L xii ¢k = 0; h > 1 have rank less than
k=1
t,i the arguments of V, can be applied almost directly to deduce that
r§3) can only be in Vl, for all k = 1,2,...,n, if there is linear
dependence relation over Zp between the rows of the system
% a3
L XEiwk =0; 1=1,2,...,n; jJ =1,2. But this will imply a dependence
k=1
relation between the rows of the matrix of f, thus giving a contradic-
tion to the nondegeneracy of f over Zp.
Then there is some i such that r§3) is not in V,. Hence

3
ad vg will not be in DZ' As a result of this, we get the following:
>

dim D3 = dim Dy + Xq3 1 < Xq < L.

In general we consider s such that dim Da—l <mn. Let V, 4 be
spanned by r£j); J=1l,2,.0048=1; 1 = 1,...,,n over ¢. For rés)

(j)o = -] =
to be in vs-l we need Bki : 3 Lydyneigl=1s 4 },2,...,n in ¢ such
n
(s) (s-1)_(s-1 (8-2)_ (s-2 (1)_(1)

that Ty - iEI[Bki ry ) 4 O r; ) + ve. + eki ry l]. From

which we get the following n systems in Béi):
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n
)

{xgj‘leég'l) 4 xPP2(s=2) L P a(l)] - xg:; Y B S
j=1

11 Tkj i3 7kj

Denote the rows of the matrix of the coefficientabyll(i); 1w L2 ey
and the columns by €375 1 = 1,2,...,n5 1 = 1,2,...,8-1. If the n

rows of the matrix of the coefficients are linearly independent over

¢, then there will also be n linearly independent columns over ®.

But the columns of the matrix of the coefficients are also vectors in
the space Vo2 spanned by rij); J=1,2,.00048-2; 1 =1,...,n over 9,
Hence V__, will have n vectors which are linearly independent over ¢.

This is equivalent to saying that there are some n of ad vgj;
i

j=1,2,...,8-2; 1 =1,2,...,n, which are linearly independent over &.
If this happens, then D, _; will have its dimension equal to the
dimension of the outer derivation algebra; contrary to our initial
assumption. Hence the rows of the matrix of the coefficients must be
linearly dependent over %,

Supposing U(i); i=1,2,...,n were linearly dependent over ¢,
then there would exist =43 i=1,2,...,n in ¢ such that
n
z_niu(i) = 0; and =;; 1 = 1,2,...,n constitute a solution to the
i=1
transposed homogeneous system, consisting of n(s-1) equations, of
the homogeneous part of the above nonhomogeneous system.

The nonhomogeneous system in Béi) will have a solution if and

only if any solution “y3 i=1,2,...,n of the transposed homogeneous

n
system I Xgi¢k =0; {=1,2,...,n; J =1,2,...,8-1 satisfy
k=1
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. pts-1 .
p ¢, = 0; h > 1. Let the rank of the matrix of the coeffic-
Lol ik k -

n
iente of I Xgiwk = 0; {1 =1,2,...,n; j =1,2,...,8-1 be t Then

=1 s-2
similar arguments to that of V; will show that for all the tows of the
n hts-1

matrices of coefficients of I XP

¢y = 0; h>1 to be in V
=l ik k

s~-1"*

the rows of the matrix of f must be linearly dependent over Z .

This will be in contradiction to the nondegeneracy of f over Zp as

was proved in the third lemma,.

Therefore if D _, does not have n linearly independent elements

over ¢, we can, as a result of adding (ad L(G,G,f))pa to Ds—l’ find

a vector in D, which is not in D _;. Hence dim Dg = dim Do + x5

1 <Xy <t

As a consequence of the result we have the dimension of

(ad L(G,5,£))P + (ad L(G,6,£))P% + ... equal to n; and hence, for
G = Gp, the dimension of (ad L(G,8,£))P + (ad L(G,G,f))p2 + ... for
any simple Lie algebra L(G,d8,f) of Block type is independent of the

nendegenerate and skew-symmetric biadditive function f with respect to

which L{G,3,f) is defined.

LEMMA 11: Let rank f = t, rank fi - ti’ and G0 #£ 0, G # GO' If

L(Gi,ﬁi,fi) is the simple Lie algebra which arises as a result of

identifying G with Gi for { = 0,1,2,..,,m, then for each 1 = 0,1,2,...,m,
pi] = ; ‘

dim[Dj_ + (ad L(Gi,éi,fi)) ] = dim Dj_l + xij, 1 < %y i

< t
i<
provided dim[(ad L(G,,64,£,))P + ... + (ad L(6;,8;,£)P17] < nj-1

1
for i = 1,2,,..,m, and dim[{ad L(GO’ 0’ 0)) + ... + (ad L(GO,GU,f ))pj ]
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( noo

Consequently, the dimension of (ad L(G,-S,f)}p + (ad L(G,é,f))p2

+ ... is n-m.

n
PROOF: 1f the order of G1 is p 1 for each 1 = 0,1,...,m, then
m n
In;, and t = I toe Let {B,|] = 1,2,esu;n
i=0 1 1=0 1 11

n = i=0,1,:..,m}

i;

be a basis of G consisting of Bij in G, with 1 in the jth position and

i
zeros elsewhere. Then {Bijij = l,2,....ni] will be a basis of Gye

Every « in G; is of the form (11,12,-..,in ). Let = and n be some

i
m
two elements of G. From v_ad vP = 3 [f(=,,n )p -
L: 2 n 1 i
i=0
f(n,,s8 )p"lf(ﬂ n,)]v., we have vp,ad vP = f_ (=_,n )Pv and v_ad vp -
1’ i i’ i o« ? @ TIO 0 Ol 0 @9 L. ni

[fi(“i.ni)p - fi(ni,ﬁi)P“lfi(“i.ni)]v,, where “4»N4 are the components

of =,n in Gi’ respectively; and i = 1,2,,..,m,

i
L(Gi.éi,fi) is a simple Lie algebra.

Since f, has been shown in [2] to be nondegenerate over Zp,

It follows from the expressions of ad vﬁ : 1= 0.1,..:m
;1

2
that to find the dimension of (ad L(G,&,f))P + (ad L(G,5,£0)P + ...
2
we need to find the dimension of (ad L(Gi,éi,fi))p + (ad L(Gi,ﬁi,fi))p

+ ... for each 1 = 0,1,...,m. The sum of all the dimensions will

2
then be the dimension of (ad L(G,6,f))P + (ad L(G,s,£)P + ....

Let Fij = (ad L(Gi,éi,fi))P + ... + (ad L(Gi,éi,fi))pj. To
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show, for a fixed ie{0,1,...,m}, that dim[D, .+ (ad L(Gi.éi,fi))pj] =

j-1

1 <x g_ti, whenever dim FD,j—l <ng if 1 = 0, or

1

dim F < my-14f 1 = 1,2,...,m, it is sufficient to show that

dim Fij = dim Fj_ﬂ-1 + Xqy3 l<x

14 < ti' whenever dim FU.j~1 < nO'

where i= Dg or dim Fi,j-l < I'li -14if 1 = 1’2’Ilt’mp
"o
For L(Go,éo.fo), we have ad vg = I f (BOj’BUi) D(BOj'
0i j=1
i = 1,2,...,n0. Hence f0 will have a similar setting to that of the

function considered in lemma 10. We can then conclude that
pJ -
dim[FO’ 1 + (ad L(G 0, 0)) ] dim FO 3= 1t X043 1< ij < tos

Hence dim[D + (ad L(GO.GO.fO))pj] =

1-

whenever dim FO,j-l < no. j-1
dim Dj-l + ij; 1< xoj i.tO' if dim FO.j-l < no.
In L(Gi'éi’fl) for 1 =1,2,...,m, we have ad vgik =
|
p-1 _
JE L6 a8 07 = €080 8 070, (8,8, )1D(8, 1,0} for & = 1,2,0000m

From the similarity in the expressions of ad vg s k = 1,2,...,n1
ik

in D(Bij,O); j= 1,2,...,n1 for each 1 = 1,2,...,m, it suffices to
consider the effect of a particular fi on Gi' and then to extend the
result to all the others. In other words, we only need to work in

the algebra L(Gi,ﬁi,fi) for some 1£{1,2,...,m}.
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Let us consider L(C Then

1* 1' 1)
nl 1
P - _ p=
11 i=1
where 1 = 1,2,...,nl; and, from the definition of D(8

lj,O); i=

1.2.'-T'n1' f(Bll,ﬁl} is assumed to be nonzero.

Denoting f(ﬁlj,Bli) by X,,, and defining & as Bln' we

ij
get the following matrix identity:

1
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Since Xl is not zero, ad vg cannot be zero. The rank
i ln1
of the matrix of the coefficients of D(Blj,O); i= l,2,...,n1—1 in
ad vp ; 1 =1,2,...,n, 1s then at least one and at most n, -1,
Bli 1 1

4 nl—l of the rows of the matrix of the coefficients of

D(Blj,O); i = 1,2,...,n1-l in ad v I 1,2....,n1 are linearly

p L]
Bi1

independent over ¢, then some nl-l of ad vg 1= 1.2,...,n1 will be
11

a basis of (ad L(Gl,di,fl))p, and in this case we will have dim Fll =

nl—l.

Suppose the rank of the matrix of coefficients of D(Blj,O);

j=1,2,...,ny~1 in ad vg sy i=1,2,...,n, is less than nl-l, then

14 1

the dimension of Fll will be less than nl-l. In this case we can

investigate the vector space F to see if we can find a vector in it

12
which does not lie in Fi1-

Identifying the matrix of the coefficients of D(Blj.O};

1 =1,2,...,n.-1 in ad vg 34 =1,2,...,n by (agj); 1<4<mny;

1i
_'] n-l-l
l<] :_nl-l, we will have ad v = I

J
aP p(p
g =1 13

11.0); i= 1,2,...,n1;

j>1. Let Ul be a subspace of ¢(“_1) spanned by r{i); i= 1,2,...,:11

(1) o] i

= (aP P’
11 (ail’a12""’ai,url)' j > 1. It then follows that

over ¥, where r

dim U < n;-1,
1f rfi) is to be in U; there will be eij; i=1,2,...,ny in
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() _ 219 (1)

$ not all zero such that r This will give rise to

1i ij lj '
the following system of equations in eij; j= 1.2,...,n1;
s 1 p?
L aP a .t k= 1,2.. -1.
P I SRR

Let the rows of the matrix of the coefficients of Bij;

j-= 1,2,...,nl be linearly independent over ¢. Then some ny-1 of

its n; columns are linearly independent over ¢. But the column vectors

coincide with the vectors r{i); 1w ) ieeeynty, iU

3 1’
that U1 is (nl-l)—dimensional, which contradicts an earlier assumption.

This will say

Then the rows of the matrix of the coefficients of Bij;

§1=1,2,...,n are linearly dependent over ®. Therefore any

1
nl-l

solution A4; 1 = 1,2,...,n n, -1 of the system I a jwj =0; 1=1,2,...,n,
F1

which is the transposed homogeneous system of the system in Bij;
nj-1 2

i=1,2,...,ny, will satisfy I aP 2
j=1 13 3

1f r{f), 1= 1,2,...,nl all belong to the vector space U

phl
14

1!

then ad v ; 1 = l,2,...,n1 will all be in Fl]lfcr all h> 1. Hence

fg), T

matrix of the coefficients of eij; j=1,2,...,n; is not dependent on
“1-1-

h+1
i, it will follow that I agJ by =03 1 =1,2,..0,nph > 1. Thus
j=1

ny3 h > 1 will all be elements of U;. Since the
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nl-l
if 1 = 1,2,...,ny, every solution of I aP g, = 0; 1 =1,2,.,.,n, will
y=1 i3] %
be a solution of each of the homogeneous systems: } aqj lj = 0,
I=1

h>1,
It will then follow from the discussions in lemma 10 that

the columns of the matrix of the coefficients of

nl—l
)3 aﬁjwj =0; 1=1,2,...,n; will be linearly dependent over Z .
j=1 ¥
nyp—-1
Since the matrix of the coefficients of L afawj =0; §J=1,2,..0,m
3=1

is the same as the matrix of the coefficients of D(Blj,O);

j= l,2,...,n1—1 in ad v% ;1= 1,2,...,u1, then the columns of the
11i

matrix of the coefficients of D(81,0); § = 1,2,...,n;-1 in ad v% ;
11

i=1,2,...,n, will be linearly dependent over Zp. But according to

1

lemma 9 this cannot be possible.

(2)

Hence we can find a k such that ry.” is not in Uy, and conse-

quently ad v% will be a vector in the vector space Fl2 which is not
ik

in the space Fy;. Therefore, as a result of adding (ad L(Gl,él,fl))p2

to (ad L(Cl,ﬁl,fl)) , the following will hold: dim F., =dim F + x

12 11 12

guch that 1 < x < t . Hence for D, we have
- 712 — 1 1

2
dim[D, + (ad L(Gl,él,fl))p ] =dim D; + x5,5 L <x, <t

12 . iy

We are now in a position to consider F;4. We want to show

that in the event of the dimension of Fis being less than nl—l, we
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will have the following identity:
3
P .
dim[F12 + (ad L(Gl,él,fl)) ] = dim Fl2 + X435 1 < Xpq <ty

Let U2 be the space spanned over ¢ by r{i),rfg);

i= 1,2,...,n1. Suppose r{a); k = 1,2,...,n1 were all in UZ' then for

each k we can find eﬁi),eé}); j= 1,2....,n1 in ¢ some of which are
o (2) .(2) (1) (1)
(3) - 1
not zero such that Ll iEl[eik T PP ]. This will give

rise to the following equations in 2n1 variables:

“; lapzﬂ (2) 4 oP.0 iy . P i = 1.2 §
i=1 Jik] Jikj ary’ D R

Suppose the rows of the matrix of the coefficients of

éi),eéi); jis= 1,2,...,nl are linearly independent over ¢. Then nl-l

of its columns will also be linearly independent over ¢, But all the

)

columns of the matrix are vectors in UZ' Hence U2 will contain nl—l

linearly independent vectors over ¢, which is contrary to the
assumption that Uj has dimension less than nl-l. Therefore the matrix
of the coefficients cannot have nl-l linearly independent rows over ¢,
(2) (1)
Since the rank of the matrix of coefficients of akj ‘ekj ;

j=1,2,...,n, 1is less than nl—l, it follows that any nys

1
nl-l
i= 1,2,...,n1-1, in ¢ satisfying kflagink =0; 1= 1,2,...,n1-1
nl—l
. ph+2
jJ =1,2 will also satisfy I a m =03 1i=1,2,...,n,3 h>1.
k=1 ik 'k 1 -

In exactly the same manner as in lemma 10 we will find linear
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dependence over Zp among the columns of the matrix of the coeffic-

lents of D(Bli’o); i= l,2,...,nl-1 in ad v% s 1=1,2,...,n
1j

But linear dependence over ZP among the columns will give rise to a

1"

contradiction of lemma 10. Therefore not all of rii); i = 1,2,...,nl

can be in U2.

3
Consequently there exists a k such that ad vg 1s not in
1k

3
Fyp- It then follows that dim[F , + (ad L(Gl,él,fl))p } =

In the general case we let dim Fl,s—l < ny-1, and US_1 be the

space spanned over ¢ by r{i); j=1,2,...,8=1; 1 =1,2,,,.,n With

l.
similar arguments as in the consideration of U; and U2, we will get a

system of nl—l equations in s(nl—l) variables.

If the rows of the matrix of the coefficients of the system
are linearly independent over ¢, then some nl—l of its s(nl—l) columns
will also be linearly independent over ¢. Since all the columns are
vectors in Us—l’ this will mean Us-l is (nlwl)-dimensional; thereby

contradicting the fact that dim ¥ < n.-l.

1,s-1 1

When the rows are linearly dependent over ¢, we can apply the

same arguments as in the case of U1 and U, to show that not all of

(S) b =
the vectors ryy's iS l,Z,...,nl
d . =
a k such that a V%lk is not in Fl,s—l Hence dim Fls dim Fl,s—l + x s

can be in Us. Then there will exist

1 < %Xy, < t;. This shows that dim[Dj_1 + (ad L(G fl))pj] =

1’61’

dim Dj—l + xlj; 1 E-Klj 2t until the dimension of Fl,j-l reaches
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the maximum possible dimension, which in this case is nl-l.

Extending the proof to i = 2,3,...,m, it follows that for

each 1 = 0,1,2,...,m, dim(D; 1 + (ad L(Gy,6;,6,)P1) = dim D, + %, 3

1< xij i-ti’ whenever dim Fi,j—l < ny-1 for 1 = 1,2,...,m, and
dim FU,j-l < ng.

Consequently, for Go # 0, G # GD, the dimension of (ad L(G,6,f))P

2
+ (ad L(C,é.f))p + ... 18 ng + ? (ni-l) = n~m; and hence the
i=0

dimension is independent of the nondegenerate and skew-symmetric

biadditive function f with respect to which L(G,8,f) is defined.

LEMMA 12: Let the rank of f be t, the rank of fi be ti’ and G be a
group such that G0 is assumed to be zero. If L(Gi,éi,fi) is the
simple Lie algebra which arises from the identification of G with

Gys i=1,2,..,,m, then for each i = 1,2,...,m

i
- - P
dim[Dj_l + (ad L(bi,ﬁi,fi)) ] = dim Djwl + xij'

where 1 < x,. < tys provided that

i
3-1

dim[ (ad L(Gi.é fi))P + ... + (ad L(Gi,éi,fi))p ] < ng-1

il

for 1 » 1,2,..4;8,
2
Therefore the dimension of (ad L(G,&,f))P + (ad L(G,6,£))P + ...

m
is I (ni—l) = n-m.
i=1

PROOF: The proof is the same as in Lemma 11 except in this case ng
is zero. Hence whenever n, appears in the proof of Lemma 11, it is

replaced by zero.
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REMARK 3: 1In view of the results achieved in lemmas 8 through 12,
to prove the theorem which follows we only need to consider an arbi-
trary nondegenerate and skew-symmetric biadditive function defined

on G,

THEOREM: The smallest restricted Lie algebra RL(G,58,f) of L(G,6,f)

has dimension equal to dim[L(G,&,f)] + (n-2m).

PROOF: The proof of the theorem will consist of the following two

cases: Case I, G = GO; and Case 11, Gy 0, G# GU; or GO = 0,

Case I: Assume G = Go. Since L(G,8,f) is a simple Lie algebra we

can identify L(G,6,f) with ad L(G,5,f), the algebra of inner deriva-
tions of L(G,5,f). Then dim(ad L(G,6,f)) = dim L(G,5,f) = p™1. By
lemma 1 we have
k i
RL(G,6,f) = I (ad L(G,56,f))P" for some k,
i=0
where (ad L(G,é,f))PjEiRL(G,G,f) for all j > 0. Hence

» 1
RL(G,8,f) = I (ad L(G,6,£))P .
1=0

[+ 4 A = = = pj =
Since for any =,BeG, V“OVB v ad Vg f( ,B)va+8, and v_(ad VB)
f(“,B)pjvII for j > 1, it follows that the only vector belonging to
[ad L(G,5,£)]NL (ad L(G,é,f))pj is the zero vector. Hence

i=1

dim[ad L(G,é,f)]n; (ad L(G,G,f))Pj = 0,
i=1
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Consequently,

dim RL(G,5,£) = dim L{(G,§,£) + dim I {(ad L{(G,s,£))PJ,
31

According to lemma 10 the dimension of I (ad L(G,S,f))pj is n. Hence
. S =1 - |
dim RL(G,8,f) = dim L{G,6,f) + n; and this proves the result in the

case of G = GO'

Case II: Let G #0, G# Gg; or Gy = q. L(G,58,f) being a simple Lie
algebra implies that L(G,6,f) can be identified with ad L(G,$,f).
Hence dim(ad L(G,8,£f)) = dim(L(G,§,f)) = p"-2. Using the first

k
lemma we have RL(G,$,f) = ‘Eo(ad L(G,G,f))pj for some k, where

=
{ad L(G,G,f))l’i €RL(G,8,f) for all j > 0. Hence RL(G,8,f) =

T (ad L(G,8,£))P)., From lemmas 11 and 12 we have
§=0 | -

-]
dim I (ad L(G,é,f))pj = n~m.
=1
Let «,8eG such that « = (mo,ml,...,um) and B = (80,61,...,Bm),

where xisByeGys i = 0,1,...,m. From the multiplication table

m

V¢°”B = v_ad vg = iiofi(ci,ﬂi)vm+8_6i in L{G,58,f) we will have

v_{(ad v )pj = f=_,B )pj\' and v_{ad v )pj = [f(= ,B )P - \

* BO 0’70 o? = Br r’r o
pi-t

f(Br,Gr)f(mr,Br)] v 3y j>1, and r = 1,2,...,m. It then follows

o



m j . .
that va(ad v )pj = v (I (ad v )p ) for j > 1. Consequently,
B 1=0 By -

- 3
[ad L(G,5,£) [ & (ad L{(G,5,fN)P ] = {0,ad vlghli = 1,2,...,m; h > 0},
j=1 i

Since, for any pair of nonnegative integers r,s and any 1e¢{1,2,...,m},

8 r

ad VE and ad vg are linearly dependent over ¢ and, from the
1 i

construction of the algebra L(G,8,f), ad v, for k = 1,2,...,m
' k

are linearly independent over ¢, it follows that ad Vs » i=1,2,...,m

i
" 3
will constitute a basls of [ad L(G,5,.f)]A L (ad L(G,5,£))P . Hence
j=1
e h|
dim[ad L{(G,8,£)IAL (ad L(G,5,£))P = m.
i=1
Since

w N
dim RL(G,6,f) = dim[ad L(G,5,f) + I (ad L(G,5,£))P | =
j=1

w 3
dim ad L(G,5,f) + dim I (ad L(G,8,f))P -
j=1

@ 3
dim[ad L(G,8,F)I\Z (ad L(G,58,£))P ,
j=1

we have dim RL(G,é,f) = dim ad L(G,§,f) + (n-m) - m. Hence

dim RL(G,8,f) = dim L{(G,6,f) + (n-2m) as required.

We deduce as immediate consequences of the theorem the

following cecrollaries.
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COROLLARY 1: The simple Lie algebra L(G,&,f) is restricted if and

only if G, = 0 and Gys i=1,2,...,m have order pz.

The conclusion of Coreollary 1 has been reached previously by

Block in [2] using a different method,.

COROLLARY 2: If L(G,5,f) is simple, then RL(G,S,f) = DL(G,S,f)

if and only if G = GU'

The truth of Corollary 2 follows from the fact that for
G = GD' dim DL(G,6,f) = dim L(G,8,f) + n; for Gg $0,G# GO,
dim DL(G,8,f) = dim L(G,6,f) + ntl; and for GU = 0, dim DL(G,8,f) =

dim L(G,8,f) + n+2.

COROLLARY 3: Let G and G' be finite abelian groups which are direct
sums of m+l and m'+l elementary p-groups, respectively. Then a
necessary condition for any two simple algebras L(G,5,f) and L(G',6',f')
of the same dimension to be isomorphic is either G0 = 0, G6 = ( and

m=m'; or Gy # 0, GH # 0 and m = m'.

REMARK 4: The knowledge of the dimension of RL(G,6,f) can hopefully
be used to examine nonisomorphic simple non-restricted modular Lie
algebras. The question as to when such known simple non-restricted
algebras of the same dimension are nonisomorphic is a very deep one,
which is yet to be settled.

In general, the Cartan subalgebra approach used in characteris-
tic zero has been inadequate for modular Lie algebras, especially when

two Cartan subalgebras of a modular Lie algebra need not have the
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same dimension. In fact for any positive integer s, Block has exhibited
a simple Lie algebra L{G,3,f) with Cartan subalgebras of & distinct
dimensions. Block algebras are also found to have Cartan subalgebras
which are non-abelian; although all have a Cartan subalgebra which is
abelian.

There is some dimensional coincidence between some algebras
of type L(G,d8,f) and the non-restricted simple algebras of Jennings
and Ree. By determining the dimensions of the smallest restricted
Lie algebras of the algebras of Jennings and Ree one may hape to
discuss isomorphism conditions for the two different classes of
algebras. The same type of work can be extended to other classes of
simple non-regtricted modular Lie algebras, where conditions for

isomorphism have not been derived,
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